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1 Introduction

Consider the distributed-order time and Riesz space fractional Schrödinger
equation (DOT-RSFSE) as follows:

iD
ω(α)
t ψ(x, t)+δ

∂2β

∂|x|2β
ψ(x, t)−v(x, t)ψ(x, t)−λ|ψ(x, t)|2ψ(x, t)−z(x, t) = 0,

(1)
with the initial and Dirichlet boundary conditions

ψ(x, 0) = f(x), x ∈ [a, b],

ψ(a, t) = ψ(b, t) = 0, t ∈ [0, 1],

where parameter δ is a real constant, z, f and unknown function ψ are
complex-valued, v is general potential, 1

2 < β ≤ 1, ∂2β

∂|x|2β is the Riesz frac-

tional derivative, D
ω(α)
t denotes the distributed-order fractional deriva-

tive and the function ω satisfies 0 <
∫ 1
0 ω(α)dα < ∞ [22]. Also, the

Caputo fractional derivative and the Riesz fractional derivative are de-
fined as follows, respectively

C
0D

α
t ψ(x, t) =

1

Γ(1− α)

∫ t

0
(t− s)−α∂ψ

∂s
ds,

∂2β

∂|x|2β
ψ(x, t) =

−1

2 cos(βπ)
(D2β

L ψ +D2β
R ψ),

where the left-side and right-sided Riemann-Liouville derivatives on x
are defined as

D2β
L ψ(x, t) =

1

Γ(2− 2β)

∂2

∂x2

∫ x

a
(x− s)1−2βψ(x, s)ds,

D2β
R ψ(x, t) =

1

Γ(2− 2β)

∂2

∂x2

∫ b

x
(s− x)1−2βψ(x, s)ds.

The fractional Schrödinger equations (FSEs) play an important role in
describing physical phenomena, such as quantum mechanics, optics, seis-
mology, and plasma physics [6, 11, 12, 21, 25]. Extensive theoretical
research has been carried out on the FSEs that interested readers can
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refer to [5, 23]. Several numerical methods and their analysis for the
linear and nonlinear fractional Schrödinger equations have been inves-
tigated [7, 8]. Bhrawy [2] used the Jacobi spectral collocation method
to solve FSEs and their coupled kind. In [1], a fully spectral collo-
cation approximation was developed to solve multi-dimensional time
FSEs. Li et al. [17] applied the Galerkin finite element method for
nonlinear space fractional Schrödinger equations. In [19], Li and Zhao
considered a fast energy-conserving finite element method for nonlin-
ear space fractional Schrödinger equations with wave operator. In [28],
Mustafa and Almushaira presented a fast implicit difference scheme
for solving high-dimensional time-space fractional nonlinear Schrödinger
equation. Qayyum et al. [29] studied new solutions of time-space
fractional coupled Schrödinger systems. Yin et al. [27] developed the
structure-preserving difference scheme with fast algorithms for high di-
mensional space fractional Schrödinger equations. Li et al. studied
a relaxation-type Galerkin FEM for nonlinear fractional Schrödinger
equations in [16]. An unconditionally convergent L1-Galerkin FEMs
is studied for nonlinear time fractional Schrödinger equation [15]. A
fast L2-lσ Galerkin FEMs is presented for generalized nonlinear cou-
pled time fractional Schrödinger equation with Caputo derivative and
obtained optimal order error estimate [18]. Wang et al. [26] considered
the second-order and linear numerical schemes for the multi-dimensional
nonlinear time fractional Schrödinger equation.
Although numerous numerical methods have been proposed for time-
space fractional Schrödinger equations, most of them have limited to
time fractional Schrödinger equations on uniform meshes. Recently,
Heydari [9] presented a computational approach for a system of cou-
pled distributed-order time fractional Klein-Gordon Schrödinger equa-
tions. Bhrawy and Zaky [3] developed an efficient spectral solution for
distributed-order time fractional Schrödinger equations. Effective nu-
merical methods and supporting error analysis for the time-space frac-
tional Schrödinger equations with distributed order are still limited.
The main contribution of this work is to establish an optimal error es-
timate of the proposed linearized numerical scheme for nonlinear DOT-
RSFSE without any step size restriction. We use the time-space error
splitting argument presented in [13] for unconditionally error estimates.
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In this paper, we develop a fast finite difference scheme based on graded
time meshed in time. An optimal error estimate of this fully discrete sys-
tem is obtained using the Galerkin finite element approximation in space.
To the best of our knowledge, in the previous works, we mainly paid
attention to established unconditionally stable and convergence results
for time-space fractional Schrödinger equations using L1-FEM. How-
ever, there are few papers focusing on convergence analysis of numerical
methods DOT-RSFSE.
A brief outline of the paper is as follows: In Section 2 the definitions
and properties of fractional derivatives, fast finite difference method,
and fractional Sobolev space are recalled. A semi-discrete variational
scheme for Eq (1) is given in Section 3. Also, an implicit L1- Galerkin
finite element method for the fully discrete system based on the stan-
dard Galerkin finite element method in space and the fast L1 algorithm
in time are given. Section 4 is devoted to the semi-discrete system’s
unconditional stability and optimal error estimate. Moreover, L2-norm
and Hβ-norm error estimates of the fully discrete scheme are presented
for the DOT-RFSEs. In Section 5 some numerical examples are given
to confirm our theoretical results. Finally, a brief conclusion is given in
Section 6.

2 Preliminaries

In this section, we recall some definitions and lemmas needed in the
numerical analysis of the presented algorithm.

Definition 2.1. Let µ > 0 and Ω = [a, b]. Define the left and right
norms as

∥ψ∥Jµ
L(Ω) = (∥ψ∥2L2(Ω) + |ψ|2Jµ

L(Ω))
1
2 ,

∥ψ∥Jµ
R(Ω) = (∥ψ∥2L2(Ω) + |ψ|2Jµ

R(Ω))
1
2 ,

in which, |ψ|Jµ
L(Ω) = ∥Dµ

Lψ∥L2(Ω) and |ψ|Jµ
R(Ω) = ∥Dµ

Rψ∥L2(Ω) are the

semi-norms. Also, we denote Jµ
L(Ω) and J

µ
R(Ω) as the closure of C∞(Ω)

with respect to ∥.∥Jµ
L(Ω) and ∥.∥Jµ

R(Ω), respectively.

Definition 2.2. (Fractional Sobolev space). Let µ > 0 and F be the
Fourier transform of ψ defined on Ω, i.e. F(ψ) =

∫
Ω ψ(x)e

−iwxdx, with
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the variable w. Define the semi-norm of ψ as

|ψ|Hµ(Ω) = ∥|w|µF(ψ)∥L2(Ω),

and the norm

∥ψ∥Hµ(Ω) = (∥ψ∥2L2(Ω) + |ψ|2Hµ(Ω))
1
2 ,

where Hµ be the closure of C∞(Ω) with respect to ∥.∥Hµ(Ω).

Lemma 2.3. [14] For µ > 0, the following results hold
a) Jµ

R(Ω), J
µ
L(Ω) and Hµ(Ω) are equal with equivalent semi-norm and

norm, respectively.
b) the following property in L2-sense holds

(Dµ
Lψ,D

µ
Rψ) = cos(µπ)∥Dµ

L∥
2
L2(Ω).

c) For ψ ∈ Hµ
0 (Ω) and 0 ≤ r ≤ µ, we have

∥ψ∥L2(Ω) ≤ C|ψ|Hµ(Ω), ||ψ||Hr(Ω) ≤ C|ψ|Hµ(Ω),

d) If 0 < µ < 1, ψ ∈ H2µ
0 (Ω) and ϕ ∈ Hµ

0 (Ω), then

(D2µ
L ψ, ϕ) = (Dµ

Lψ,D
µ
Rϕ), (D2µ

R ψ, ϕ) = (Dµ
Rψ,D

µ
Lϕ).

2.1 Fast L1 method

This part introduces a fast evaluation method for the time fractional
derivative. Let tn = T ( n

NT
)r (n = 0, 1, 2, 3, ..., NT ) and choose the mesh

parameter r ≥ 1 and τn+1 = tn+1 − tn.
Splitting the convolution integral Caputo derivative into a sum of the
local part and history part results in

C
0D

α
t ψ(t) |t=tn=

1

Γ(1− α)

∫ tn

tn−1

ψ′(s)

(tn − s)α
ds+

1

Γ(1− α)

∫ tn−1

0

ψ′(s)

(tn − s)α
ds

:= Cl(tn) + Ch(tn), (2)
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where Cl and Ch are local and history parts, respectively. For the local
part, the function ψ′(s) will be approximated by linear interpolation as
follows,

Cl(tn) =
ψ(tn)− ψ(tn−1)

τnΓ(1− α)

∫ tn−1

tn

1

(tn − s)α
ds =

ψ(tn)− ψ(tn−1)

ταnΓ(1− α)
. (3)

Also, for the history part using the integration by parts to eliminate
ψ′(s) and Theorem 2.1 in [24], one obtains

Ch(tn) =
1

Γ(1− α)

[
ψ(tn−1)

ταn
− ψ(t0)

tαn
− α

∫ tn−1

0

ψ(s)

(tn − s)1+α
ds

]

≈ 1

Γ(1− α)

[
ψ(tn−1)

ταn
− ψ(t0)

tαn
− α

Nexp∑
i=1

wiψhist,i(tn)

]
, (4)

where ψhist,i(tn) =
∫ tn−1

0 e−(tn−s)siψ(s)ds (n = 1, 2, 3, ..., NT ). So, it is
easy to get

ψhist,i(tn) = e−siτnψhist,i(tn−1) +

∫ tn−1

tn−2

e−(tn−s)siψ(s)ds,

where ψhist,i(t1) = 0. Besides, interpolation ψ via a linear function on
[tn−2, tn−1] yields∫ tn−1

tn−2

e−(tn−s)siψ(s)ds ≈ e−siτn

s2i τn

[
(e−siτn−1 − 1 + siτn−1)ψ(tn−1)

+ (1− e−siτn−1 − e−siτn−1siτn−1)ψ(tn−2)

]
.

Substituting (3) and (4) in (2), implies that

F
0D

α
t ψ(tn) =

1

ταnΓ(1− α)

[
ψ(tn)

1− α

( α

1− α
+ Çα

0,n

)
ψ(tn−1)

−
n−2∑
l=1

(
Çα
n−l−1,n + Ç̇

α
n−l−2,n

)
ψ(tl)−

(
Ç̇
α
n−2,n +

(τn
tn

)α)
ψ(t0)

]

=
1

ταnΓ(1− α)

n∑
j=0

αÇ̈
n
j ψ(tj), (5)
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where the coefficients αÇ̈
n
j are given by the following formula

αÇ̈
n
j =


1

1−α , j = n,

−( α
1−α + Çα

0,n), j = n− 1,

−(Çα
n−j−1,n + Ç̇

α
n−j−2,n), j = 1, 2, ..., n− 2,

−
(
Ç̇
α
n−2,n + ( τntn )

α
)
, j = 0,

in which

Çα
j,n = αταn

Nexp∑
i=1

wie
−si(tn−tn−j)ℓ1i,n−j ,

Ç̇
α
j,n = αταn

Nexp∑
i=1

wie
−si(tn−tn−j)ℓ2i,n−j ,

ℓ1i,n =
e−siτn

s2i τn−1
(e−siτn−1 − 1 + siτn−1),

ℓ2i,n =
e−siτn

s2i τn−1
(1− e−siτn−1 − siτn−1e

−siτn−1).

Then,

C
0D

α
t ψ(tn) ≈

1

ταnΓ(1− α)

n∑
j=0

αÇ̈
n
j ψ(tj) :=

F
0D

α
t ψ(tn).

Using Lemma 2.5 in [24], the following error estimate for the presented
fast L1 method will be obtained.
Remark: Assume that 0 < α < d, and let

FΞn,αψ(tn) :=
C
0D

α
t ψ(tn)− F

0D
α
t ψ(tn), n = 1, 2, 3, ..., NT ,

then,

|FΞn,αψ(tn)| ⪯ n−min(2−α,r(α+1)) + ϵ, (6)

where ϵ is the tolerance error.
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3 The Proposed Numerical Scheme

At first, we decompose the complex-valued functions ψ and z by their
real and imaginary parts as ψ(x, t) = ψR(x, t) + iψI(x, t) and z(x, t) =
zR(x, t)+ izI(x, t). Inserting these complex forms in Eq (1), one obtains
a coupled system of equations as{

D
ω(α)
t ψI − δ ∂2β

∂|x|2βψR + λ|ψ|2ψR + vψR + zR = 0,

D
ω(α)
t ψR + δ ∂2β

∂|x|2βψI − λ|ψ|2ψI − vψI(x, t)− zI = 0,
(7)

with the initial and boundary conditions as follows

ψR(x, 0) = fR(x), ψI(x, 0) = fI(x),

ψR(a, t) = ψR(b, t) = 0, ψI(a, t) = ψI(b, t) = 0,

in which indices R and I point to the real and imaginary parts, respec-
tively.
By the Lemma 2.3.(d), we can derive the weak form of system (7) for

any φR, φI ∈ Hβ
0 , as{

(D
ω(α)
t ψI , φR)−Θ(ψR, φR) + λ(|ψ|2ψR, φR) + (vψR + zR, φR) = 0,

(D
ω(α)
t ψR, φI) + Θ(ψI , φI)− λ(|ψ|2ψI , φI)− (vψI − zI , φI) = 0,

(8)
with the initial and boundary conditions

ψR(x, 0) = fR(x), ψI(x, 0) = fI(x),

ψR(a, t) = ψR(b, t) = 0, ψI(a, t) = ψI(b, t) = 0,

where Θ(., .) is defined by

Θ(ψ,φ) := δ(
∂2β

∂|x|2β
ψ,φ) = Cβ

x

(
(Dβ

Lψ,D
β
Rφ) + (Dβ

Rψ,D
β
Lφ)

)
, (9)

in which Cβ
x = − δ

2 cos(βπ) .
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3.1 Semi-discrete scheme

To obtain the numerical solution of Eq (1), let σα = 1
Mα

and αm = (m+
1
2)σαwhere m = 0, 1, 2, ...,Mα-1, α0 < α1 < ... < αMα and ω ∈ C2[0, 1].
At first, we discretize the distributed-order time fractional derivative by
midpoint rule [10], as follows

D
ω(α)
t ψI(x, t) =

∫ 1

0
ω(α)C0D

α
t ψI(x, t)dα ≈ σα

Mα−1∑
m=0

ω(αm)C0D
αm
t ψI ,

D
ω(α)
t ψR(x, t) =

∫ 1

0
ω(α)C0D

α
t ψR(x, t)dα ≈ σα

Mα−1∑
m=0

ω(αm)C0D
αm
t ψR.

Substituting these relations in (8), yields{(
σα

∑Mα−1
m=0 ω(αm)C0D

αm
t ψI , φR

)
+ ℶ(ψR, φR) + (zR, φR) = Ξ

ω(α)
I ,(

σα
∑Mα−1

m=0 ω(αm)C0D
αm
t ψR, φI

)
+ ℶ(ψI , φI)− (zI , φI) = Ξ

ω(α)
R ,

where ℶ(., .) is defined by

ℶ(ψR, φR) = −Θ(ψR, φR) + λ(|ψ|2ψR, φR) + (vψR, φR),

ℶ(ψI , φI) = Θ(ψI , φI)− λ(|ψ|2ψI , φI)− (vψI , φI).

Choosing Υτ
α(ω(α)

C
0D

αm
t ψ) := σα

∑Mα−1
m=0 ω(αm)C0D

αm
t ψ, this system can

be written as{(
Υτ

α(ω(α)
C
0D

αm
t ψI), φR

)
+ ℶ(ψR, φR) + (zR, φR) = Ξ

ω(α)
I ,(

Υτ
α(ω(α)

C
0D

αm
t ψR), φI

)
+ ℶ(ψI , φI)− (zI , φI) = Ξ

ω(α)
R .

(10)

Now, we consider the discretization of time Caputo fractional derivative
of order 0 < α < 1 by fast L1 method. Applying relation (5) in system
(10), we get the following semi-discrete time of Eq (1) as follows{(

Υτ
α(ω(α)

F
0D

αm
t ψn

I ), φR

)
+ ℶ(ψn

R, φR) + (znR, φR) = Ξ
ω(α)
I + FΞα

I ,(
Υτ

α(ω(α)
F
0D

αm
t ψn

R), φI

)
+ ℶ(ψn

I , φI)− (znI , φI) = Ξ
ω(α)
R + FΞα

R,

(11)
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where

ℶ(ψn
R, φR) = −Θ(ψn

R, φR) + λ(|ψn−1|2ψn
R, φR) + (vnψn

R, φR),

ℶ(ψn
I , φI) = Θ(ψn

I , φI)− λ(|ψn−1|2ψn
I , φI)− (vnψn

I , φI),

and

Ξω(α) = D
ω(α)
t ψ − σα

Mα−1∑
m=0

ω(αm)C0D
αm
t ψ = O(σ2α),

FΞα = C
0D

αm
t ψ(tn)− F

0D
αm
t ψ(tn) = O(n−min(2−α,r(α+1))).

3.2 Fully discrete scheme

Let Th be a family of subdivisions of Ω = [a, b], Ωh = {eh| eh ∈ Th} and

Xβ
h = {φh ∈ Hβ

0 ∩ C0(Ω); φh|eh ∈ Pk(eh), eh ∈ Ωh} where Pk(eh) is
a set of polynomials with degree at most q, and h be the step size in
space.
Assume that ψn

R,h and ψn
I,h ∈ Xβ

h are the approximation of ψn
R and ψn

I .
So, we have

(
Υτ

α(ω(α)
F
0D

αm
t ψn

I,h), φR,h

)
+ ℶ(ψn

R,h, φR,h)− (znR, φR,h) = 0,

∀φR,h ∈ Xβ
h ,(

Υτ
α(ω(α)

F
0D

αm
t ψn

R,h), φI,h

)
+ ℶ(ψn

I,h, φI,h) + (znI , φI,h) = 0,

∀φI,h ∈ Xβ
h .

(12)

4 Error Analysis

4.1 Stability and convergence of the semi-discrete scheme

First, we recall the following lemma to analyze the stability and conver-
gence of the presented numerical scheme.

Lemma 4.1. [4]. (Gronwall inequality) Assume that {kj}n−1
j=0 and {εj}nj=0

be the non-negative sequences such that ρ0 ≥ 0, ε0 ≤ ρ0 and

εn ≤ ρ0 +
n−1∑
j=0

kjεj , n ≥ 1,
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then

εn ≤ ρ0. exp
( n−1∑
j=0

kj
)
, n ≥ 1.

In the following to simplify the notations, we denote the norms of
L2 and Hβ by ∥.∥ and ∥.∥β. Now, we discuss some of the properties of
the bilinear form, stability, and convergence of the scheme (11).

Lemma 4.2. The bilinear form Θ(ψ,φ) is continuous and coercive i.e.

Θ(ψ,φ) ≤ Cβ
max∥ψ∥β.∥φ∥β,

Θ(ψ,ψ) ≥ 2Cβ
min∥ψ∥

2
β,

where Cβ
max and Cβ

min are positive constants.

Proof. According to the definition of bilinear form in (9), we have

Θ(ψ,φ) = Cβ
x

(
(Dβ

Lψ,D
β
Rφ) + (Dβ

Rψ,D
β
Lφ)

)
≤

|Cβ
max|

(∣∣(Dβ
Lψ,D

β
Rφ)

∣∣+ ∣∣(Dβ
Rψ,D

β
Lφ)

∣∣).
Using the Cauchy-Schwartz inequality and the norm of fractional Sobolev
space, one obtains

Θ(ψ,φ) ≤ |Cβ
max|

(
∥Dβ

Lψ∥∥D
β
Rφ∥+∥Dβ

Rψ∥∥D
β
Lφ∥

)
≤ 2|Cβ

max|∥ψ∥β∥φ∥β,

thus
Θ(ψ,φ) ≤ 2|Cβ

max|∥ψ∥β∥φ∥β,

and
Θ(ψ,ψ) = 2Cβ

x (D
β
Lψ,D

β
Rψ) = 2|Cβ

x |
∣∣(Dβ

Lψ,D
β
Rψ)

∣∣.
Also, by the fractional Poincare-Friedrichs inequality, we get

Θ(ψ,ψ) ≥ 2Cβ
min∥D

β
Rψ∥.∥D

β
Lψ∥ ≥ 2Cβ

min∥ψ∥
2
β.

Therefore, bilinear form Θ(., .) is continuous and coercive.
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Theorem 4.3. The proposed numerical scheme (11) is unconditionally
stable, in other words, we have

∥ξk∥2 + ∥ηk∥2 ≤ ∥ξ0∥2 + ∥η0∥2.

Proof. Suppose that ϕnI and ϕnR are another solution of the semi-
discrete formulation (11), which means that{(

Υτ
α(ω(α)

F
0D

αm
t ϕnI ), φR

)
+ ℶ(ϕnR, φR)− (znR, φR) = Ξ

ω(α)
I + FΞα

I ,(
Υτ

α(ω(α)
F
0D

αm
t ϕnR), φI

)
+ ℶ(ϕnI , φI) + (znI , φI) = Ξ

ω(α)
R + FΞα

R.

(13)
Subtracting (11) from (13), implies that{(

Υτ
α(ω(α)

F
0D

αm
t (ψn

I − ϕnI )), φR

)
+ ℶ(ψn

R − ϕnR, φR) = 0,(
Υτ

α(ω(α)
F
0D

αm
t (ψn

R − ϕnR)), φI

)
+ ℶ(ψn

I − ϕnI , φI) = 0.
(14)

Set ηn = ψn
R − ϕnR and ξn = ψn

I − ϕnI in (14). Also, let φI = ηn and
φR = ξn. So we get{(

Υτ
α(ω(α)

F
0D

αm
t ξn), ξn

)
+ ℶ(ηn, ξn) = 0,(

Υτ
α(ω(α)

F
0D

αm
t ηn), ηn

)
+ ℶ(ξn, ηn) = 0.

(15)

Due to ℶ(ξn, ηn) = −ℶ(ηn, ξn), summing equations (15) implies that(
Υτ

α(ω(α)
F
0D

αm
t ξn), ξn

)
+
(
Υτ

α(ω(α)
F
0D

αm
t ηn), ηn

)
= 0.

Since αÇ̈
n
j < 0, for j = (0, 1, 2, ..., n− 1) and αÇ̈

n
j > 0, for j = n, we have

σα

Mα−1∑
m=0

ω(αm)
1

τ
α[m]
n Γ(1− αm)

αÇ̈
n
n(ξ

n, ξn)

+ σα

Mα−1∑
m=0

ω(αm)
1

ταm
n Γ(1− αm)

αÇ̈
n
n(η

n, ηn) =

− σα

n−1∑
j=0

Mα−1∑
m=0

ω(αm)
1

ταm
n Γ(1− αm)

αÇ̈
n
j (ξ

j , ξn)

− σα

n−1∑
j=0

Mα−1∑
m=0

ω(αm)
1

ταm
n Γ(1− αm)

αÇ̈
n
j (η

j , ηn).
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Set χ = σα
∑Mα−1

m=0 ω(αm) 1
ταm
n Γ(1−αm)

αÇ̈
n
n, then

χ∥ξn∥2 + χ∥ηn∥2 =− σα

n−1∑
j=0

Mα−1∑
m=0

ω(αm)
1

ταm
n Γ(1− αm)

αÇ̈
n
j (ξ

j , ξn)

− σα

n−1∑
j=0

Mα−1∑
m=0

ω(αm)
1

ταm
n Γ(1− αm)

αÇ̈
n
j (η

j , ηn).

Using the Cauchy-Schwarz inequality, results in

χ∥ξn∥2 + χ∥ηn∥2 ≤− σα

n−1∑
j=0

Mα−1∑
m=0

ω(αm)
1

ταm
n Γ(1− αm)

αÇ̈
n
j ∥ξj∥∥ξn∥

− σα

n−1∑
j=0

Mα−1∑
m=0

ω(αm)
1

ταm
n Γ(1− αm)

αÇ̈
n
j ∥ηj∥∥ξn∥.

Also, one can easily see that

χ∥ξn∥2 + χ∥ηn∥2 ≤ χ
n−1∑
j=0

−αÇ̈
n
j

αÇ̈
n
n

∥ξj∥∥ξn∥+ χ
n−1∑
j=0

−αÇ̈
n
j

αÇ̈
n
n

∥ηj∥∥ηn∥.

Using the Young’s inequality, one obtains

∥ξn∥2 + ∥ηn∥2 ≤1

2

( n−1∑
j=0

−αÇ̈
n
j

αÇ̈
n
n

(
∥ξj∥2 + ∥ξn∥2

)
+

n−1∑
j=0

−αÇ̈
n
j

αÇ̈
n
n

(
∥ηj∥2 + ∥ηn∥2

))
. (16)

To prove this relation, we use mathematical induction. In the case of
n = 1, this relation holds as follows

∥ξ1∥2 + ∥η1∥2 ≤ ∥ξ0∥2 + ∥η0∥2.

Assume that (16) is true for n = 2, 3, ..., k − 1, to prove this for n = k,
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we have

∥ξk∥2 + ∥ηk∥2 ≤1

2

( n−1∑
j=0

−αÇ̈
n
j

αÇ̈
n
n

(
∥ξj∥2 + ∥ξk∥2

)
+

n−1∑
j=0

−αÇ̈
n
j

αÇ̈
n
n

(
∥ηj∥2 + ∥ηk∥2

))
,

thus

∥ξk∥2 + ∥ηk∥2 ≤ 1

2

( n−1∑
j=0

−αÇ̈
n
j

αÇ̈
n
n

(
∥ξ0∥2 + ∥ξk∥2

)
+

n−1∑
j=0

−αÇ̈
n
j

αÇ̈
n
n

(
∥η0∥2 + ∥ηk∥2

))
,

moreover, −
∑n−1

j=0
αÇ̈

n
j = αÇ̈

n
n, then

∥ξk∥2 + ∥ηk∥2 ≤ 1

2

(
∥ξ0∥2 + ∥ξk∥2

)
+

1

2

(
∥η0∥2 + ηk∥2

)
.

Therefore, ∥ξk∥2 + ∥ηk∥2 ≤ ∥ξ0∥2 + ∥η0∥2, and the numerical scheme is
unconditionally stable.

Theorem 4.4. Assume that ψ(x, tn) is the exact solution of Eq (1) at
t = tn, then the numerical solution ψn = ψn

R + iψn
I of (11) satisfies the

following relation

∥εn∥ ≤ exp(1)

χ

(
n−min(2−αMα ,r(α1+1)) + σ2α

)
,

where εn = ψ(x, tn)− ψn.

Proof. Since ψI(x, t) and ψR(x, t) are the exact solutions of system
(7) at t = tn, then we have{(

Υτ
α(ω(α)

F
0D

αm
t ψI(x, tn), φR

)
+ ℶ(ψR(x, tn), φR) + (zR(x, tn), φR) = 0,(

Υτ
α(ω(α)

F
0D

αm
t ψR(x, tn), φI

)
+ ℶ(ψI(x, tn), φI)− (zI(x, tn), φI) = 0.

(17)
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Subtracting (11) from (17) and setting εnR = ψR(x, tn)− ψn
R

and εnI = ψI(x, tn)− ψn
I , yields{(

Υτ
α(ω(α)

F
0D

αm
t εnI , φR

)
+ ℶ(εnR, φR = (Ξ

ω(α)
I + FΞα

I , φR),(
Υτ

α(ω(α)
F
0D

αm
t εnR, φI

)
+ ℶ(εnI , φI) = (Ξ

ω(α)
R + FΞα

R, φI).

Taking φR = εnI and φI = εnR, we get{(
Υτ

α(ω(α)
F
0D

αm
t εnI ), ε

n
I

)
+ ℶ(εnR, εnI ) = (Ξ

ω(α)
I + FΞα

I , ε
n
I ),(

Υτ
α(ω(α)

F
0D

αm
t εnR), ε

n
R

)
+ ℶ(εnI , εnR) = (Ξ

ω(α)
R + FΞα

R, ε
n
R).

Since αÇ̈
n
j < 0, for j = (0, 1, 2, ..., n− 1) and αÇ̈

n
j > 0, for j = n, then

χ∥εnI ∥2 + ℶ(εnR, εnI ) ⩽
−σα

∑n−1
j=0

∑Mα−1
m=0 ω(αm) 1

ταm
n Γ(1−αm)

αÇ̈
n
j (ε

j
I , ε

n
I ) + (Ξ

ω(α)
I + FΞα

I , ε
n
I ),

χ∥εnR∥2 + ℶ(εnI , εnR) ⩽
−σα

∑n−1
j=0

∑Mα−1
m=0 ω(αm) 1

ταm
n Γ(1−αm)

αÇ̈
n
j (ε

j
R, ε

n
R) + (Ξ

ω(α)
R + FΞα

R, ε
n
R).

Using the Cauchy-Schwarz inequality, we have

χ∥εnI ∥2 + ℶ(εnR, εnI ) ≤
−σα

∑n−1
j=0

∑Mα−1
m=0 ω(αm) 1

ταm
n Γ(1−αm)

αÇ̈
n
j ∥ε

j
I∥∥εnI ∥

+∥Ξω(α)
I + FΞα

I ∥∥εnI ∥,
χ∥εnR∥2 + ℶ(εnI , εnR) ≤
−σα

∑n−1
j=0

∑Mα−1
m=0 ω(αm) 1

ταm
n Γ(1−αm)

αÇ̈
n
j ∥ε

j
R∥∥εnR∥

+∥Ξω(α)
R + FΞα

R∥∥εnR∥.

(18)

Due to ℶ(εnI , εnR) = −ℶ(εnR, εnI ) and summing equations (18), implies
that

χ
(
∥εnI ∥2 + ∥εnR∥2

)
≤ χ

( n−1∑
j=0

−αÇ̈
n
j

αÇ̈
n
n

)(
∥εjI∥∥ε

n
I ∥+ ∥εjR∥∥ε

n
R∥

)
+ ∥Ξω(α)

R + FΞα
R∥∥εnR∥+ ∥Ξω(α)

I + FΞα
I ∥∥εnI ∥.
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Using the Holder’s inequality, one obtains

χ
(
∥εnI ∥2 + ∥εnR∥2

)
≤

χ
( n−1∑
j=0

−αÇ̈
n
j

αÇ̈
n
n

)((
∥εnI ∥2 + ∥εnR∥2

) 1
2
(
∥εjI∥

2 + ∥εjR∥
2
) 1

2

)

+

(
∥Ξω(α)

R + FΞα
R∥2 + ∥Ξω(α)

I + FΞα
I ∥2

) 1
2

(
∥εnR∥2 + ∥εnI ∥2

) 1
2

.

It leads to

∥εn∥ ≤
n−1∑
j=0

−αÇ̈
n
j

αÇ̈
n
n

∥εj∥+ 1

χ

(
∥Ξω(α) + FΞα∥,

where ∥εn∥2 = ∥εnI ∥2 + ∥εnR∥2, ∥Ξω(α) + FΞα∥2 = ∥Ξω(α)
R + FΞα

R∥2 +

∥Ξω(α)
I + FΞα

I ∥2 and ∥εj∥2 = ∥εjI∥2 + ∥εjR∥2 for j = 0, ..., n− 1.
Using Lemma 4.1, we get

∥εn∥ ≤ 1

χ

(
∥Ξω(α) + FΞα∥ exp(

n−1∑
j=0

−αÇ̈
n
j

αÇ̈
n
n

)

≤ exp(1)
1

χ

(
∥Ξω(α) + FΞα∥

)
≤ exp(1)

1

χ

(
n−min(2−αMα ,r(α1+1)) + σ2α

)
,

and the proof is completed.

4.2 Convergence of the fully discrete scheme

At first, we define the Ritz projector as Πβ
h : Hβ(Ω) → V0h by (∇Πβ

hψ,∇φh)
= (∇ψ,∇φh) for all φh ∈ V0h.

Lemma 4.5. [14] Let 1
2 < β < 1 and β < µ ≤ ρ+ 1. If ψ ∈ Hβ ∩Hµ,

then there exists a positive constant C independent of h such that

∥Πβ
hψ − ψ∥β ≤ Chµ−β∥ψ∥µ.
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Theorem 4.6. Assume that ψ(x, t) = ψR(x, t) + iψI(x, t) is the ex-
act complex-valued solution of the equation (1). Then, the numerical
solution ψn

h = ψn
R,h + iψn

I,h (12) satisfies the following relation

∥ϱnh∥ ≤ C

χ

(
hµ−β + n−min(2−αMα ,r(α1+1)) + σ2α

)
,

where ϱnh = ψ(x, tn)− ψn
h

Proof: Since ψ(x, tn) = ψR(x, tn) + iψI(x, tn) is the exact solution
of equation (1) at t = tn, taking ψR(x, tn) and ψI(x, tn) instead of ψn

R,h

and ψn
I,h in (12), we get

(
Υτ

α(ω(α)
F
0D

αm
t ψI(x, tn)), φR,h

)
+ ℶ(ψR(x, tn), φR,h)− (zR(x, tn), φR,h)

= (Ξ
ω(α)
I + FΞα

I , φR,h), ∀φR,h ∈ Xβ
h ,(

Υτ
α(ω(α)

F
0D

αm
t ψR(x, tn)), φI,h

)
+ ℶ(ψI(x, tn), φI,h) + (zI(x, tn), φI,h)

= (Ξ
ω(α)
R + FΞα

R, φI,h), ∀φI,h ∈ Xβ
h ,

(19)
in which

ℶ(ψR(x, tn), φR,h) =

−Θ(ψR(x, tn), φR,h) + (λ|ψ(x, tn−1)|2ψR(x, tn)− v(x, tn)ψR(x, tn), φR,h),

ℶ(ψI(x, tn), φI,h) =

Θ(ψI(x, tn), φI,h)− (λ|ψ(x, tn−1)|2ψI(x, tn) + v(x, tn)ψI(x, tn), φI,h).

Subtracting (12) from (19) results in

(
Υτ

α(ω(α)
F
0D

αm
t ϱnI ), φR,h

)
+ ℶ(ϱnR, φR,h) = (Ξ

ω(α)
I + FΞα

I , φR,h)

∀φR,h ∈ Xβ
h ,(

Υτ
α(ω(α)

F
0D

αm
t ϱnR), φI,h

)
+ ℶ(ϱnI , φI,h) = (Ξ

ω(α)
R + FΞα

R, φI,h),

∀φI,h ∈ Xβ
h ,

(20)
where ϱnI = ψI(x, tn)− ψn

I,h and ϱnR = ψR(x, tn)− ψn
R,h.

Putting ϱnI = ϵnI,h + θnI,h and ϱnR = ϵnR,h + θnR,h in equation (20), where



18 F. HASHEMI, A. TALEEI AND E. HESAMEDDINI

θnI,h = Πβ
hψI − ψn

I,h and ϵI,h = ψI(x, tn)−Πβ
hψ

n
I , implies that



(
Υτ

α(ω(α)
F
0D

αm
t ϵnI,h + θnI,h)), φR,h

)
+ ℶ(ϵnR,h + θnR,h, φR,h)

= (Ξ
ω(α)
I + FΞα

I , φR,h), ∀φR ∈ Xβ
h ,(

Υτ
α(ω(α)

F
0D

αm
t ϵnR,h + θnR,h)), φI,h

)
+ ℶ(ϵnI,h + θnI,h, φI,h)

= (Ξ
ω(α)
R + FΞα

R, φI,h), ∀φI ∈ Xβ
h .

(21)

Taking ψR,h = θnI,h and ψI,h = θnR,h in (21), we get



(
Υτ

α(ω(α)
F
0D

αm
t (ϵnI,h + θnI,h)), θ

n
I,h

)
+ ℶ(ϵnR,h + θnR,h, θ

n
I,h)

= (Ξ
ω(α)
I + FΞα

I , θ
n
I,h), ∀φR,h ∈ Xβ

h ,(
Υτ

α(ω(α)
F
0D

αm
t (ϵnR,h + θnR,h)), θ

n
R,h

)
+ ℶ(ϵnI,h + θnI,h, θ

n
R,h)

= (Ξ
ω(α)
R + FΞα

R, θ
n
R,h), ∀φI,h ∈ Xβ

h .

(22)

Due to ℶ(θnI,h + ϵnI,h, θ
n
R,h) = −ℶ(θnR,h + ϵnR,h, θ

n
I,h), summing equations

(22) and using the Cauchy-Schwarz inequality, one obtains

χ∥θnI,h∥2 + χ∥θnR,h∥2 ≤ χ
( n−1∑
j=0

−αÇ̈
n
j

αÇ̈
n
n

)(
∥θjI,h∥∥θ

n
I,h∥+ ∥θjR,h∥∥θ

n
R,h∥

)
+

∥Υτ
α(ω(α)

F
0D

αm
t ϵnR,h)∥∥θnR,h∥+ ∥Υτ

α(ω(α)
F
0D

αm
t ϵnI,h)∥∥θnI,h∥+

∥Ξω(α)
R + FΞα

R∥∥θnR,h∥+ ∥Ξω(α)
I + FΞα

I ∥∥θnI,h∥.

Using the Holder’s inequality implies that

∥θnI,h∥2 + ∥θnR,h∥2 ≤
( n−1∑
j=0

−αÇ̈
n
j

αÇ̈
n
n

)(
∥θjI,h∥

2 + ∥θjR,h∥
2
) 1

2
(
∥θnI,h∥2+

∥θnR,h∥2
) 1

2 +
1

χ

((
∥Υτ

α(ω(α)
F
0D

αm
t ϵnR,h)∥2 + ∥Υτ

α(ω(α)
F
0D

αm
t ϵnI,h)∥2

) 1
2

(∥θnR,h∥2 + ∥θnI,h∥2)
1
2 + (∥Ξω(α)

R + FΞα
R∥2 + ∥Ξω(α)

I + FΞα
I ∥2)

1
2

(∥θnI,h∥2 + ∥θnR,h∥2)
1
2

)
.
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It leads to

∥θnh∥ ≤
( n−1∑
j=0

−αCn
j

αCn
n

)
∥θjh∥+

1

χ

((
∥Υτ

α(ω(α)
F
0D

αm
t ϵnR,h)∥2+

∥Υτ
α(ω(α)

F
0D

αm
t ϵnI,h)∥2

) 1
2 + ∥Ξω(α) + FΞα∥

)
,

where ∥θnh∥2 = ∥θnI,h∥2 + ∥θnR,h∥2, ∥θ
j
h∥

2 = ∥θjI,h∥
2 + ∥θjR,h∥

2 for j =

0, ..., n− 1 and ∥Ξω(α) + FΞα∥2 = ∥Ξω(α)
R + FΞα

R∥2 + ∥Ξω(α)
I + FΞα

I ∥2.
Using the Granwall inequality, we get

∥θnh∥ ≤ 1

χ

((
∥Υτ

α(ω(α)
F
0D

αm
t ϵnR,h)∥2 + ∥Υτ

α(ω(α)
F
0D

αm
t ϵnI,h)∥2

) 1
2

+ ∥Ξω(α) + FΞα∥
)
exp

( n−1∑
j=0

−αÇ̈
n
j

αÇ̈
n
n

)

≤ exp(1)

χ

((
∥Υτ

α(ω(α)
F
0D

αm
t ϵnR,h)∥2 + ∥Υτ

α(ω(α)
F
0D

αm
t ϵnI,h)∥2

) 1
2

+ ∥Ξω(α) + FΞα∥
)
.

Applying Lemma 4.5, we get

∥Υτ
α(ω(α)

F
0D

αm
t ϵnR,h)∥ ≤ ∥Υτ

α(ω(α)
F
0D

αm
t ϵnR,h)∥β

≤ hµ−β∥Υτ
α(ω(α)

F
0D

αm
t ψn

R,h)∥µ.

Moreover, we have F
0D

α
t ψ(tn) =

C
0D

α
t ψ(tn)− FΞα, then

∥Υτ
α(ω(α)

F
0D

αm
t ϵnR,h)∥ ≤hµ−β∥Υτ

α(ω(α)
C
0D

αm
t ψn

R,h)∥µ
+ hµ−β∥Υτ

α(ω(α)
FΞαm)∥µ.

Using (6), positive constants c1 and c2 exist, such that

∥Υτ
α(ω(α)

F
0D

αm
t ϵnR,h)∥ ≤ c2h

µ−β + c1h
µ−β

(
n−min(2−αMα ,r(α1+1)) + ϵ

)
.

Similarly, we have

∥Υτ
α(ω(α)

F
0D

αm
t ϵnI,h)∥ ≤ c4h

µ−β + c3h
µ−β

(
n−min(2−αMα ,r(α1+1)) + ϵ

)
.
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Therefore, one obtains

∥θnh∥ ≤ exp(1)

χ

(
c2h

µ−β + c1h
µ−β

(
n−min(2−αMα ,r(α1+1)) + ϵ

)
+

c4h
µ−β + c3h

µ−β
(
n−min(2−αMα ,r(α1+1)) + ϵ

)
+ ∥Ξω(α) + FΞα∥

)
.

Consequently, we have

∥θnh∥ ≤ exp(1)

χ

(
C
(
hµ−β+

(
n−min(2−αMα ,r(α1+1)) + ϵ

))
+∥Ξω(α) + FΞα∥

)
,

where C is a constant dependent on c1, c2, c3 and c4. Note that ∥ϵnR,h∥ ≤
cRh

µ−β and ∥ϵnI,h∥ ≤ cIh
µ−β , therefore, the following inequality is sat-

isfied

∥ϱnh∥ ≤ exp(1)

χ
C

(
hµ−β +

(
n−min(2−αMα ,r(α1+1)) + ϵ

)
+ σ2α

)
,

where
∥ϱnh∥2 = ∥ϱnI,h∥2 + ∥ϱnR,h∥2,

and the proof is completed.

5 Numerical Results

In this section, two numerical examples are given to confirm the valida-
tion of our theoretical results. In the following examples, the compu-
tational domain is (x, t) ∈ ([0, 1] × [0, 1]), the weight function ω(α) =
Γ(3 − α) and ϵ = 10−8. In numerical experiments, piecewise linear
basis functions are considered. We perform our computations using
MATLAB2021 software on a desktop computer with 16GB of RAM
and Core i7 -6700CPU @4.00GHZ.
Example 1: We consider the following distributed-order time and Riesz
space fractional Schrödinger equation

iD
ω(α)
t ψ(x, t) = − ∂2β

∂|x|2β
ψ(x, t) + ψ(x, t) + z(x, t),
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Table 1: Numerical results in space for Example 1 with β = 0.75

h ∥ϱnh∥ order ∥ϱnh∥β order

1/8 4.9926E-2 - 1.2263E-1 -
1/16 1.3751E-2 1.8603 5.5766E-2 1.1369
1/32 3.6544E-3 1.9118 3.5619E-2 1.2220
1/64 9.1857E-4 1.9922 1.0798E-2 1.2465

Table 2: Numerical results in space for Example 1 with β = 0.9

h ∥ϱnh∥ order ∥ϱnh∥β order

1/8 4.6175E-2 - 1.2013E-1 -
1/16 1.2239E-2 1.9156 5.5243E-2 1.1207
1/32 3.1784E-3 1.9451 2.4970E-2 1.1454
1/64 9.0962E-4 1.9730 1.1719E-2 1.0915

with homogeneous initial and Dirichlet boundary conditions. The func-
tion z(x, t) is computed from the exact solution ψ(x, t) = (1+i) sin(πx)t2.
We solve this problem with several step sizes in space and time at the fi-
nal time of T = 1. Tables 1 and 2 show the L2 and Hβ- norms errors and
the convergence orders in space with β = 0.75, β = 0.9 and NT = ( 1h)

2,
Mα = 1

h . In Table 3, we report the L2-norm error and convergence or-
der in time with β = 0.8 and h = 1

100 and compare CPU time between
the L1-method and the fast-L1-method. The results of Table 3 make it
easy to find that the fast-L1-method can obtain the same convergence
results as the L1-method, but the fast-L1-method consumes less CPU
time during the program. As seen in all three tables, numerical results
show that the computed orders are close to the theoretical orders.

Example 2: Consider the distributed-order time and Riesz space
fractional Schrödinger equation

iD
ω(α)
t ψ(x, t) = − ∂2β

∂|x|2β
ψ(x, t) + |ψ(x, t)|2ψ(x, t) + z(x, t),

with homogeneous initial and Dirichlet boundary conditions. The func-
tion z(x, t) is computed from the exact solution ψ(x, t) = (1 + i)x2(1−
x)2t2.
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Table 3: Numerical results in time for Example 1 with β = 0.8

L1 fast-L1
NT ∥ϱnh∥ order CPU CPU

500 1.6861E-3 - 1.9257E+2 8.3541E+1
1000 8.5406E-4 0.9813 3.7542E+3 1.6719E+2
2000 4.5345E-4 0.1934 8.3241E+3 3.0672E+2
4000 2.2058E-6 1.0396 4.7245E+5 8.3245E+2

Table 4: Numerical results in space for Example 2 with β = 0.75

h ∥ϱnh∥ order ∥ϱnh∥β order

1/8 7.0449E-4 - 1.5741E-2 -
1/16 1.9407E-4 1.8598 6.9745E-3 1.1744
1/32 5.2360E-5 1.8900 3.6289E-3 1.2110
1/64 1.3742E-5 1.9299 1.4719E-3 1.2288

For this example, the L2 and Hβ- norms errors and the convergence or-
ders in space are shown in Tables 4 and 5. Moreover, comparison CPU
time, errors, and convergence orders of L1- method and fast-L1- method
for Example 2 with β = 0.8, Mα = 1

h and different temporal steps are
given in Table 6. In this example, the results are similar to the previous
example.

6 Conclusion

In this paper, a combination of the fast-L1 method and the finite element
method was proposed for a distributed-order time and Riesz space frac-

Table 5: Numerical results in space for Example 2 with β = 0.9

h ∥ϱnh∥ order ∥ϱnh∥β order

1/8 6.1952E-4 - 9.3614E-3 -
1/16 1.6948E-4 1.8700 4.4315E-3 1.0789
1/32 4.5097E-5 1.9100 2.0598E-3 1.1058
1/64 1.1753E-5 1.9388 9.4642E-4 1.1215
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Table 6: Numerical results in time for Example 2 with β = 0.8

L1 fast-L1
NT ∥ϱnh∥ order CPU CPU

500 1.2864E-5 - 1.7524E+2 7.4751E+1
1000 5.9503E-6 1.1123 3.3341E+3 2.2741E+2
2000 2.8004E-6 1.0380 8.2701E+3 3.9025E+2
4000 1.4082E-6 0.9918 3.5049E+5 8.9104E+2

tional Schrödinger equation (DOT-RSFSE). Using the proposed method,
the semi-discrete and fully discrete variational formulations were ob-
tained. Then the stability and convergence properties of the presented
method were studied. The numerical scheme of the fast-L1-FEM was
unconditionally stable and convergent. Two examples were implemented
and the numerical results validated the theoretical results. Besides, the
Performance of the fast-L1 finite element method was compared to the
L1- finite element method. The obtained numerical results kept almost
the same convergence order but showed that the fast-L1 finite element
method has a lower computational cost.
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