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1 Introduction

Throughout this article, R is a commutative Noetherian ring with non-
zero identity and M is an R-module. By Ny, we mean the set of non-
negative integers. Moreover, we use Mod(R) to denote the category of
all R-modules and R-homomorphisms and Max(R) to denote the set of
maximal ideals of R. Let ® be a non-empty set of ideals of R. Recall
that @ is a system of ideals of R if, for any a,b € ®, there is an ideal
¢ € ® such that ¢ C ab. For an R-module M and an ideal a of R, the
i-th local cohomology module of M with respect to a is defined as

Hi(M) = lim Bty (R/a", M) .
neN

As a generalization of these modules, for a system of ideals ® of R,
Bijanzadeh [(] defined the submodule I'¢(M) of M as follows:

I'e(M) = {z € M|azx =0 for some a € ®}.

Then I'p(—) is a covariant, R-linear and left exact functor from Mod(R)
to itself. The author [6] denoted the functor I'¢(—) by Lo (—) and called
it as the “general local cohomology functor with respect to ®”. For each
i > 0, the i-th right derived functor of I's(—) is denoted by H(—). For
an ideal a of R, if ® = {a’|i > 0}, then the functor H}(—) coincides with
the ordinary local cohomology functor H¢(—). From now on, we refer to
Hé, (M) as the general local cohomology module. For any unexplained
notation and terminology, we refer the reader to [5, 0, 7].

Grothendieck [10], proposed the following conjecture.
Grothendieck’s Conjecture. If R is a Noetherian ring, then for
any ideal a of R and any finitely generated R-module M, the module
Homp(R/a, H:(M)) is finitely generated for all i > 0.

Hartshorne [11], showed that this conjecture is not true in general.
Furthermore, he defined an R-module M to be a-cofinite if Supp(M) C
Var(a) and Extﬁ(R/ a, M) is finitely generated for all j > 0.

Hartshorne refined Grothendieck’s conjecture and he asked:
Hartshorne’s Question. When the R-module HE(M) ia a-cofinite for
alli>07?
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Among the basic problems which is discussed by Huneke [13], we are
interested in determining the Artinianness and the finiteness of the set
of associated primes of R-module Hi(M). Tt is well known that if M
is a finitely generated R-module of Krull dimension d, then HZ(M) is
Artinian for any ideal a of R, (see [16, Proposition 5.1]). Moreover, in
the case that R is local, Marley [15] showed that Suppg (HZ~(M)) is a
finite set.

Concerning cofiniteness of local cohomology modules, Melkersson
[16, Theorem 2.1] showed that if (R, m) is a local ring of dimension
at most 2, then for every finitely generated R-module M, all local coho-
mology modules H:(M) are a-cofinite.

In this paper, we discuss about the Artinianness, finiteness of the
support and the associated prime ideals, and cofiniteness of local co-
homology modules. The finiteness of the Bass numbers and the Betti
numbers will be also studied. This paper is organized as follows:

In Section 2, we give some further contributions to verify the mem-
bership of Hg(M) in an arbitrary Serre subcategory S, for some n € N,
(see for example Proposition 2.2 and Corollary 2.3). As important con-
sequences, we give some results on Artianness of H(%im M=1(pr), when
R is a local ring; and H{™M=1(Mf), when R is an arbitrary Noetherian
ring for an ideal a of R (see Corollaries 2.8, 2.12, and Proposition 2.9).

In Section 3, we study finiteness of the support and the associated
prime ideals of ordinary local cohomology modules. In Proposition 3.1,
as one of the important results of this paper, we prove that if R is an
arbitrary Noetherian ring of dimension n, then

Suppg(Hi(M)) € A (a) U (Uf{ Suppy " (HI(M))),

for any R-module M, any ideal a, and any j > 0, where Z*(a) denotes

|J Assr(R/ a”) and a denotes the integral closure of a”. As some
n=>0

applications of this, we get Corollary 3.3 and Proposition 3.6, which
are generalizations of [15, Corollaries 2.4 and 2.7]. We also show that
when R is a local ring of dimension n and M is a minimax module
such that H*(M) # 0, then Suppgr(H?~1(M)) € A"(a) (see Corollary
3.4). Moreover, if R is a semi-local ring (a non-zero ring having only
finitely many maximal ideals) of dimension n and M is a ZD-module,

n—2
then Suppp( %) is a finite set for all j > 0 (see Corollary 3.5).

3
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In Section 4, we study the cofiniteness and the finiteness of the Bass
numbers and the Betti numbers of ordinary local cohomology modules.
Let R be a Noetherian ring, M be a finitely generated R-module with
dim M < 3, and x be a non-zerodivisor on M such that z™H!(M) is
locally minimax for some m € Ny. Then Proposition 4.4 shows that
Hi(M) is a-cofinite and consequently the Bass numbers and the Betti
numbers of Hi(M) are finite for all @ > 0. In particular, all results
hold when a™H}!(M) is locally minimax for some m € Ny. Corollary
4.5 shows that, the conditions of Proposition 4.4 are available. Finally,
Theorem 4.7, as the last result in this paper, shows that if (R, m) is a
regular local ring of dimension d < 3 and M is a minimax module, then
Ext), (R/a, H{(M)) is minimax for all i, > 0.

2 (General Local Cohomology Modules and Serre
Subcategories

In this section, we study the membership of the general local cohomol-
ogy modules in an arbitrary Serre subcategory and their common results
for Artinianness of local cohomology modules. Minimax modules have
been studied by Zink [23], Zoschinger [24, 25], and Rudlof [19]. Recall
that an R-module M is a minimax module if there exists a finitely gen-
erated submodule N of M in which M/N is Artinian. According to
[21], an R-module M is called an AF module if there exists an Artinian
submodule A of M in which M /A is finitely generated. It is easy to see
that the class of minimax modules contains the class of AF modules and
it contains finitely generated and Artinian R-modules, as well. Finally,
an R-module M is said to be an a-cominimax if the support of M is
contained in Var(a) and Ext%(R/a, M) is minimax for all i > 0. The
concept of a-cominimax modules were introduced in [1] as a generaliza-
tion of the important notion of a-cofinite modules.

We start with the following remark, which plays a main role for some

results of this paper.

Remark 2.1. Let ® be a system of ideals of R and let M be an R-
module. Then following hold:
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(i) If dimM = d, then by Grothendieck’s Vanishing Theorem, H:(M) =
0, for all i > d and all a € ®. Hence, H5(M) = 0, for all i > d by [0,
Lemma 2.1].

(ii) If M is a minimax R-module, then there exists a short exact sequence
0—-N—->M—A—0,

of R-modules and R-homomorphisms, where N is a finitely generated
module and A is an Artinian module. This induces the exact sequence

0= Ig(N) = Te(M) = Te(A) = Hy(N) = Hy(M) — 0,
and Hy (M) = Hi(N) for all i > 2.
(iii) If M is an AF-module, then there exists a short exact sequence

0—>A—-M—N—0,

of R-modules and R-homomorphisms, where A is an Artinian module
and N is a finitely generated module. So, we get the exact sequence

and Hy (M) = Hi(N) for all i > 1.

As the first result of this paper, we give the following proposition
which is a generalization of [3, Proposition 2.1] and also it will be useful
to prove next results.

Proposition 2.2. Let M be an R-module of finite dimension, ® a sys-
tem of ideals of R, and S a Serre subcategory of Mod(R). Assume that

n € N is such that H; (M) € S for all i > n. Then . € S for all

Hy (M)
o Hi, (M)

x ¢ Zdvr(M), alli > n, and all j > 0. Consequently, Hg(M) € S if and

only if there exist x ¢ Zdvr(M) and m > 0 such that 2™ HE(M) € S.

Proof. Let x be an arbitrary non-zerodivisor on M. Note that it is
enough to prove the desired result only for ¢ = n and j = 1. To do this,
we use induction on d := dim M. When d = 0, the result follows by
Remark 2.1 (i). So, suppose that d > 0 and the result has been proved
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for all R-modules with dimension of less than d. Considering the exact
sequence

Hy (M) = Hy(M) — Hy(M/xM) — Hg™ (M),

for all i > 0, and the assumption, we have H% (M /xM) € S for all i > n.
Thus, by the inductive hypothesis, we get

H2(M/xM)

cHE (M) ©

Now, the exact sequence
HE(M) 5 HE(M) S Hy(M/aM) 55 HEP (M),
induces the following exact sequences:
HYM) S HY (M) = N:=Im a — 0

and
0—-N— Hg(M/zM) - K :=Im  — 0.
Thus, the following sequences
HY(M) . HG(O)
cHR(M)  xHR(M) N

and

N Hy(MjzM) K )

Tork L, Mol /R
ory'( oN  zHZ(M/zM) 2K

— K
K-

are both exact. From the exact sequence (1), we get

N o HgM)

N zH}(M)
N o R
On the other hand, by [3, Proposition 2.1], we have Torj (—R, K)eS.
x

N
Therefore N € S by the exact sequence (2) and this completes the

T
proof. For the last part, apply the following short exact sequence:
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Hy (M)

—0. O

In [8], the authors introduced the concept of ZD-modules. An R-
module M is said to be a ZD-module (zerodivisor-module) if for any
submodule N of M, the set of zerodivisors of M /N is a union of finitely
many prime ideals in Assp(M/N). For the properties of this modules,
see [3]. As a consequence of Proposition 2.2, we obtain the following.

Corollary 2.3. Let M be an ZD-module of finite dimension and ® a
system of ideals of R. Let n € N be such that Hy(M) € S for all i > n.

Then fl‘%i(M) €S foranya e ®, alli >n and all 7 > 0. Consequently,
a Hy (M)

HE(M) € S if and only if there exist a € ® and m > 0 such that
amHE(M) e S.

Proof. Let a € ®. Since H,(M) = Hy(M/To(M)) for all i > 0, and
M/Ts(M) is a P-torsion-free R-module, we may assume that I'e (M) =
0 and so I'y(M) = 0. Since M is a ZD-module, the Prime Avoidance
Theorem, follows that there exists © € a which x ¢ Zdvr(M) and so

HE (M) . . ..

ngé(M) € S for all i > n and all j > 0, by Proposmlor‘;zQ.Q. N];)W7 the

assertion follows immediately from the epimorphism TR — o — 0.
x

O

To achieve further results, we need Proposition 2.4, which is a gen-
eralization of [22, Proposition 3.1].

Proposition 2.4. ([20, Theorem 3.1]) Let M be a finite dimensional R-
module, ® be a system of ideals of R, and t € N. Then the following
statements are equivalent:

(1) HL(M) =0, for all i > t;

(ii) HE(M) is finitely generated for all i > t;

(iil) There exists a € ® such that a C /(0 :p HL(M)) for all i >t (or
equivalently, there exists b € ® such that bHL(M) =0 for all i > t).

Proof. (i) = (ii) = (iii) are clear.

For (iii) = (i), assume that there exists a € ® such that a C /(0 :p HL(M))

7
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for all + > t. So there exists a non-negative integer m € N such that
a™HE (M) = 0 for all i > ¢t. To prove the assertion, it is sufficient for us
to prove that Hy (M) = 0. On the other hand, as any R-module is direct
limit of its finitely generated submodules, so we may assume that M is
finitely generated R-module, by [5, Proposition 2.4]. We use induction
on d := dimM. When d = 0, it is clear that H{(M) = 0 for all a € ®
and all ¢ > t. Now, suppose inductively that d > 0 and the result has
been proved for all finitely generated R-modules of dimension smaller

than d. Since, HE (M) = H&(W
@

I's(M) = 0 and therefore I'q(M) = 0. Hence there exists « € a which is
a non-zerodivisor on M. Now, consider the following long exact sequence

) for all i > 1, we may assume that

T S HENM) 5 (3)

oo HE (M) S HE (M) — HE
— Hy(M) = Hy(M) — @(mmM

M
Thus a C \/(0 ‘R pr(m)) for all i > ¢, by [7, Lemma 9.1.1]. Since

dim

M M
Vi < d, by induction hypothesis, we have Hé(m) = 0. Now,
the long exact sequence (3) implies that H: (M) = 2™ HL (M). Therefore

HY(M) =0, as required. [

Remark 2.5. By the proof of Proposition 2.4 (iii) = (i), we can replace
the condition (iii) with Rz C /(0 :z H4(M)) for some x ¢ Zdvp(M)
and for all 7 > ¢.

The following corollary is a generalization of [2, Proposition 2.3] for
a system of ideals of R.

Corollary 2.6. Let M be a finite dimensional R-module, ® be a system
of ideals of R and t € N. Then the following statements are equivalent:
(1) HL(M) is Artinian for all i > t;
(ii) HE(M) is minimaz for all i > t;
(ii) ™H% (M) is minimaz for some non-zerodivisor x on M, some n €

N, and all i > t.

Proof. (i) = (ii) = (iii) are obvious.
(iii) = (ii) This follows easily from Proposition 2.2.
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(ii) = (i) First, we show that Suppy(HL(M)) C Max(R) for all i > t.
For this purpose, let p € Spec(R) \ Max(R) and i > t. By assumption,
there exists a short exact sequence

0— N — H (M) — A — 0, (4)

in which N is a Noetherian module and A is an Artinian module. It
is easy to see that (H4(M)), is a finitely generated Rp,-module for all
i > t. Then by Proposition 2.4, (H%(M)), = 0 for all i > ¢. Hence
Suppp(HE(M)) € Max(R) for all i > ¢. Considering the exact sequence
(4) and since N is Noetherian, there exists a finite set {my,...,m,} C
Max(R) such that

Var (0 i N) = Suppr(N) = Assp(N) = {mq,...,my,}.

This deduces that N is Artinian and so Hj (M) is Artinian for all i > ¢.
O

Now, we are going to establish some results on top general local
cohomology modules.

Corollary 2.7. Let M be an R-module of dimension d > 1 and ® be a
system of ideals of R. Then the following statements hold:

(1) HE(M) = 27HE(M) for any non-zerodivisor x on M and all j > 0.

(ii) HE(M) = 0 if and only if there exists a non-zerodivisor x on M and
m € N such that 2™ HL(M) is a finitely generated R-module.

(iii) HE(M) is an Artinian R-module if and only if there exist a non-
zerodivisor x on M and m € N such that 2™ HZE(M) is a minimaz R-
module.

Proof. (i) Use Remark 2.1 (i) and Proposition 2.2 for the class of zero
modules.

(ii) It follows from part (i) and Proposition 2.4 for the class of finitely
generated modules.

(iii) Apply Corollary 2.6 and Proposition 2.2 for the class of Artinian
modules. O

Corollary 2.8. Let (R,m) be a local ring, M be a minimax R-module
of dimension d, and ® be a system of ideals of R. Then
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(i) Hg(M) s an Artinian R-module.
Hg '(M)
ad Hy™H (M)
Zdvr(M) and all 7 > 0. In particular, Hgfl(M) 1s Artinian if and only
if meg)_l(M) is minimazx for some x ¢ Zdvr(M) and some m € N.
(iii) Suppose that d > 2. If there exists © ¢ Zdvgr(M) and m € N
Hg (M)
@I Hg (M)

(ii) If d > 1, then is an Artinian R-module for all © ¢

such that meg,_l(M) is minimax, then is Artinian for

all 7 > 0.
Proof. (i) It follows easily from Remark 2.1 (ii) and [9, Theorem 2.6].
(ii) The result follows by part (i), Corollary 2.6, and Proposition 2.2.

(iii) This immediately follows from part (ii), Corollary 2.6, and Propo-
sition 2.2. u

Following, we present some applications of the previous results to
the ordinary local cohomology modules.

Proposition 2.9. Let M be a minimaxr R-module of dimension d and
a be an ideal of R. Then

(1) HY(M) is an a-cofinite Artinian module.

del(M)
ii) If d > 1, then —*~——— has finite length for all 7 > 0.
(ii) If I (1) fi gth f ]
(iii) Ifd > 2 and 2™ HI~Y (M) is minimaz module, for some x ¢ Zdvr(M)
Hd—2(M)
and some m € N, then }T is an Artinian module for all j > 0.
zIHg “(M)
H&2(M
Consequently, ,adig) is Artinian for all j > 0.
Wi HI2 (M)

Proof. (i) It follows easily using Remark 2.1 (ii) for ® = {a’|i > 0} and
[17, Proposition 5.1].

d—1
o Hy~ (M)
cofinite R-module for all 4 > d — 1. Hence, using Corollary 2.3 for
® = {a’|i > 0} and the class of a-cofinite minimax modules (which is a

. In view of part (i), Hi(M) is Artinian a-
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Serre subcategory by [17, Corollary 4.4]), we get that X is an a-cofinite
for all j > 0. So, (0:x a) = X is a finitely generated R-module. On the
other hand, using Corollary 2.3 for the class of Artinian R-modules, X
is Artinian and so has finite length.

(iii) By assumption, part (i) and Corollary 2.6, we deduce that HE(M)
is an Artinian R-module for all ¢ > d — 2. Now, the assertion follows
from Proposition 2.2 and Corollary 2.3. 0

Proposition 2.10. Let S be a Serre subcategory of Mod(R). Then the
following hold:

(i) S#0 if and only if R/m € S for some m € Max(R).

(ii) Let FL be the class of finite length R-modules. Then FL C S if and
only if R/m € S for any m € Max(R).

(iii) If (R,m) is a local ring and S # 0, then FL C S.

(iv) If R/m € S, for any m € Max(R) and M is a finitely generated or
an Artinian R-module, then Ext],(R/m,M) € S for any m € Max(R)
and all 7 > 0.

(v) If R/m € S for any m € Max(R), and M is a minimazr R-module,
then Extl,(R/m, M) € S for any m € Max(R) and all j > 0.

(vi) If (R,m) is a local ring, S # 0, and M is a minimaz R-module, then
Exth,(R/m, M) € S for all j > 0.

Proof. (i) (=) Since S # 0, there exists a non-zero R-module L in
S. Let 0 # x € L. Then (0 :g ) C m for some m € Max(R). Now,
since Rx € S, the assertion follows from the natural epimorphism Rz =
R/(0:gpx) —» R/m.

(<) It is clear.

(ii) Let FL C S and m € Max(R). Since {r(R/m) < oo, R/m € S.
Conversely, let N € FL and set [ := £r(N). Hence, there is a chain of
R-submodules of N as follows:

0=NyC N, C..CN =N,

in which N;/N;—1 = R/mfor all 1 < j <[ and some m € Max(R). Now,
the assertion is followed by induction on I.
(iii) The result follows from parts (i) and (ii).

11
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(iv) Let m € Max(R) and j > 0. Let M be a finitely generated or an
Artinian R-module. Since Ext},(R/m, M) is annihilated by m, it has
finite length. Therefore it belongs to S, by part (ii).

(v) Since M is minimax, there exists a short exact sequence

0—-N—->M—A—0,

where N is a finitely generated R-module and A is Artinian R-module.
This induces the long exact sequence

- = Exth(R/m, N) — Ext}(R/m, M) — Ext?(R/m, A) — --- .

Now, apply part (iv).
(vi) The result is a consequence of parts (i) and (v). O

Corollary 2.11. Let S be a Serre subcategory of Mod(R), M be a min-
imax R-module of dimension d # 1, and a be an ideal of R. Then the
following hold:

del(M)
(i) If R/m € S for any m € Max(R), then m €S8 forallj > 0.
a
d—1
(i1) If (R,m) be a local ring and S # {0}, then Hq EM) e S for all

o HE ' (M)
Jj=>0.

Proof. Each both parts immediately follow from Propositions 2.9 and
2.10. O

Corollary 2.12. Let M be a minimax R-module of dimension d # 1.
Then HI=Y(M) is an Artinian R-module if and only if there exists a
non-zerodivisor x on M and n € N such that " HI (M) is minimax.

Proof. Use Corollary 2.6 for t = d — 1 and ® = {a’|i > 0}.
g

Remark and Examples 2.13.

(i) The assertions of Corollary 2.12, may not be hold when dim M =
1. For example, let M be a finitely generated a-torsion R-module of
dimension d=1. Then, it is clear that HI~1(M) = M is not Artinian.
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H{™>(M)
al HI—2
length. To see this, let k be a field and R = k[[X1, X2, X3, X4]], I =
(X1,X2),J = (X3,Xy), and a = I'NJ. By the Mayer-Vietoris sequence,
we get HZ(R) = H?(R) ® H%(R) and so,

(ii) In Proposition 2.9 (iii), does not have necessary finite

H(R)  H{(R) . HI(R) _
SH2R) = a2 (®) © arp(r) T © Hi @)

Since H#(R/a) # 0, by the Lichtenbaum-Hartshorne Vanishing Theorem
[7, Theorem 8.2.1], we have cd(Z, R/a) = 2. On the other hand, H?(R/a)
2

H
is not a finitely generated R-module by [12, Remark 2.5]. Thus, af;g((RR?)

is not, too. However, note that it is an Artinian R-module.

Corollary 2.14. Let M be a minimax R-module of dimension d # 1
and a C Jac(R) be an ideal of R. Suppose that for some non-negative
integer m, the R-module a™HI~Y(M) is finitely generated. Then the
following hold:

(i) HI=Y(M) has finite length and so there exists a non-negative integer
n, such that a® HI=1(M) = 0.

(ii) If S is a Serre subcategory of Mod(R) such that R/m € S for all
m € Max(R), then HI"Y(M) € S.

(iii) If (R,m) is a local ring and S # {0}, then HI"Y(M) € S.

Proof. (i) Let a™H1(M) be a finitely generated R-module for some
non-negative integer m. Consider the exact sequence

B (M)

0— a™H*"Y M) - HIY (M) —» —8 7
a (M) a (M) L (M)

— 0.

By Proposition 2.9 (ii) and Corollary 2.12, the R-module HZ~1(M) has
finite length.

(ii) It follows from part (i) and Proposition 2.10 (ii) .

(iii) This follows immediately by part (i) and Proposition 2.10 (iii). O

13
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3 Finiteness of Support and Associated Prime
Ideals

As it is mentioned in the Introduction, for an ideal a of R, let A" (a)

denote |J Assr(R/ a™), where a” denotes the integral closure of a”.
n=0

Ratliff in [18] showed that, if R is Noetherian, then A" (a) is a finite set
for all ideal a. Using this idea, Marley in [15, Corollary 2.7] showed
that if (R, m) is a local ring and M is a finitely generated R-module of
dimension at most three, then the set of Assg(H.(M)) is finite for each
ideal a of R and all 7 > 0.

In this section, the first result will play a crucial role. Consequently,
we obtain a generalization of [15, Corollary 2.7], whenever R is a semi-
local ring and M is a minimax R-module. For an R-module M and

j >0, we set Supph (M) := {p € Suppg(M)|htp = j}.

Proposition 3.1. Let dimR = n. Then

Suppg(HJ(M)) € A" (a) [ ( U Supp}? (HI(M))),

for all R-modules M, all ideals a of R, and all j > 0.

Proof. Let j > 0 and p € SuppR(H'(M)). Hence htp > 4, by [7,
Lemma 6.3.1]. Now, if htp > j, then p € J-; Suppjﬂ(HJ(M)) and

when htp = j, we get p € SuppR(Hg( ) C A" ( ), by [15, Proposition
23. O

Remark 3.2. For an R-module M and j > 0, set

(Suppr(H3(M)))<j == {p € Suppr(HJ(M))| htp < j}

and
(Suppg (H3(M)))z; = {p € Suppg(HI(M))| htp > j}.
In view of the proof of Proposition 3.1, we have Suppg(HI(M)) =

(SuppR(Hg(M)))Zj. Therefore Suppp(Hj (M)) is a finite set if and only
if (Suppg(H3(M))); is a finite set.
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An immediate consequence of Proposition 3.1 is the following, which
is a generalization of [15, Corollaries 2.4 and 2.5].

Corollary 3.3. Let R be a semi-local ring of dimension n. Then for
any ideal a of R and any R-module M, Suppg(H™(M)) C A" (a) and
Suppg(HIY(M)) C A" (a)UMax(R). Consequently, Assg(H?(M)) and
Assp(H2Y(M)) are finite sets. In particular, the assertion holds in any
local ring R.

Corollary 3.4. Let (R,m) be a local ring of dimension n, a be an ideal
of R, and M be a minimaz R-module such that Hy(M) # 0. Then
Suppg(Hy ™' (M)) € A (a).

Proof. According to Corollary 2.7 (i), H7(M) is an Artinian R-module
and so Suppr(H}(M)) = {m}. Now, the assertion follows from Corol-
lary 3.3. O

Corollary 3.5. Let R be a semi-local ring of dimension n and M be a

ZD-module. Then for all j > 0, Suppﬂ%) is a finite set.
Proof. By Corollary 3.3, H:(M) has finite support for all i > n — 2.
Now, the assertion is deduced from Corollary 2.3 for the class of R-
modules with finite support. O

The following, as the last result of this section is a generalization of
[15, Corollary 2.7], in the case that R is a semi-local ring and M is a
minimax module.

Proposition 3.6. Let R be a semi-local ring and M a minimax R-
module of dimension at most three. Then Assg(HL(M)) is a finite set
for alli > 0.

Proof. We first consider M as a finitely generated R-module. Therefore,
by replacing R with R/(0:r M), we can assume that dim R < 3. For
i = 2,3, the assertion follows from Corollary 3.3. For ¢ = 0, 1, the result
is also clear from [15, Proposition 1.1]. Now, suppose M is a minimax
R-module. Then, for ¢ = 0, 2,3, the result follows easily from Remark
2.1 (ii). Also, for ¢ = 1, the assertion follows from the exact sequence
To(4) S HY(N) ER H}(M) — 0, which is mentioned in Remark 2.1 (ii),
and the fact that Assgr(H}(M)) C Assg(H}(N)) U Suppg(Kerf). O

15
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4 Finiteness of Bass Numbers and Betti Num-
bers

In this section, we show that Hartshorne’s question is true in some spe-
cial cases. First of all, in Proposition 4.2, we show that these discussions
are established for minimax modules of dimension at most 2, which is a
summary of main results in [14]. To this end, we begin by the following
lemma.

Lemma 4.1. Let M be a finitely generated R-module such that dim M <
2. Then the R-module Hi(M) is a-cofinite for all i > 0.

Proof. This is clear for ¢+ = 0. Moreover, for ¢ > 2, the assertion fol-
lows from [17, Proposition 5.1] and Grothendieck’s Vanishing Theorem.
Finally, for i = 1, we apply [!7, Proposition 3.11]. O

Proposition 4.2. Let M be a minimax R-module and suppose that one
of the following cases holds:

(a) dimM < 2
(b) dim R <

(c) dlm(R/a) =1,
(d) cd(a, M) <1,
(

e) cd(a,R) < 1.
The

S

(i) Hi(M) is a-cofinite for all i > 1 and it is a-cominimax for all i > 0.
Thus, Ext] % (R/a, H{(M)) is a minimaz R- module for all i,j > 0.

(ii) Tor (R/a, HL(M)) is a finitely generated R-module for all j > 0 and
all i 2 1. Thus, Tor (R/a, H{(M)) is a minimaz R- module for all
i, = 0.

(iii) The Bass numbers and the Betti numbers of Hi(M) are finite for all
1> 0.

Moreover, if Homg(R/a, M) is finitely generated, then all of the state-
ments hold for all i,j > 0.
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Proof. (i

(i) Let the situation be as in (a). In view of the notation of
Remark 2.

)
1 (ii), we have the exact sequence
0 = Ty(N) = To(M) = To(A) — HY(N) 5 B (M) - 0,

where N is a finitely generated module and H:(M) = Hi(N) for all
i > 2. Hence, by lemma 4.1, Hi(M) is a-cofinite for all i > 2. Now, it
remains to prove the result for ¢ = 1. To do this, set L := Kerf. Again,
by Lemma 4.1, H}(N) is a-cofinite. Thus (0 :z a) has finite length.
Now, in view of [17, Proposition 4.1], we deduce that L is a-cofinite. On
the other hand, the long exact sequence

-+ — Bxtly(R/a, Hy(N)) — Extkz(R/a, Hy (M)) — Ext'{*(R/a,L) — - -

yields that H!(M) is a-cofinite. By the fact that M is minimax, we
conclude that Hi(M) is a-cominimax for all i > 0.

In the case (b), the assertion clearly holds, because dim M < dim R < 1.
In the case (c), since dim R/a = 1, the claim concludes by [!4, Theorem
2.4].

In the case (d), if cd(a, M) = 0, then there is nothing to prove. If
cd(a, M) =1, then, H:(M) = 0 for all i > 2. So, it is sufficient to verify
the assertion for H}(M). To do this, note that cd(a, N) < cd(a, M) < 1,
by Remark 2.1 (ii). If cd(a, N) = 0, then H} (M) = 0. Let cd(a, N) = 1.
Similar to the method of the proof of case (a), it is easy to see that
H} (M) is a-cofinite.

Finally, in the case (e), the assertion follows from the fact that cd(a, M) <
cd(a, R).

(ii) This follows from part (i) and [17, Theorem 2.5].

(iii) This follows from parts (i), (ii), and the fact that the Bass numbers
and the Betti numbers of the minimax modules are finite. |

Recall that an R-module M is said locally minimax, if My, is minimax
for any m € Max(R). It is clear that the class of finitely generated,
Artinian, minimax and AF modules, whole are locally minimax.

Proposition 4.3. Let M be an AF module and a be an ideal of R. Let
x be a non-zerodivisor on M such that ™ H}(M) is locally minimaz for
some m € No. Then H}(M) is minimax and so the Bass numbers and

17
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the Betti numbers of H:(M) are finite for all i < 1. In particular, the
results hold when a™H} (M) is locally minimax for some m € Ny.

Proof. Let # ¢ Zdvg(M) and m € Ny be such that #™H}(M) is
locally minimax. By Remark 2.1 (iii), we may assume that M is a
finitely generated R-module and grade(a, M) > 1. Let E be the injective
envelope of M and put T := E/M. Then I'y(E) = 0. Now, by the
exact sequence 0 - M — E — T — 0, we have Homg(R/a,T) =
Extp(R/a, M) and o(T) = Hi(M). Since (0 :p a) = (0 :p ) a) =
(0 : g1 (ary @) is finitely generated, (0 :ym 1 (pry (M) is finitely generated,
too. Thus z™H} (M) is minimax, by [2, Theorem 2.6]. Now, from the
long exact sequence

oo = To(M/xM) —>H§(M) %mei(M) =

we conclude that H:(M) is minimax and so the Bass numbers and the
Betti numbers of Hi(M) are finite for all i < 1, by Proposition 2.10 (v)
and [17, Theorem 2.1]. O

Melkersson in [16, Theorem 2.2] showed that Grothendieck’s conjec-
ture and Hartshorne’s question is not true in general for the rings of
Krull dimensions 3, even if the ring is local. The next result is about
a-cofiniteness of local cohomology modules over Noetherian rings (not
necessarily local) and finitely generated modules of Krull dimensions at
most 3.

Proposition 4.4. Let R be a Noetherian ring and M be a finitely gen-
erated R-module with dim M < 3. Let x be a non-zerodivisor on M such
that x™HL (M) is locally minimaz for some m € No. Then HL(M) is
a-cofinite and so the Bass numbers and the Betti numbers of Hi(M) are
finite for all i > 0. In particular, the results hold when a™HYL(M) is
locally minimaz for some m € Ny.

Proof. By Proposition 4.2, we may assume that dim M = 3. By the
same method of the proof of Proposition 4.3, we get (0 CH (M) a) is
finitely generated. Hence, H.(M) is a-cofinite minimax, by [17, Propo-
sition 4.3] and Proposition 4.3. Consequently, Hi(M) is a-cofinite for
i # 2, by [17, Proposition 5.1] and Grothendieck’s Vanishing Theorem.
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Now, the assertion follows from [17, Proposition 3.11]. O

The next corollary shows that, the conditions of Proposition 4.4 are
available.

Corollary 4.5. Let M be a finitely generated R-module with dim M < 3.
Then HL(M) is a-cofinite for all i > 0 if one of the following conditions
holds:

(i) Suppg(Exth(R/a, M)) C Max(R) fori=0,1;
(it) Suppg(Extp(R/a, M/Ta(M))) € Max(R);

(iii) Suppg(Exth(R/a, M)) and Supp(Ext%(R/a,Tq(M))) are contained
in Max(R).

Proof. In view of Proposition 4.4, it is enough to show that H} (M) is
an Artinian module.

First, assume that the condition (i) occurs. Since Ext(R/a, M)
is a finitely generated module and its support is contained in Max(R),
implies that Exti(R/a, M) is an Artinian module for i = 0, 1. Now, we
show that H}(M) is Artinian. By [7, Lemma 2.1.1], we can assume that
I'y(M) = 0. Let E be the injective envelope of M and put 7' := E/M.
Then I'y(E) = 0. Therefore the exact sequence 0 - M — E — T — 0,
implies that To(T) = H}(M) and Homp(R/a, T) = ExtL(R/a, M). Tt
follows that (0 :r a) and thus (0 :p,(r) @) are Artinian. Now, the
assertion follows from [7, Theorem 7.1.2].

Now, let the condition (ii) happens. Set X := M/T'((M). By |
Corollary 2.1.7 and Lemma 2.1.1], ¢ := grade(a, X) > 1 and H}(M)
H}(X). If t > 1, then there is nothing to prove. Let t = 1. Hence,
similar to the method of the proof of part (i), we get

1R

Exth(R/a, X) = Homg(R/a, H} (X)) = Homg(R/a, H (M)).

Now, Artinianness of Ext}k(R/a, X) and [7, Theorem 7.1.2], imply that
H}(M) is an Artinian module.
Finally, in the case (iii), we use the exact sequence

Exty, (R/a, M)— Exty, (R/a, M/Tq(M))— Exty, (R/a,Ta(M)),

and part (ii). O
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Theorem 4.7 as the last result of this paper, is a generalization of [1,
Theorem 2.12] for minimax modules. To prove it, we need Lemma 4.6,
as follows.

Lemma 4.6. Let (R,m) be a regular local ring of dimension d < 3
and M be a finitely generated R-module. Then Ext), (R/a, HL(M)) is
minimax for all i,5 > 0.

Proof. As Ext% (R/a, HL(M)) is a-torsion module for all i,j > 0, the
assertion follows easily from [I, Theorem 2.12] and [1, Remark 2.2 (ii)].
U

Theorem 4.7. Let (R, m) be a regular local ring of dimension d < 3 and
let M be a minimaz R-module. Then Ext}, (R/a, Hi(M)) is minimaz
for alli,j > 0.

Proof. Using the notations of Remark 2.1 (i), we get the exact sequence
0 = Ta(N) — Ta(M) > Ta(A4)— H}(N) = HY(M) =0,

and H(M) = H!(N) for all i > 2. Hence, the assertion follows from
Lemma 4.6 for any ¢ > 2. Now, suppose that i = 0. The exact sequence
0—Iq(N)—Tq(M)— Im a—0 induces the long exact sequence

-« —Exth (R/a,Ta(N))— Ext}, (R/a,To(M))— Ext}, (R/a,Tma)— - -,
for all j > 0. On the other hand, I'q(/V) and I'q(A) are minimax, hence
Ext}(R/a,Tq(M)) is minimax, for all j > 0, by [3, Lemma 2.1] for
the class of minimax R-modules. Finally, for ¢ = 1, we consider the
short exact sequence 0 — Ker 8 — HX(N) — HY(M) — 0. The facts
that Ker 8 is Artinian and (0 : HY a) is finitely generated, imply that
(0 :ker g @) has finite length. Thus Ker 3 is a-cofinite, by [17, Proposition
4.1]. Now, the assertion follows from Lemma 4.6 and the long exact

sequence ) ]
-+ = Ext}, (R/a, HY(N))— Ext}, (R/a, HY (M))—

Ext ! (R/a,Ker ) —--- .
O
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