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Abstract. Let A be an algebra with a right identity. In this paper, we
study (p, q)—centralizers of A and show that every (p, q)—centralizer of
A is a two-sided centralizer. In the case where, A is normed algebra, we
also prove that (p,q)—centralizers of A are bounded. Then, we apply
the results for some group algebras and verify that L'(G) has a nonzero
weakly compact (p, ¢)—centralizer if and only if G is compact and the
center of L'(G) is non-zero. Finally, we investigate (p, q)—Jordan cen-
tralizers of A and determine them.
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1 Introduction

Let T be a map on an algebra A, and let p and ¢ be distinct non-negative
integers. Then T is called a (p, q)—centralizer if for every a,b € A

(p+q)T(ab) = pT'(a)b+ qaT (b)
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for all @ € A. We denote by C), ,(A) the space of all (p, g)—centralizers
of A. Every (1,0)—centralizer is called a left centralizer and every
(0, 1)—centralizer is called a right centralizer. Moreover, T' is said to
be a two-sided centralizer if T is both a left centralizer and a right cen-
tralizer. Let Cis(A) be the set of all two-sided centralizers of A. It is
easy to see that if a € A, then the linear mapping p, : A — A defined
by
pa(b) = ba

is a right centralizer. Also, the linear mapping A\, : A — A defined by
Aa(b) = ab is a left centralizer. Note that if a € Z(A), the center of A,
then

Pa = Ao € Cts(A)

An additive mapping T on an algebra A is a (p, q)—Jordan centralizer if
(p+ ¢)T(a%) = pT(a)a+ gaT(a)

The set of all (p,q)—Jordan centralizers of A is denoted by C:f)],  (A).
Clearly,
Cis(A) € Cpg(4) € Cyy(A).

Vukman [16] introduced the notion of (p, g)—Jordan centralizers. For a
prime ring R with a suitable characteristic and positive integers p and
q, he proved that

CJl(R) = Cis(R),

when Z(R) is non-zero. Kosi-Ulbl and Vukman [6] proved this result for
semiprime rings; see [2, 4] for generalized (p, ¢)—Jordan centralizers.

In this paper, we investigate (p,q)—centralizers and (p,q)—Jordan
centralizers of algebras. In Section 2, we show that (p, ¢)—centralizers of
an algebra A with a right identity are two-sided centralizers. In the case
where, A is a normed algebra, every (p, ¢)—centralizer of A is bounded.
We prove that every bounded (p,q)—centralizer of an algebra with a
bounded approximate identity is a two-sided centralizer. In Section 3,
we give some results on the range of (p,q)—centralizers. In Section 4,
we investigate (p, q)—centralizers of some group algebras and determine
the set of all their (p,q)—centralizers. For a locally compact group G,
we show that L!(G) has a non-zero weakly compact (p, ¢)—centralizer if
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and only if G is compact and the center of L!(G) is non-zero. In Section
5, we give a characterization of (p,q)—Jordan centralizers of an algebra
with a right identity. We also show that every (p, ¢)—Jordan centralizer
of a commutative algebra is always a two-sided centralizer.
Convention: In this paper, p and ¢ are distinct positive integers.

2 (p,q)—Centralizers on Algebras

First, we characterize (p,q)—centralizers of algebras.

Theorem 2.1. Let A be an algebra with a right identityu. If T : A — A
18 a map, then the following assertions are equivalent.

(a) T € Cpg(A).

(b) T = PT(u) € Cis(A).

(c) For every a,b e A, aT'(b) = T(a)b.
In this case, T 1is linear.

Proof. Let T' € C)p 4(A). Then for every a € A, we have

(p+qT(a) = (p+qT(au)
= pT(a)+ qaT'(u).

Thus

It follows that

(p+q)abT(u) = (p+q)T(ab)
pT'(a)b + qaT(b)
= paT(u)b+ qabT (u).

Hence abT' (u) = aT'(u)b. From this and (1) we see that aT'(b) = T'(a)b.
Thus for every a,b € A,

(p+qT(ab) = pT(a)b+ qaT(b)
= (p+q¢)T(a).

3
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So, T'(ab) = T'(a)b = aT'(b). That is, T' € Cys(A). Therefore, (a)=(b).
The implications (b)=(c)=-(a) are clear. O

For a normed algebra A, let Cg,q(A) be the space of all bounded
(p, q)—centralizers of A.

Corollary 2.2. Let A be a normed algebra with a right identity. Then
Cpq(A) is a Banach algebra and

CpalA) = Cly(A) = {pa s a € A}.

Let A and B be two subsets of an algebra 2(. We denote by Z(A, B)
the set of all a € A such that ab = ba for all b € B. Note that if A = B,
then Z(A,B) = Z(A).

Corollary 2.3. Let A be an algebra with identity 1 4. Then the following
statements hold.

(1) If T € Cpq(A), then T(14) € Z(A) and T = pr(1,,) = Ar(1,)-

(i) If A is also a normed algebra, then Cp4(A) = Z(A), where “=”
denotes isometrically isomorphic as Banach algebras.

Proof. (i) Let T' € Cp4(A). In view of Theorem 2.1, T' € Cis(A).
Thus for every a € A, we have

T(a) =T(aly) =aT(14)

and
T(a) =T(1laa) =T(14)a.
Hence aT(14) =T(14)a and so T'(14) € Z(A).
(ii) Let A be an algebra with the identity 14. Then C)4(A) is a
subalgebra of algebra of all bounded linear operators on A. We define

the function
I':Cpqe(A) = Z(A)

by I'(T') = T'(14). It is clear that I' is linear. Let T' € C) 4(A). Then for
every a € A,
1T(a)|l = llaT (L) < llall1T(La)l-
This implies that
1T = [T = IT(T)]-
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Therefore, I' is isometric. If T1,T3 € Cp 4(A), then

D(TOT(Ty) = Ti(14)Th(1a)
T1(14T>(14))
TiT5(14)
— I(T\Th).

Hence T is an algebra homomorphism. Also, for every ¢ € Z(A), the
linear map p, is an element of C), 4(A4). So I is isomorphic. O

Let A be a Banach algebra. It is well-known that the second con-

jugate of A, denoted by A**, with the first Arens product “¢” defined
by

(FoH,f)=(F Hf)

is a Banach algebra, where (H f,a) = (H, fa), in which (fa,b) = (f, ab)
for all F, H € A**, f € A* and a,b € A; see for example [3].

Theorem 2.4. Let A be a Banach algebra with a bounded approximate
identity. Then C’Il)’,q(A) is a closed subspace of Cys(A).

Proof. Let T € C% (A). Then
(p+a)(T"(fa,z) = (pfT(a),z) + (¢T"(fa), )
for all a,z € A. So, if H € A**, then
(p+q)(HT"(f),a) = p(T"(H ), a) + ¢(T*(H) [, a).
Thus for every F € A* we obtain
(p+T™(FoH), f) = (pIT"™(F)H + ¢FT*(H), f).

That is, T** is a (p, q¢)—centralizer. Since A*™* has a right identity, by
Theorem 2.1, T** € Cys(A*). Therefore, T' € Cys(A). O
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3 The Range of (p,q)—Centralizers

We commence this section with the following result.

Theorem 3.1. Let A be a normed algebra with a right identity u, and
let T € Cpq(A). Then the following assertions are equivalent.

(a) T maps A into uA.

(b) T'= Ag, for some ag € A.

(C) T = )‘T(u)

(d) T(u) € Z(A).

Proof. Assume that T' € C) 4(A) maps A into uA. Then by Theorem
2.1, for every a € A we have

ul'(a —ua) =T (u)(a —ua) = 0.
Thus
T(a —ua) € ran(A) NuA = {0}.

Hence T'(a) = T(ua) = T(u)a = Ape)(a). Thus (a)=(b).
Let T = ), for some ag € A. Then for every a € A, we have

ap = T(u)= pr(u)
= uT(u) =T(u)u
= T(u).

Hence (b)=(c). The implication (c)=-(d) follows from Theorem 2.1.
Finally, if T'(u) € Z(A), then

T(a) =aT(u) =T (u)a =uT(a)
for all a € A. Thus T maps A into uA. That is, (d)=-(a). O

Proposition 3.2. Let A be an algebra and T € Cp4(A). Then T? =0
if and only if the range of T is nilpotent. In this case, T maps A into
the radical of A.

Proof. For every a € A, we have
0 = (p+9T%a”)
= T(pT(a)a + qaT(a))
= p’T*(a)a+pgT(a)T(a) + pgT(a)T(a) + ¢*aT?(a)
= 2pqT(a)?.
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This proves the result. O

Let 21 be a Banach algebra with a bounded approximate identity
such that every proper closed ideal of 2l is contained in a proper closed
ideal with a bounded approximate identity. From Theorem 4.7 of [15]
and Theorem 2.4 we have the following result.

Proposition 3.3. Let A be as above. Then T € C,4(2A) has a closed
range if and only if there exist an idempotent (p,q)—centralizer Th of
A and an invertible (p, q)—centralizer Ty of A such that T =Ty o Ty =
TQ (¢] T1 .

4 (p,q)—centralizers on Group Algebras

Let G be a locally compact group with a left Haar measure. Let L'(G)
be the group algebra of G. Then L'(G) with the convolution product
“x” and the norm ||.||; is a Banach algebra with a bounded approximate
identity [3, 5]. Let L>°(G) be the usual Lebesgue space as defined in [5]
and LY (G) be the subspace of L*°(G) consisting of all functions that
vanish at infinity. Then L*°(G)* and L§°(G)* are Banach algebras with
the first Arens product. One can prove that L>°(G)* and L (G)* have
right identities [3, 7]; for more study see [9, 11, 12]. Let M(G) be the
measure algebra of G. Then M (G) with the convolution product is a

unital Banach algebra and
M(G) = Co(G)7,

where “=” denotes isometrically isomorphic as Banach algebras and
Co(G) is the space of all complex-valued continuous functions on G that
vanish at infinity [5]. Finally, let Cy(G) be the space of all bounded
continuous functions on G, and let LUC(G) be the space of all f € Cy(G)
such that the mapping

=l f

from G into Cp(G) is continuous, where I, f(y) = f(xy) for all y € G.
Let us remark that LUC(G)* with the product “” defined by

(m-n, f)=(m,nf) (m,ne LUC(G)", fe LUC(Q)),
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where
(nf,x) = (n,l.f) (z€q)

is a unital Banach algebra [3]. These facts together with Corollary 2.3
show that C), 4(2) is a Banach algebra and C, ,() = Z(), where 2 is
one of the Banach algebras M(G) or LUC(G)*.

Theorem 4.1. Let G be a locally compact group. Then the following
statements hold.

(i) CB o (LN(G)) = {py : 1 € Z(M(G), LY(G))}.

(ii) If T € Cpo(LF(G)*), then T = p,, for some pu € Z(M(G), LY(Q)).

Proof. Let B be one of the Banach algebras L'(G) or LF(G)*.
Assume that T € C} (B). Then by Theorems 2.1 and 2.4, T € Cys(B).
So T is a right multiplier on 8. Note that if B = L{°(G)*, then T' = p,,,
where

n="T(u)

and v is a right identity for L§°(G)* with |u|| = 1. By Lemma 2.2 of
[7), T = p, for some u € M(G). If B = L'(G), then by [17], T = p,, for
some p € M(G). Thus T' = p, on B. Now, let (eq)acar be a bounded
approximate identity of L'(G). Then for every ¢ € L'(G) and a € A,
we have

eaxpxp = T(eax9)
= T(eq)*d=e€q*pu*ad.

Since L!(G) is an ideal of M(Q), it follows that ¢ * u = u * ¢. Thus
p€ Z(M(G), LN(G)). O

Let C,,(A) be the space of all weakly compact (p, q)—centralizers of
a Banach algebra A.

Corollary 4.2. Let G be a compact group. Then the following state-
ments hold.
(i) C2,(LY(G)) = {pg : 6 € Z(LHG))}.
(i) C2,(M(G)) = {ps : ¢ € Z(LN(G), M(G))}.
(i) Clty(L2(G)*) = {po : 6 € Z(L1(G))).
(iv) C¥,(LUC(GY") = {ps : & € Z(L'(G))}.
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Proof. (i) Let T € C¥ (L'(G)). Then T = p, for some p €
Z(M(G),L*(G)). Since G is compact, every right centralizer of L'(G)
is weakly compact and it is of the form py for some ¢ € L(G); see [1].
Thus p € LY(G) and so p € Z(LY(G)).

(ii) Let T € Cp,(M(G)). Then T = p,, for some p € Z(M(G)).
Thus p, is a weakly compact right multiplier on L!(G) which implies
that u € L(G). So,

€ Z(LY(G), M(G)).

(iii) Let T € Cp(L>(G)*). Then T is a weakly compact right

multiplier on L>(G)*. So T = pg for some ¢ € L'(G); see [13]. A
similar argument to the proof of Theorem 4.1 shows that ¢ € Z(LY(G)).
(iv) This follows from Theorem 2.1 and Corollary 2.3 of [10]. O

Now, we prove the main result of this section.

Theorem 4.3. Let G be a locally compact group. Then the following
assertions are equivalent.
(a) Cpy (L7 (G)Y) # {0}
(b) Cpy(LY(G)) # {0}
(c) Cpy(L>(G)") # {0}
(d) Cpy(LUC(G)") # {0}
(e) G is compact and Z(L*(G)) # {0}.

Proof. Let T € Cp (Lg°(G)*) be a non-zero. By Theorem 2.1,
T = pp for some n € L(G)*. Since L}(G) is an ideal of L (G)*, it
follows that
T|piq) € CF (LHG)).

From weak* density of L'(G) into L (G)* we infer that T (g is non-
zero. So (a)=(b).

Let T € C¥ (L'(G)) be non-zero. According to Theorem 2.4, T
is a non-zero weakly compact right centralizer of L!'(G). Hence G is
compact; see [14]. By Corollary 4.2,

Z(LY(G)) # {0}.

Thus (b)=(e).

9



10

M. J. MEHDIPOUR AND N. SALKHORDEH

Assume that Z(L'(G)) # {0} and G is compact. It follows from
Corollary 4.2 (iii) that C}’, (L>(G)*) # {0}. Hence (e)=(a).

By [3] and Corollary 4.2, the implication (¢)=-(e) holds. The con-
verse follows from the fact that

L¥(G)" = L5 (G)*

when G is compact.

Finally, Theorem 2.1 of [10] together with Corollary 4.2 (iv) proves
the implication (d)=-(e); also the implication (e)=-(d) holds by Corol-
lary 2.3 of [10] and Corollary 4.2 (iv). O

Let us remark that if G is a locally compact abelian group, then

Z2(LY(@)) = LY(G).

Corollary 4.4. Let G be a locally compact abelian group. Then the
following assertions are equivalent.

()C“’( °°( )*) #{0}.

(b) Cpy(LY(G)) # {0}

(c) Cpry(L=(G) )75{0}
Ed) Cpg(LUC(G)") # {0}

e) G is compact.

5 (p,q)—Jordan Centralizers

We commence this section with the following result.

Theorem 5.1. Let A be a commutative algebra. Then C’I{’q(A) =C11(4A) =
Cis(A).

Proof. First, assume that m,n are distinct positive integers and
T € Cpn(A). Then for every a,b € A, we have

mT (a)b+naT(b) = (m+n)T(ab)
= (m+n)T(ba)
= mT(b)a+ nbT(a)

So T'(a)b = aT'(b). Hence for every a,b € A,
T(ab) = T'(a)b = aT(b).
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Thus Cp, n(A) = Cis(A) for all distinct positive integers m,n. This
shows that
C11(A) = Cs(A).

Now, let T € C};{q(A). Then for every a,b € A
(p+ q)T(ab+ ba) = pT(a)b+ pT'(b)a + qaT(b) + ¢bT'(a).
Since A is commutative, it follows that
2T (ab) = T(a)b+ aT'(b).

Consequently, T € C11(A) and therefore, Cj/ (A) = C11(A). O

We now give a characterization of (p,q)—Jordan centralizers of an
algebra with a right identity.

Theorem 5.2. Let A be an algebra with a right identity u. If T €
C’I‘)],q(A), then
T(a) = (a —ua)T(u) +uTl(a)

for all a € A.
Proof. Let T € C'];{q(A). Then for every a,b € A

(p+q)T(ab+ ba) = pT'(a)b+ pT'(b)a + gaT (b) + ¢bT'(a). (2)
Put a = b=w in (2). Then T(u) = uT'(u). Taking b = u in (2), we get
qT(a) + (p+ q)T(va) = pT'(u)a + qaT (u) + quT(a). (3)
If we set a = ua in (3), then
(p + 29)T(ua) = pT(uw)a + quaT (u) + quT (ua). (4)
From (3) we infer that
quT(a) + (p + QuT (ua) = pT(u)a + quaT (u) + quT (a).
Thus

(p + q@)uT'(ua) = pT'(u)a + quaT(u)
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for all a € A. This together with (4) shows that

(p+29)T(ua) = pT(u)a+ quaT(u)+ Z%q(quaT(u) + pT'(u)a)
_ plp+ 2Q)T(u)a L ap+29) waT (u)
P+q P+q '
Hence

(p+ q¢)T(ua) = pT(u)a + quaT (u).
From this and (3) we see that
qT(a) + quaT (u) + pT(u)a = qaT(u) + pT' (u)a + quT(a).
This implies that
T(a) = (a —ua)T(u) +uTl(a)

for all a € A. O

Theorem 5.3. Let A be an algebra with identity 14 and T € C];{q(A).
IfT(14) € Z(A), then T € Cys(A).

Proof. Let T € C}/ ,(A). Then for every a,b € A
(p+ q)T(ab+ ba) = pT'(a)b+ pT'(b)a + gaT(b) + ¢bT'(a). (5)
Put b =14 in (5). Then
(p+q)T(a) = pT(La)a+ qaT(1a).
If T(14) € Z(A), then T(a) = aT(14) = T(14)a. Thus
T(ab) = abT(14) = aT'(b) = aT(14)b = T(a)b
That is, T € Cis(A).
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