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Abstract. In this paper we consider the multiobjective generalized
semi-infinite optimization problems with nondifferentiable convex data,
whereas Soroush (Journal of Mathematical Extension 16(9): 1-14, 2022)
investigated them in single-objective case. We introduce some upper-
level qualification conditions for the problems, and based on these qual-
ifications, we demonstrate some first-order necessary optimality condi-
tions at weakly efficient and efficient solutions of the considered problem.
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1 Introduction

In the present paper we consider a multiobjective generalized semi-
infinite programming problem (MGSIP in brief), defined as follows:

(P): min (fi(2), .. ().
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with the feasible set .S,

S:={zeR"|g(z,y) >0, ycY(zx)},
and the index set,

Y(z) :={y e R™ | hy(z,y) <0, t €T},

where the appearing functions f; : R” — R asi € [ := {1,...,p} and
g,ht : R" xR™ — R as t € T are convex, the index set T is finite, and
the set-valued mapping = — Y (z) is uniformly bounded, i.e., for each
xg € S there exists a neighborhood U of zg such that the set |, Y ()
is bounded. The latter assumption implies that the mapping z — Y (x)
is compact valued and upper semi-continuous at each zg € S (cf. [15]).

If the index set Y (z) is constant and independent of x, MGSIP co-
incides with “multiobjective semi-infinite programming problem”, de-
noted by MSIP. Necessary conditions for optimality of linear, convex,
and non-convex MSIPs have been studied in several articles; see, e.g.,
[1, 2, 8,9, 10] and the references therein.

If p =1, MGSIP coincides with the “generalized semi-infinite pror-
gramming problem (GSIP)” which is an active field in optimization the-
ory. In almost all existing literature on GSIP theory, in order to establish
optimality conditions for problem (P), several kinds of lower-level con-
straint qualifications (CQ, briefly) are introduced. Extensive references
to these CQs and optimality conditions, as well as their applications and
historical notes, in the case that all appearing functions are continuously
differentiable (while not necessarily convex), can be found in the book by
Stein [1%]. These CQs and optimality conditions have been extended to
the GSIPs with locally Lipschitz and DC (difference of convex functions)
data by Kanzi and Nobakhtian [11] and by Kanzi [6, 12], respectively.

More recently, Soroush [19] considered GSIPs with nondifferentiable
convex functions, and introduced a Mangasarian-Fromovitz type CQ
and some optimality conditions for the considered problems. The first
aim of this paper is to extension of [19] to multiobjective case. In the
case when all appearing functions of MGSIP are continuously differen-
tiable, some necessary first-order conditions have been given in [3], but
according to our latest information for the nonsmooth case nothing has
been done so far. The second aim of this paper is to fill this gap as
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the first task. It should be noted that in [3] only one constraint qualifi-
cation of the Mangasarian-Fromovitz type is considered and under this
some necessary conditions are present at weakly efficient solutions and
properly efficient solutions of smooth MGSIPs. In this paper, we intro-
duce several (constraint and data) qualification conditions of the Abadie
and Guignard types (that are weaker than Mangasarian-Fromovitz type)
and express some optimality conditions in weakly efficient solutions and
efficient solutions of nonsmooth MGSIPs.

The structure of subsequent sections of this paper is as follows: In
Sec. 2, we establish the definitions and preliminary results which are
required thereafter. Section 3, which is devoted to the main results,
introduces some qualification conditions, expressing the relationships
between these qualification conditions, and setting several necessary op-
timality conditions for nondifferentiable convex MGSIPs.

2 Preliminaries

In this section, we briefly address some notations, basic definitions, and
standard preliminaries which are used in the sequel, from [4, 16].

The standard inner product of z,y € R"™ and the zero vector of
R™ are denoted by (x,y) and 0,, respectively. We will use symbols
Ry (respectively R, 1) to represent the set of non-negative (respectively
positive real) real numbers.

Let ¥ : R™ — R be a convex function, i.e.,

I(Az + (1= A)y) <M (z) + (1 — N)d(y), Vo,y € R", X €[0,1].
The subdifferential of 9 at xg € R" is defined by
0V(zo) :={& € R" | ¥(z) — V(o) > ({,x — xp), YVx e R"}.

As we know from [1] that if J : R" — R is convex, its classic directional
differential ¢’ (z¢; d), defined by
V¥ (zg;d) := lim V(wo +ed) - 19(3:0),

e—0 £

exists, and we have

99(z0) = {€ € R | 9 (x0: d) > (€,d), Vd € R"). (1)
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Also, we know that 0¥(zg) is always a non-empty compact convex set
in R™, and if ¢ is differentiable at x(, then 99(xg) = {VI(x0)}, in which
Vi (zp) denotes the gradient of ¥ at zp. The following equality will be
used in sequel:

' (20 d) = max{({, d) | § € 00(x0)}.

For a convex function 1 : R"" — R and a point (zg,y0) € R"™™,
let 0,¢(x0,y0) € R™ and 0y (x0,y0) € R™ denote the partial subd-
ifferentials of ¥ (-,-) at (xo,yo), which are defined as 9 (-, yo)(xo) and
oY (xo,-)(yo), respectively.

Given a nonempty set D C R™, the notations D, int(D), conv(D),
cone(D), conv(D), cone(D), and span(D) denote the closure of D, the
interior of D, the convex hull of D, the convex cone generated by D
(containing the origin), the closed convex hull of D, the closed convex
cone generated by D and the linear space spanned by D, respectively.
Also, the positive polar cone, the strictly positive polar set, the negative
polar cone, and the strictly negative polar set of D are respectively
defined as

DZ:={z €eR" | (z,d) >0, Vde D},

D> :={z eR"|(z,d) >0, Vde D},

DS .= —DZ, and D<:=—-D".
Recall that if D = (), then each of the above four sets will be equal to
R"™ by definition.

It should be mentioned [16, Theorem 6.9] that if IT := {C,, | w € 2}
is a collection of convex sets in R"”, then:

cone( U C’w) = U U Zn:)\ucww (2)

we {Cwl,...,Cwn}gH ()\1,...,)\n)€RT_‘”_ v=1
n+1
conv( U Cw) = U U ZAquw (3)
we {Cw1:-~~7cwn+1}gn ()\1,...,)\n+1)€Ai+1 v=1

n+1

ri(conu( | Cu)) U U 3 A CA)

we {Cw17"'7cwn+1}gn ()\1,...,>\n+1)€Aiil v=1
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in which ri(C) denotes the relative interior of convex set C' C R", and
A" and AT are defined as

n+1
An+1 {()\17"'7)\714*1) ER:L:Fl | Z)\Vzl}’

v=1

n+1
A= L, ) € R ZAV ~ 1.

Theorem 2.1. [/, Theorem 1.4.3] Let D C R™ be a compact set. Then,
conv(D) is compact.

We recall that for D C R™ and z9 € D, the contingent cone (or
Bouligand tangent cone) of D at xo, denoted by I'(D, xg), is defined as
the set of all vectors u € R” that can find two sequences {¢‘} | 0 and
{u’} — win such a way ¢ +c‘u’ € D for all £ € N. Notice that I'(D, z)
is always a closed cone (generally non-convex) in R"™.

3 Necessary Conditions
As the beginning of this section, we recall the following definition.
Definition 3.1. Let & € S be a feasible point for (P).

(i) z is said to be a weakly efficient solution for (P) whenever there is
no x € S satisfying fi(z) < f;(%) for all i € I.

(ii) z is said to be an efficient solution for (P) whenever there is no
x € S satisfying f;(z) < fi(2) for all i € I, and fx(x) < fi(z) for
some k € 1.

For each xzg € S, we define the index set of active constraints and
the lower level problem at x, respectively as

Yo(zo) = {y € Y(2o) [ g(z0,y) = 0},

LL(xp) : min g(xo,y), s.t. y € Y(zg).
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Also, the set (probably empty) of active inequalities of LL(x() at each
yo € Y (xg) is denoted by Ty(xo, yo),

To(z0,y0) = {t € T | he(wo, yo) = 0}.

If yo € Yp(zo), then the Fritz-John (FJ) multipliers set of LL(xg) at
Yo € Yo(zg) is denoted by

o+ Z G =1
F(x0,0) = {(a,ﬁ) € Ry x RUpComll) - i€Tolzom) }
Om € Oy L0 (0, Yo, v, B)
where L70 refers to Lagrangian function, defined as
L(w,y, 0, B) == ag(z,y)+ Y Bilulw,y).
teTo(xo0,Y0)

For each k € I and zy € S, put

§(z0) = J0filxo),  Br(zo):= |J 0fi(xo),
i=1 iel\{k}

ow= U (U atpsas).

y€Yo(z0) * (a,B8)EF(20,y)

We should mention that ©(x) is nonsmooth counterpart of V' (xg) that
is defined in [5, 3].
Let zp € S be a feasible point for (P). For each k € I set,

Qulao) =S {w €R" | fi() < filao), Vie I\ {k}},

with the convention that Q1(xg) =S when p = 1.
The following lemma from [13] will be used below.

Lemma 3.2. The following assertions are always true
(1): If & is a weakly efficient solution for (P), then

F<(#)NT (S, &) = 0.
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(ii): If T is an efficient solution for (P), then

(0£:(2))° NT(Qs(2),2) =0, Viel.

Now, we define four data qualifications in the Abadie type for (P).
Definition 3.3. We say that (P) satisfies

e the first Abadie data qualification, denoted by FADQ, at
xo € S if
S<($0) N @2(.%'0) - F(S, 1'0).

e the second Abadie data qualification, denoted by SADQ, at

xg € 5 if
p

§=(z0) N D% (w0) € [ T(Qi(0), 70).

=1

e the first Guignard data qualification, denoted by FGDQ,
at g € S if

§(0) 1D (o) € comv (I(S,0))-

e the second Guignard data qualification, denoted by SGDQ,
at g € S if

gg (fL'O) N @2(1'0) C ﬂ m(F(Qi(IEO)v :EO)) )
=1

Obviously, FADQ (resp. SADQ) is stronger than FGDQ (resp.
SGDQ) at each feasible point. Also, the inclusions §<(z¢) C F=(w0)
and ﬂfZIF(Qi(xO),xo) C I'(S,z0) and NE_; conv(F(Qi(xo),x0)> C
conv(I'(S,z0)) imply that FADQ (resp. FGDQ) is weaker than SADQ
(resp. SGDQ)at xy, i.e.,

SADQ — FADQ

{ U
SGDQ —» FGDQ
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Theorem 3.4. (KKT Necessary Condition Under FADQ): Sup-
pose that & is a weakly efficient solution for (P), and that FADQ holds
at T.

(i): Then, there exist some non-negative scalars \; € Ry as i € I,
satisfying Y 0_y N\i = 1 and

O GZ/\ Ofi(&) — cone(D(z)).

(i): If in addition, cone(D (%)) is closed, there ewist some y” € Yy(2),
(¥, 8") € F(Z,9y"), and p, € Ry asv =1,...,q, as well as some
non-negative numbers \; € Ry as i € I, satisfying > o 1 Aj = 1
and

0, eszz Zuy(‘?ﬁ (&,y", 0", ).

v=1

Proof.

(i): If conv(F(2))Ncone(D(&)) = 0, then the compactness of conv(F(2))
(by Theorem 2.1) and the closedness of cone(D(2)), allows us to use the
strong separation theorem [16, Corollary 11.4.1]. Thus,

(conv(%'(fv))>< N (W(@(ﬁ:)))z £ .

< >
Since (conv(&(ﬁ:))) =3§<(&) and (m(@(ﬁ;))) = D>(£), the above
inclusion and the FADQ assumption imply that
0#F<(2)ND=(2) € F~(2) NI (S, ), (5)
which contradicts Lemma 3.2(i). Thus,
conv(§(2)) Ncone(D(z)) # 0,

and so
0, € conv(F(2)) — cone(D(Z)).

This inclusion and (3) prove the result.



UPPER LEVEL QUALIFICATIONS AND OPTIMALITY IN
MULTIOBJECTIVE CONVEX GSIP

(ii): The result is a direct consequence of part (i) and the structure
of convex cones (2). O

The following two theorems are required for presenting the KKT
necessary condition under FGDQ.

Theorem 3.5. Let ¢ : R” — R be a convex function and x¢g € R™.
Then, ¢'(xo;-) is a linear function (respect to direction) if and only if
©(+) is differentiable at xg.

Proof. If (+) is differentiable at x, we know ¢’ (z¢; d) = (Vo (z0), d) for
all d € R™, and so ¢ (xg;-) is linear. Conversely, If ¢'(xq; -) is linear func-
tion, then it is convex and differentiable at 0,,, and so 9¢'(zo;-)(0,) =
{u} for some u € R™. Hence, by the definition of convex subdifferential

we have
=0
{fu}y = {£eR"| ¢ (z0;)(2) — ¢ (w0;)(0n) > ({,2—0,), VzeR"}
{6 € R | ¢ (w0;2) > (€,2), Vze R} = dp(x),

where the last equality holds by (1). Consequently, dp(xg) is singleton,
and so, ¢(+) is differentiable at xo. O

Theorem 3.6. Suppose that the f; functions as i € I are differentiable.
Then, the following assertions are always true:

(i): If & is a weakly efficient solution for (P), then
(V@) |ieI}™ neomo(D(S,2)) =0.
(ii): If & is an efficient solution for (P), then
{Vhi@)} " neom(0(Qu(@),2)) =0, Viel.

Proof.
(i): Suppose, on the contrary, that there exists a vector d € R™ such
that

de{Vfi@)|iel}~ neono(T(S,7)). (6)

Then, there exists a sequence {d/}72, in conv (F (S, i‘)) converging to
d. Also, for each ¢ € N we can find some vectors dj € I'(S,z) as
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v =1,...,n¢ and some non-negative numbers aj as v = 1,...,ny such

that
Ty Ny
de=>) oydy, Y of=1.
v=1 v=1

Owing to Lemma 3. 2(1), dj € T'(S,z) asv = 1,...,ny, and the fact
that () = {V/i(2) | i € I}, we conclude that (V f;(&),d}) > 0 for all
v=1,. ng, for all £ € N, and for all ¢ € I. Thus, for all £ € N and for
all i € I, we have

ng
(Vfi(2),de) = (V fi( Z ayjdy) = af(Vfi(#),dy) >0

v=1

Consequently, for all ¢ € I, we obtain that

(Vfi(2),d) = (Vfi(%), lim dg) = lim (Vf;(£), dg) >0,
{—00 {—00
which contradicts (6). The proof is complete.
(ii): Based on Lemma 3.2(ii), the proof is same as above. [

Now, we can state the KKT necessary condition under FGDQ.

Theorem 3.7. (KKT Necessary Condition Under FGDQ): Sup-
pose that T is a weakly efficient solution for (P), that FADQ holds at Z,
and that the f; functions are differentiable asi € I.

(1) Then, there exist some non-negative scalars A\ € Ry as i € I, satis-
fying >°2 1 N =1 and

Z)\ Vfi(&) € cone(D(&)).

(ii) If in addition, cone(D(&)) is closed, there ewist some y” € Yy(2),
(¥, ") € F(Z,y"), and py, € Ry asv =1,...,q, as well as some
non-negative numbers \; € Ry as i € I, satisfying Y 7 4 A = 1
and

Z)\Vfl Zuyaﬁ (#,y",0”,8").

v=1
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Proof.
(i): If {Vfi(2) | i € I} Ncone(D(&)) = 0, by repeating the proof of
relation (5) in proof of Theorems 3.4 and 3.6(i), we get

0# {Vfi(@) i€ I}™(&)ND>(2) C §=(2) neonv(T(S,2)),

which contradicts Theorem 3.6(i). Thus, same as the proof of Theorem
3.4(i), we obtain that

0, € conv({Vfi(@) | i€ I}) — cone(D(2)).
The result is obtained from (3) and the above inclusion.

(ii): Based on Theorem 3.6(ii), the proof is stated similar to previous
part. O
Now, we define the optimal value function of LL(x) as follows:

_Jinf{gzy) lyeY(@)} if  Y(z)#0,
V(@)= { +00 if  Y(x)=0.

It should be noted that due to the importance of function W(-), which
is called “marginal function”, many researches have worked on its prop-
erties and the upper estimate of its nonconvex subdifferentials see, e.g.,
[14, 17] and the references therein. Soroush [19] proved ¥(-) is a convex
function, and so, O¥(z) is well-defined.

In many situations, we obtain positive KKT multiplier associated
with vector-valued objective function (fi(z),..., fp(x)), some of the
multipliers may be equal to zero. We say that strong KKT condition
holds for (P), when the KKT multipliers are positive for all components
of the objective function. The aim of next theorems is to derive the
strong KKT types necessary optimality conditions for the (P).

As we noted in Section 1, if the index set Y (z) is independent of
x, the problem (P) increases to an MSIP. It is noteworthy that the
following definition is a direct generalization of the PLV property that
is provided for MSIPs (see [2, 7]).

Definition 3.8. We say that the generalized PLV (GPLV) property
holds at 29 € S when 0¥ (z0) C conv(D(xo)).

11
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Now, the following theorem states a strong KKT necessary condition
at an efficient (not at a weakly efficient) solution of (P) under SADQ.

Theorem 3.9. (Strong KKT Necessary Condition Under SADQ):
Suppose that & is an efficient solution for (P), that the GPLV property
and SADQ hold at &. If the condition

F=(&) C {0y ul (0°f:(@) 7, (7)
=1

is met, then there exist some y” € Yy(2), (¥, 8") € F(2,9"), and p, €
Ry asv=1,...,q, as well as some positive numbers \; € Ry asi € I,
satisfying Y % 4 A; =1 and

Op eZA@fZ Zuyﬁﬁ (2,9, 0", 8).

v=1
Proof. We claim that
i (conv (3(;%))) N cone(D(z)) # 0. ()
By contradiction, we suppose that (8) does not hold. Thus, by [16,
Theorem 11.7] and the proper separation theorem [16, Theorem 11.3]

and noting that cone (’D(iﬁ)) is a convex cone, it follows that there is
a hyperplane H, := {z € R" | (z,u) = 0} for some u € R"\ {0,}
separating conv(§(2)) and cone(D(z)) properly. In other words, there
exists a vector u € R" satisfying

Op #u € (conv(%(i)))2 N (coma(’D(j:)))2 = F2(2) ND(1).
Thus, owning to SADQ and condition (7), we conclude that
P P
(U @s@)%) n(Or(@i@).a) #0.
=1 =1
This relation together with

(L_pj (0fi(@ ) (ﬁ T(Qi(#), @)):U[(afi(@))%(ﬁr(Qj(gz),ge))],

i=1 i=1 j=1
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obtains a k € I such that

(0 (@ (ﬂrQJg:o :a);é@.
J=1
Thus, for some k € I we have

(0fr(2))~ NT(Qx(2), &) # 0, 9)

which contracts Lemma (3.2)(ii). This contradiction proves the claimed
(8), and hence

0p €11 <com) (S(fc))) — cone(D(2)).

The above inclusion together with (2) and (4) justifies the result. O

13

Theorem 3.10. (Strong KKT Necessary Condition Under SGDQ):

Suppose that & is an efficient solution for (P), that the GPLV property
and SADQ hold at &, and the f; functions are differentiable at & asi € I.
If the condition

span({Vf;(2)|ie€I}) =R", (10)
is met, then there exist some y* € Yo(2), (o, ") € F(Z,y"), and p, €
Ry asv=1,...,q, as well as some positive numbers \; € R_4 asi € I,

satisfying > 0_; \i =1 and

Z)\Vfl Zuyaﬁ (#,y", 0", 8").

v=1

Proof. At the first step of proof, we claim that the condition (10)
implies the condition (7). It is easy to see that

span({Vf;()|i€I}) =R" <
cone({Vfi(2),-Vfi(d)|iel})=R" =

(cone({Vfi(@), ~V (@) | i € I}))S RY
Thus,

{VIi@), -V fi(@) |ieI}"
= (Vi@ |ieI}n{Vi(@)|iel}>.

{0n}
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Consequently,
F=5(2) SR\ (F7(@) \ {0.}) = {0} U (R"\ F=(2)) =

{0, ULV f1(2)}5U. . .U{V f,(2)}= = {0 }ul ] (0£i(2)) ™,
i=1

and hence, (7) holds. Now, we claim that (8) holds. Otherwise, by same
as proofs of relation (9) and Theorem 3.6 we conclude that

{vfi(f)}< N COW}<F(Qi(i),i)) =0, forallicl,
in which contradicts Theorem 3.6(ii). Thus, (8) holds. The rest of the

proof is same as the proof of Theorem 3.9. U

The following example shows both the truth of Theorem 3.4 and the
impossibility of removing condition (7) from Theorem 3.9.
Example 3.11. Put in problem (P), hi(z,y) = |z1| + |z2| + |y| — 1,
h?(m7y) =Y, g(xay) =1 +Y, fl(x> = 1, and

fa(x) = sup {xlul + xoug | u% + u% + 2uy < 0}.
In fact, fa(-) is the support function of convex set
U = {(u1,uz) € R? | u? + (ug +1)2 < 1}.

It is easy to see that & = 09 is an efficient point of the problem.
Also, a short calculation shows that Yy(02) = {0}, Tp(02,0) = {2},

F(05,0) = {(3, )}, D2(02) = {(5,0))% = k. x R, §=(0) = {0} xR,
Q1(02) = {0} xR, and Q2(02) = R4 x R. It should be observed that the
condition (7) fails whereas SADQ (and hence, FADQ) holds at &. The
GPLV property is satisfied at Z, clearly. It is not hard to see that there
are not Ap, A2 € Ry and pq, o, B2 € R4 satisfying

0y € )\1{(—1,0)} + Xold — 11 (a{(l,O)} + 52{02})

Also, we can see the above inclusion holds with A\; =0, Aa =1, u1 =0,
and a = Gy = 1.
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