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Abstract. First we review Steenrod powers, referred to in this ar-
ticle as the up Steenrod powers, and prove some more properties of
them. Then, the divided p-power algebras are introduced and the down
Steenrod powers, the dual of up Steenrod powers, are defined over these
algebras. Finding some efficient tools for calculating the evaluations of
up and down powers is the next attempt. Finally, harmonic patterns
are exhibited for the action of up and down powers. All considerations
are performed for one variable as the Cartan formula naturally extends
to the multi-variable case.
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1 Introduction

Let p be an odd prime. For n > 0 consider the polynomial algebra

P(n) = Fp[x1, . . . , xn] =
⊕
d≥0

Pd(n),
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viewed as a graded left module over the mod p Steenrod algebra Ap

and put P(0) = P0(n) = Fp. The grading is by the homogeneous
polynomials Pd(n) of degree d in n variables x1, . . . , xn of grading 2.
The Steenrod algebra Ap is briefly defined as the graded algebra over
the finite field Fp generated by symbols Pk, defined in Definition 2.1,
called the up Steenrod powers of (reduced) grading k > 0 and Bockstein
homomorphism subject to Adem relations and the condition P0 = 1
[2]. In classical texts, the word ‘up’ is not written for the Steenrod
powers Pk, however, we use this word since the dual Pk of up Steenrod
powers, called the ‘down’ Steenrod powers are the main objective of our
study. The latter word was first used in [22] for the ‘going down’ integral
Steenrod square (see also [21]).

More works are done on the (up) Steenrod squares. Of them one may
cite [3, 10, 13, 14, 15, 22, 23]. However, less are worked on up Steenrod
powers. Tanay-Oner [18] extended the second author works [3] on the
action of up Steenrod squares for up Steenrod powers. In particular,
they exhibited a matrix method for calculations of up powers [11]. In
his recent studies, Turgay [19] explored the connections of up Steenrod
powers with other algebras, in particular, Leibniz-Hopf algebra.

Down Steenrod squares are deeply considered in the comprehensive
book [20]. In a recent work [1], the present authors exhibited a matrix
method for the up and down Steenrod squares. In this article, the
authors introduce the divided p-power algebras and afterward investigate
the down Steenrod powers defined over these algebras. Down Steenrod
powers are not so known.

In Section 2, up Steenrod powers Pk for k > 0 is recalled from [2,
Section 4L] and some further properties for them are established. In
particular, the following basic tool is demonstrated for t > 0, 0 < i < pt,
0 ≤ j < pt, and r ≥ 0, s ≥ r + 1.

P i+rpt(xj+spt) =

(
j

i

)
xj+(p−1)i

(
s

r

)
x(s+(p−1)r)pt , (1)

where the binomial coefficients are taken modulo p. In Definition 2.13,
a harmonic triangular pattern is created for the evaluation of up powers
in one variable. This pattern may be applied for computations involved
the Pk’s in computer.
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Section 3 is dedicated to down Steenrod powers. First, we introduce
the divided p-power algebra as the formal sum DP(n) =

∑
d≥0DPd(n),

where DPd(n) = Hom(Pd(n),Fp) is the linear dual of the Fp-vector
space Pd(n). Consider the basis v1, . . . , vn of DP2(n) dual to the basis
x1, . . . , xn of P2(n) with the duality property ⟨vi, xj⟩, which is 1 if i = j

and 0 otherwise. A d-monomial v
(d1)
1 · · · v(dn)n in DP(n) is the dual of

the monomial xd11 · · ·xdnn in P(n). For any v ∈ DP2(n), put v(0) = 1, the
identity map of F2 which is also the identity element of DP(1). Also put
v(1) = v. Then the linear dual of the up Steenrod power Pk : Pd(n) →
Pd+k(p−1)(n), called the down Steenrod power Pk : DPd+k(p−1)(n) →
DPd(n) is defined by Pk(u) = v for u ∈ DPd+k(p−1)(n) such that

v(f) =
(
Pk(u)

)
(f) = u

(
Pk(f)

)
,

for f ∈ Pd(n). Some properties of the Pk are considered. In particular,
a dual version of the basic tool (1) is proved for t > 0, 0 < i < pt,
0 ≤ j < pt, and r ≥ 0, s ≥ r + 1 as followed.

Pi+rpt(v
(j+spt+(p−1)(i+rpt))) =

(
j

i

)
v(j)

(
s

r

)
v(sp

t),

where here again the binomial coefficients are calculated modulo p. An
analogous harmonic triangular pattern with a bit deformation holds for
the evaluation of the down powers in one variable.

An application of the up operations is in the modular hit problem.
A homogenous element f ∈ P(n) of grading d is said to be modular hit
(modulo p) in P(n) if there is a modular hit equation of the form

f =
∑
i>0

P i(fi),

where each fi has grading less than d. We denote by Q(n) = Fp ⊗Ap

P(n), the quotient of the module P(n) by the modular hit elements,
where Fp is here viewed as a right Ap-module concentrated in grading
0. Then Q(n) is a graded vector space over Fp and a basis for Q(n)
lifts to a minimal generating set for P(n). The modular hit problem is
to find minimal generating sets for P(n) and criteria for elements to be
modular hit. The special case of the modular hit problem in modulo 2
is the well known hit problem [4, 9, 12, 14, 17, 22, 23].
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Also, down operations are applied in the dual modular hit problem
which is to determine K(n) =

∑
d≥0K

d(n), where Kd(n) is the set of all

elements v ∈ DPd(n) such that Pk(v) = 0 for all k > 0. The modular hit
problem and dual modular hit problem are both open problems. The two
aforementioned open problems may be considered over the symmetric
polynomials. The symmetric hit problem [5, 6, 7, 8] is the special case
p = 2 in this circumstance.

Through this article p is considered to be an odd prime. However,
most of the concepts and results are true for p = 2. Also, all binomial
coefficients are understood to be reduced modulo p.

2 Up Steenrod Powers

In this section, we recall some fundamental concepts of up Steenrod
powers from [2, Section 4L] and establish some further properties.

Definition 2.1. The total Steenrod power P : P(n) → P(n) is an
algebra map defined by P(xi) = xi + xpi for 1 ≤ i ≤ n. For k ≥ 0, the
up Steenrod power Pk is the linear map defined by the restriction

Pk : Pd(n) → Pd+k(p−1)(n).

Therefore, the total Steenrod power is the formal sum

P =
∑
k≥0

Pk

Remark 2.2. In topological point of view, the Steenrod power Pk is
defined for a topological space X as the operation

Pk : Hd(X;Fp) → Hd+2k(p−1)(X;Fp),

satisfying some properties. This coincides with Definition 2.1 since for
the Eilenberg-MacLane space X = K(Fn

p ; 2), we have H
∗(X;Fp) = P(n)

nothing that deg(xi) = 2 [16]. Generally, Pk is given the degree 2k(p−1),
but for simplicity we regrade Ap by giving Pk the ‘reduced’ degree k.
Thus when p = 2, Pk will mean Sqk, and not Sq2k.

The following are some properties of up Steenrod powers.
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Proposition 2.3. For x ∈ P2(n),

P(x) = x+ xp.

Proposition 2.4 (Cartan formula). For any f, g ∈ P(n) and any k ≥ 0,

Pk(fg) =
∑

i+j=k

P i(f)Pj(g),

Proposition 2.5. P0 is the identity map of P(n).

The next result shows why Pk is called a ‘power’ operation.

Proposition 2.6. For the homogenous polynomial f ∈ Pd(n), Pk(f) =
0 if 2k > d and Pk(f) = fp if 2k = d.

The following corollary is immediately concluded.

Corollary 2.7. Let k = d1 + · · ·+ dn. Then,

Pk(xd11 · · ·xdnn ) = xpd11 · · ·xpdnn .

The next two results show how to evaluate an up Steenrod power on
a monomial.

Proposition 2.8. For any x ∈ P2(n) we have

Pk(xd) =

(
d

k

)
xd+(p−1)k.

Proof. By the multiplicative property of P we write

P(xd) = (P(x))d = (x+ xp)d = xd(1 + x(p−1))d =

d∑
k=0

(
d

k

)
xd+(p−1)k.

Equating terms of degree d+ (p− 1)k gives the result. □

Proposition 2.9. Let f = xd11 · · ·xdnn be a monomial in P(n). Then

Pk(f) =
∑

k1+···+kn=k

Pk1(xd11 ) · · · Pkn(xdnn ).
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Proof. An induction on n applied using Cartan formula 2.4. □
To continue we need the well-known Lucas Theorem.

Theorem 2.10 (Lucas Theorem). For any prime p,(
b

a

)
≡

h∏
i=1

(
bi
ai

)
mod p,

where

b = b1p
e1 + · · ·+ bhp

eh , a = a1p
e1 + · · ·+ ahp

eh

are the p-adic expansions of b and a, respectively, where bi, ai ∈ Fp.

The following is an efficient tool in manipulating up Steenrod powers.

Theorem 2.11. For t > 0 let 0 < i < pt and 0 ≤ j < pt. Let also r ≥ 0
and s ≥ r + 1. Then,

P i+rpt(xj+spt) =

(
j

i

)
xj+(p−1)i

(
s

r

)
x(s+(p−1)r)pt .

Proof. Since i, j < pt, by Proposition 2.8 and Lucas Theorem 2.10 we
have

P i+rpt(xj+spt) =

(
j

i

)
xj+(p−1)i

(
spt

rpt

)
x(s+(p−1)r)pt

=

(
j

i

)
xj+(p−1)i

(
s

r

)
x(s+(p−1)r)pt

Note that
(
s
r

)
is always nonzero mod p since s > r. □

The following corollary is immediately concluded. It shows that the
evaluation of up power operations in Theorem 2.11 vanishes whenever
j < i.

Corollary 2.12. Let t > 0 and let r ≥ 0, s ≥ r + 1. Then

P i+rpt(xj+spt) = 0,

where i = 1, . . . , pt − 1 and j = 0, . . . , i− 1.
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 43|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2930. . . . . . . 3839. . . . . . . . . . . . . . . . 5657. . . . . . . 6566. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
 44|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32. . . . . . . . 41. . . . . . . . . . . . . . . . . 59. . . . . . . . 68. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
 45|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 353637383940414243. . . . . . . . . . . . . . . . . . 626364656667686970. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
 46|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3839. 4142. 4445. . . . . . . . . . . . . . . . . . . 6566. 6869. 7172. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
 47|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41. . 44. . 47. . . . . . . . . . . . . . . . . . . . 68. . 71. . 74. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
 48|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 444546474849. . . . . . . . . . . . . . . . . . . . . 717273747576. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
 49|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4748. 5051. . . . . . . . . . . . . . . . . . . . . . 7475. 7778. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
 50|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50. . 53. . . . . . . . . . . . . . . . . . . . . . . 77. . 80. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
 51|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 535455. . . . . . . . . . . . . . . . . . . . . . . . 808182. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
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26|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26. . . . . . . . . . . . . . . . . . . . . . . . . . 53. . . . . . . . . . . . . . . . . . . . . . . . . . 80. 
27|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2728293031323334353637383940414243444546474849505152535455565758596061626364656667686970717273747576777879  
28|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2829. 3132. 3435. 3738. 4041. 4344. 4647. 4950. 5253. 5556. 5859. 6162. 6465. 6768. 7071. 7374. 7677  
29|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29. . 32. . 35. . 38. . 41. . 44. . 47. . 50. . 53. . 56. . 59. . 62. . 65. . 68. . 71. . 74. 
30|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 303132333435. . . 394041424344. . . 484950515253. . . 575859606162. . . 666768697071. . 
31|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3132. 3435. . . . 4041. 4344. . . . 4950. 5253. . . . 5859. 6162. . . . 6768. 7071 
32|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32. . 35. . . . . 41. . 44. . . . . 49. . 53. . . . . 59. . 62. . . . . 6869 
33|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 333435. . . . . . 424344. . . . . . 515253. . . . . . 606162. . . . . 
34|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3435. . . . . . . 4344. . . . . . . 5253. . . . . . . 6162. . . 
35|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35. . . . . . . . 44. . . . . . . . 53. . . . . . . . 62. 
36|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 363738394041424344454647484950515253. . . . . . . .  
37|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3738. 4041. 4344. 4647. 4950. 5253. . . . . .  
38|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38. . 41. . 44. . 47. . 50. . 53. . . . 
39|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 394041424344. . . 484950515253. . 
40|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4041. 4344. . . . 4950. 52 
41|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41. . 44. . . . . 50 
42|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 424344. . . . 
43|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4344. . 
44|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 
45|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

 

                                                                                       ( B ) 

 

Table 1: Patterns (A) and (B) for, respectively, up and down Steenrod
powers in the case p = 3.
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Proof. In Theorem 2.11,
(
j
i

)
is zero mod p as j < i. □

Consider Corollary 2.12 for r = 0, . . . , p− 2 and s = r+1, . . . , p− 1.
There is a template of dots (zeroes) in groups of p(p − 1)/2 triangles
which get wider as t gets larger. This template is depicted in Tables
1 and 2 for the cases p = 3 and p = 5 respectively. In these tables,
the header row stands for the power of operands. For example 9 means
x9. Because of place limitation as well as regularity, each number is
continuously posited in two columns and for three-digit numbers the
rightmost two digit are written in the table. Therefore, after 99, the
two-digit number 00 means 100 and each two-digit number after that
is added to 100. For example, say, 17 means 117, i.e., x117. The pre-
column shows the degree of up power operators. For instance, 12 stand
for P12. In these tables, zeros are shown by dots because of shapely.
Moreover, coefficients are ignored. In fact, the same template can be
arranged for the coefficients which are taken modulo p.

As seen in Table 1(A), for t = 1 we have a group of three triangles
each consists of three dots. Also, the case t = 2 gives us a group of
three 36-dot triangles surrounded by some groups of 3-dots triangles.
The latter template may be found from column 9 to 26 in Table 1(A).
We explain this schema from somehow a complement aspect. As seen in
Tables 1 and 2, there are patterns of nonzero entries which repeat and
grow up harmonically. In the following definition we try to explore the
harmony behind the patterns. One may consider this definition as an
algorithm.

Definition 2.13 (Triangular algorithm). Fix the odd prime p. Put[
Up

](0)
= 0 and

[
Tp
](0)

= 1. For t = 1, 2, . . . , p and i, j from 0 to p− 1,

define inductively the pt × pt block array
[
Up

](t)
by the following block

entries. [
Up

](t)
ij

=

{[
Op

](t−1)
, if i < j[

Up

](t−1)
+N

[
Tp
](t−1)

, otherwise

where,
[
Op

](t−1)
is the pt−1× pt−1 zero array, N = ipt+(j− i)pt−1, and

the pt−1 × pt−1 block array
[
Tp
](t−1)

is defined inductively for i, j from
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    1 2 3 4 5 6 7 8 9 10111213141516171819202122232425262728293031323334353637383940414243444546474849505152535455565758596061626364656667686970717273747576777879808182838485868788899091929394959697989900010203040506070809101112131415161718192021222324252627282930 
 1 |5 6 7 8 . 10111213. 15161718. 20212223. 25262728. 30313233. 35363738. 40414243. 45464748. 50515253. 55565758. 60616263. 65666768. 70717273. 75767778. 80818283. 85868788. 90919293. 95969798. 00010203. 05060708. 10111213. 15161718. 20212223. 25262728. 30313233.  
 2 |. 101112. . 151617. . 202122. . 252627. . 303132. . 353637. . 404142. . 454647. . 505152. . 555657. . 606162. . 656667. . 707172. . 757677. . 808182. . 858687. . 909192. . 959697. . 000102. . 050607. . 101112. . 151617. . 202122. . 252627. . 303132. . 353637.  
 3 |. . 1516. . . 2021. . . 2526. . . 3031. . . 3536. . . 4041. . . 4546. . . 5051. . . 5556. . . 6061. . . 6566. . . 7071. . . 7576. . . 8081. . . 8586. . . 9091. . . 9596. . . 0001. . . 0506. . . 1011. . . 1516. . . 2021. . . 2526. . . 3031. . . 3536. . . 4041.  
 4 |. . . 20. . . . 25. . . . 30. . . . 35. . . . 40. . . . 45. . . . 50. . . . 55. . . . 60. . . . 65. . . . 70. . . . 75. . . . 80. . . . 85. . . . 90. . . . 95. . . . 00. . . . 05. . . . 10. . . . 15. . . . 20. . . . 25. . . . 30. . . . 35. . . . 40. . . . 45.  
 5 |. . . . 2526272829303132333435363738394041424344. . . . . 5051525354555657585960616263646566676869. . . . . 7576777879808182838485868788899091929394. . . . . 0001020304050607080910111213141516171819. . . . . 2526272829303132333435363738394041424344. . . . . 50 
 6 |. . . . . 30313233. 35363738. 40414243. 45464748. . . . . . 55565758. 60616263. 65666768. 70717273. . . . . . 80818283. 85868788. 90919293. 95969798. . . . . . 05060708. 10111213. 15161718. 20212223. . . . . . 30313233. 35363738. 40414243. 45464748. . . . . .  
 7 |. . . . . . 353637. . 404142. . 454647. . 505152. . . . . . . 606162. . 656667. . 707172. . 757677. . . . . . . 858687. . 909192. . 959697. . 000102. . . . . . . 101112. . 151617. . 202122. . 252627. . . . . . . 353637. . 404142. . 454647. . 505152. . . . . .  
 8 |. . . . . . . 4041. . . 4546. . . 5051. . . 5556. . . . . . . . 6566. . . 7071. . . 7576. . . 8081. . . . . . . . 9091. . . 9596. . . 0001. . . 0506. . . . . . . . 1516. . . 2021. . . 2526. . . 3031. . . . . . . . 4041. . . 4546. . . 5051. . . 5556. . . . . .  
 9 |. . . . . . . . 45. . . . 50. . . . 55. . . . 60. . . . . . . . . 70. . . . 75. . . . 80. . . . 85. . . . . . . . . 95. . . . 00. . . . 05. . . . 10. . . . . . . . . 20. . . . 25. . . . 30. . . . 35. . . . . . . . . 45. . . . 50. . . . 55. . . . 60. . . . . .  
 10|. . . . . . . . . 505152535455565758596061626364. . . . . . . . . . 757677787980818283848586878889. . . . . . . . . . 000102030405060708091011121314. . . . . . . . . . 252627282930313233343536373839. . . . . . . . . . 505152535455565758596061626364. . . . . .  
 11|. . . . . . . . . . 55565758. 60616263. 65666768. . . . . . . . . . . 80818283. 85868788. 90919293. . . . . . . . . . . 05060708. 10111213. 15161718. . . . . . . . . . . 30313233. 35363738. 40414243. . . . . . . . . . . 55565758. 60616263. 65666768. . . . . .  
 12|. . . . . . . . . . . 606162. . 656667. . 707172. . . . . . . . . . . . 858687. . 909192. . 959697. . . . . . . . . . . . 101112. . 151617. . 202122. . . . . . . . . . . . 353637. . 404142. . 454647. . . . . . . . . . . . 606162. . 656667. . 707172. . . . . .  
 13|. . . . . . . . . . . . 6566. . . 7071. . . 7576. . . . . . . . . . . . . 9091. . . 9596. . . 0001. . . . . . . . . . . . . 1516. . . 2021. . . 2526. . . . . . . . . . . . . 4041. . . 4546. . . 5051. . . . . . . . . . . . . 6566. . . 7071. . . 7576. . . . . .  
 14|. . . . . . . . . . . . . 70. . . . 75. . . . 80. . . . . . . . . . . . . . 95. . . . 00. . . . 05. . . . . . . . . . . . . . 20. . . . 25. . . . 30. . . . . . . . . . . . . . 45. . . . 50. . . . 55. . . . . . . . . . . . . . 70. . . . 75. . . . 80. . . . . .  
 15|. . . . . . . . . . . . . . 75767778798081828384. . . . . . . . . . . . . . . 00010203040506070809. . . . . . . . . . . . . . . 25262728293031323334. . . . . . . . . . . . . . . 50515253545556575859. . . . . . . . . . . . . . . 75767778798081828384. . . . . .  
 16|. . . . . . . . . . . . . . . 80818283. 85868788. . . . . . . . . . . . . . . . 05060708. 10111213. . . . . . . . . . . . . . . . 30313233. 35363738. . . . . . . . . . . . . . . . 55565758. 60616263. . . . . . . . . . . . . . . . 80818283. 85868788. . . . . .  
 17|. . . . . . . . . . . . . . . . 858687. . 909192. . . . . . . . . . . . . . . . . 101112. . 151617. . . . . . . . . . . . . . . . . 353637. . 404142. . . . . . . . . . . . . . . . . 606162. . 656667. . . . . . . . . . . . . . . . . 858687. . 909192. . . . . .  
 18|. . . . . . . . . . . . . . . . . 9091. . . 9596. . . . . . . . . . . . . . . . . . 1516. . . 2021. . . . . . . . . . . . . . . . . . 4041. . . 4546. . . . . . . . . . . . . . . . . . 6566. . . 7071. . . . . . . . . . . . . . . . . . 9091. . . 9596. . . . . .  
 19|. . . . . . . . . . . . . . . . . . 95. . . . 00. . . . . . . . . . . . . . . . . . . 20. . . . 25. . . . . . . . . . . . . . . . . . . 45. . . . 50. . . . . . . . . . . . . . . . . . . 70. . . . 75. . . . . . . . . . . . . . . . . . . 95. . . . 00. . . . . .  
 20|. . . . . . . . . . . . . . . . . . . 0001020304. . . . . . . . . . . . . . . . . . . . 2526272829. . . . . . . . . . . . . . . . . . . . 5051525354. . . . . . . . . . . . . . . . . . . . 7576777879. . . . . . . . . . . . . . . . . . . . 0001020304. . . . . .  
 21|. . . . . . . . . . . . . . . . . . . . 05060708. . . . . . . . . . . . . . . . . . . . . 30313233. . . . . . . . . . . . . . . . . . . . . 55565758. . . . . . . . . . . . . . . . . . . . . 80818283. . . . . . . . . . . . . . . . . . . . . 05060708. . . . . .  
 22|. . . . . . . . . . . . . . . . . . . . . 101112. . . . . . . . . . . . . . . . . . . . . . 353637. . . . . . . . . . . . . . . . . . . . . . 606162. . . . . . . . . . . . . . . . . . . . . . 858687. . . . . . . . . . . . . . . . . . . . . . 101112. . . . . .  
 23|. . . . . . . . . . . . . . . . . . . . . . 1516. . . . . . . . . . . . . . . . . . . . . . . 4041. . . . . . . . . . . . . . . . . . . . . . . 6566. . . . . . . . . . . . . . . . . . . . . . . 9091. . . . . . . . . . . . . . . . . . . . . . . 1516. . . . . .  
 24|. . . . . . . . . . . . . . . . . . . . . . . 20. . . . . . . . . . . . . . . . . . . . . . . . 45. . . . . . . . . . . . . . . . . . . . . . . . 70. . . . . . . . . . . . . . . . . . . . . . . . 95. . . . . . . . . . . . . . . . . . . . . . . . 20. . . . . .  
 25|. . . . . . . . . . . . . . . . . . . . . . . . 25262728293031323334353637383940414243444546474849505152535455565758596061626364656667686970717273747576777879808182838485868788899091929394959697989900010203040506070809101112131415161718192021222324. . . . . .  
 26|. . . . . . . . . . . . . . . . . . . . . . . . . 30313233. 35363738. 40414243. 45464748. 50515253. 55565758. 60616263. 65666768. 70717273. 75767778. 80818283. 85868788. 90919293. 95969798. 00010203. 05060708. 10111213. 15161718. 20212223. 25262728. . . . . .  
 27|. . . . . . . . . . . . . . . . . . . . . . . . . . 353637. . 404142. . 454647. . 505152. . 555657. . 606162. . 656667. . 707172. . 757677. . 808182. . 858687. . 909192. . 959697. . 000102. . 050607. . 101112. . 151617. . 202122. . 252627. . 303132. . . . . .  
 28|. . . . . . . . . . . . . . . . . . . . . . . . . . . 4041. . . 4546. . . 5051. . . 5556. . . 6061. . . 6566. . . 7071. . . 7576. . . 8081. . . 8586. . . 9091. . . 9596. . . 0001. . . 0506. . . 1011. . . 1516. . . 2021. . . 2526. . . 3031. . . 3536. . . . . .  
 29|. . . . . . . . . . . . . . . . . . . . . . . . . . . . 45. . . . 50. . . . 55. . . . 60. . . . 65. . . . 70. . . . 75. . . . 80. . . . 85. . . . 90. . . . 95. . . . 00. . . . 05. . . . 10. . . . 15. . . . 20. . . . 25. . . . 30. . . . 35. . . . 40. . . . . .  
 30|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5051525354555657585960616263646566676869. . . . . 7576777879808182838485868788899091929394. . . . . 0001020304050607080910111213141516171819. . . . . 2526272829303132333435363738394041424344. . . . . .  
 31|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55565758. 60616263. 65666768. 70717273. . . . . . 80818283. 85868788. 90919293. 95969798. . . . . . 05060708. 10111213. 15161718. 20212223. . . . . . 30313233. 35363738. 40414243. 45464748. . . . . .  
 32|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 606162. . 656667. . 707172. . 757677. . . . . . . 858687. . 909192. . 959697. . 000102. . . . . . . 101112. . 151617. . 202122. . 252627. . . . . . . 353637. . 404142. . 454647. . 505152. . . . . .  
 33|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6566. . . 7071. . . 7576. . . 8081. . . . . . . . 9091. . . 9596. . . 0001. . . 0506. . . . . . . . 1516. . . 2021. . . 2526. . . 3031. . . . . . . . 4041. . . 4546. . . 5051. . . 5556. . . . . .  
 34|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70. . . . 75. . . . 80. . . . 85. . . . . . . . . 95. . . . 00. . . . 05. . . . 10. . . . . . . . . 20. . . . 25. . . . 30. . . . 35. . . . . . . . . 45. . . . 50. . . . 55. . . . 60. . . . . .  
 35|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 757677787980818283848586878889. . . . . . . . . . 000102030405060708091011121314. . . . . . . . . . 252627282930313233343536373839. . . . . . . . . . 505152535455565758596061626364. . . . . .  
 36|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80818283. 85868788. 90919293. . . . . . . . . . . 05060708. 10111213. 15161718. . . . . . . . . . . 30313233. 35363738. 40414243. . . . . . . . . . . 55565758. 60616263. 65666768. . . . . .  
 37|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 858687. . 909192. . 959697. . . . . . . . . . . . 101112. . 151617. . 202122. . . . . . . . . . . . 353637. . 404142. . 454647. . . . . . . . . . . . 606162. . 656667. . 707172. . . . . .  
 38|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9091. . . 9596. . . 0001. . . . . . . . . . . . . 1516. . . 2021. . . 2526. . . . . . . . . . . . . 4041. . . 4546. . . 5051. . . . . . . . . . . . . 6566. . . 7071. . . 7576. . . . . .  
 39|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95. . . . 00. . . . 05. . . . . . . . . . . . . . 20. . . . 25. . . . 30. . . . . . . . . . . . . . 45. . . . 50. . . . 55. . . . . . . . . . . . . . 70. . . . 75. . . . 80. . . . . .  
 40|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 00010203040506070809. . . . . . . . . . . . . . . 25262728293031323334. . . . . . . . . . . . . . . 50515253545556575859. . . . . . . . . . . . . . . 75767778798081828384. . . . . .  
 41|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 05060708. 10111213. . . . . . . . . . . . . . . . 30313233. 35363738. . . . . . . . . . . . . . . . 55565758. 60616263. . . . . . . . . . . . . . . . 80818283. 85868788. . . . . .  
 42|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101112. . 151617. . . . . . . . . . . . . . . . . 353637. . 404142. . . . . . . . . . . . . . . . . 606162. . 656667. . . . . . . . . . . . . . . . . 858687. . 909192. . . . . .  
 43|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1516. . . 2021. . . . . . . . . . . . . . . . . . 4041. . . 4546. . . . . . . . . . . . . . . . . . 6566. . . 7071. . . . . . . . . . . . . . . . . . 9091. . . 9596. . . . . .  
 44|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20. . . . 25. . . . . . . . . . . . . . . . . . . 45. . . . 50. . . . . . . . . . . . . . . . . . . 70. . . . 75. . . . . . . . . . . . . . . . . . . 95. . . . 00. . . . . .  
 45|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2526272829. . . . . . . . . . . . . . . . . . . . 5051525354. . . . . . . . . . . . . . . . . . . . 7576777879. . . . . . . . . . . . . . . . . . . . 0001020304. . . . . .  
 46|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30313233. . . . . . . . . . . . . . . . . . . . . 55565758. . . . . . . . . . . . . . . . . . . . . 80818283. . . . . . . . . . . . . . . . . . . . . 05060708. . . . . .  
 47|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 353637. . . . . . . . . . . . . . . . . . . . . . 606162. . . . . . . . . . . . . . . . . . . . . . 858687. . . . . . . . . . . . . . . . . . . . . . 101112. . . . . .  
 48|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4041. . . . . . . . . . . . . . . . . . . . . . . 6566. . . . . . . . . . . . . . . . . . . . . . . 9091. . . . . . . . . . . . . . . . . . . . . . . 1516. . . . . .  
 49|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45. . . . . . . . . . . . . . . . . . . . . . . . 70. . . . . . . . . . . . . . . . . . . . . . . . 95. . . . . . . . . . . . . . . . . . . . . . . . 20. . . . . .  
 50|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 505152535455565758596061626364656667686970717273747576777879808182838485868788899091929394959697989900010203040506070809101112131415161718192021222324. . . . . .  
 51|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55565758. 60616263. 65666768. 70717273. 75767778. 80818283. 85868788. 90919293. 95969798. 00010203. 05060708. 10111213. 15161718. 20212223. 25262728. . . . . .  
 52|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 606162. . 656667. . 707172. . 757677. . 808182. . 858687. . 909192. . 959697. . 000102. . 050607. . 101112. . 151617. . 202122. . 252627. . 303132. . . . . .  
 53|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6566. . . 7071. . . 7576. . . 8081. . . 8586. . . 9091. . . 9596. . . 0001. . . 0506. . . 1011. . . 1516. . . 2021. . . 2526. . . 3031. . . 3536. . . . . .  
 54|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70. . . . 75. . . . 80. . . . 85. . . . 90. . . . 95. . . . 00. . . . 05. . . . 10. . . . 15. . . . 20. . . . 25. . . . 30. . . . 35. . . . 40. . . . . .  
 55|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7576777879808182838485868788899091929394. . . . . 0001020304050607080910111213141516171819. . . . . 2526272829303132333435363738394041424344. . . . . .  
 56|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80818283. 85868788. 90919293. 95969798. . . . . . 05060708. 10111213. 15161718. 20212223. . . . . . 30313233. 35363738. 40414243. 45464748. . . . . .  
 57|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 858687. . 909192. . 959697. . 000102. . . . . . . 101112. . 151617. . 202122. . 252627. . . . . . . 353637. . 404142. . 454647. . 505152. . . . . .  
 58|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9091. . . 9596. . . 0001. . . 0506. . . . . . . . 1516. . . 2021. . . 2526. . . 3031. . . . . . . . 4041. . . 4546. . . 5051. . . 5556. . . . . .  
 59|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95. . . . 00. . . . 05. . . . 10. . . . . . . . . 20. . . . 25. . . . 30. . . . 35. . . . . . . . . 45. . . . 50. . . . 55. . . . 60. . . . . .  
 60|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 000102030405060708091011121314. . . . . . . . . . 252627282930313233343536373839. . . . . . . . . . 505152535455565758596061626364. . . . . .  
 61|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 05060708. 10111213. 15161718. . . . . . . . . . . 30313233. 35363738. 40414243. . . . . . . . . . . 55565758. 60616263. 65666768. . . . . .  
 62|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101112. . 151617. . 202122. . . . . . . . . . . . 353637. . 404142. . 454647. . . . . . . . . . . . 606162. . 656667. . 707172. . . . . .  
 63|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1516. . . 2021. . . 2526. . . . . . . . . . . . . 4041. . . 4546. . . 5051. . . . . . . . . . . . . 6566. . . 7071. . . 7576. . . . . .  
 64|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20. . . . 25. . . . 30. . . . . . . . . . . . . . 45. . . . 50. . . . 55. . . . . . . . . . . . . . 70. . . . 75. . . . 80. . . . . .  
 65|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25262728293031323334. . . . . . . . . . . . . . . 50515253545556575859. . . . . . . . . . . . . . . 75767778798081828384. . . . . .  
 66|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30313233. 35363738. . . . . . . . . . . . . . . . 55565758. 60616263. . . . . . . . . . . . . . . . 80818283. 85868788. . . . . .  
 67|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 353637. . 404142. . . . . . . . . . . . . . . . . 606162. . 656667. . . . . . . . . . . . . . . . . 858687. . 909192. . . . . .  
 68|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4041. . . 4546. . . . . . . . . . . . . . . . . . 6566. . . 7071. . . . . . . . . . . . . . . . . . 9091. . . 9596. . . . . .  
 69|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45. . . . 50. . . . . . . . . . . . . . . . . . . 70. . . . 75. . . . . . . . . . . . . . . . . . . 95. . . . 00. . . . . .  
 70|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5051525354. . . . . . . . . . . . . . . . . . . . 7576777879. . . . . . . . . . . . . . . . . . . . 0001020304. . . . . .  
 71|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55565758. . . . . . . . . . . . . . . . . . . . . 80818283. . . . . . . . . . . . . . . . . . . . . 05060708. . . . . .  
 72|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 606162. . . . . . . . . . . . . . . . . . . . . . 858687. . . . . . . . . . . . . . . . . . . . . . 101112. . . . . .  
 73|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6566. . . . . . . . . . . . . . . . . . . . . . . 9091. . . . . . . . . . . . . . . . . . . . . . . 1516. . . . . .  
 74|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70. . . . . . . . . . . . . . . . . . . . . . . . 95. . . . . . . . . . . . . . . . . . . . . . . . 20. . . . . .  
 75|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7576777879808182838485868788899091929394959697989900010203040506070809101112131415161718192021222324. . . . . .  
 76|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80818283. 85868788. 90919293. 95969798. 00010203. 05060708. 10111213. 15161718. 20212223. 25262728. . . . . .  
 77|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 858687. . 909192. . 959697. . 000102. . 050607. . 101112. . 151617. . 202122. . 252627. . 303132. . . . . .  
 78|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9091. . . 9596. . . 0001. . . 0506. . . 1011. . . 1516. . . 2021. . . 2526. . . 3031. . . 3536. . . . . .  
 79|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95. . . . 00. . . . 05. . . . 10. . . . 15. . . . 20. . . . 25. . . . 30. . . . 35. . . . 40. . . . . .  
 80|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0001020304050607080910111213141516171819. . . . . 2526272829303132333435363738394041424344. . . . . .  
 81|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 05060708. 10111213. 15161718. 20212223. . . . . . 30313233. 35363738. 40414243. 45464748. . . . . .  
 82|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101112. . 151617. . 202122. . 252627. . . . . . . 353637. . 404142. . 454647. . 505152. . . . . .  
 83|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1516. . . 2021. . . 2526. . . 3031. . . . . . . . 4041. . . 4546. . . 5051. . . 5556. . . . . .  
 84|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20. . . . 25. . . . 30. . . . 35. . . . . . . . . 45. . . . 50. . . . 55. . . . 60. . . . . .  
 85|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 252627282930313233343536373839. . . . . . . . . . 505152535455565758596061626364. . . . . .  
 86|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30313233. 35363738. 40414243. . . . . . . . . . . 55565758. 60616263. 65666768. . . . . .  
 87|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 353637. . 404142. . 454647. . . . . . . . . . . . 606162. . 656667. . 707172. . . . . .  
 88|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4041. . . 4546. . . 5051. . . . . . . . . . . . . 6566. . . 7071. . . 7576. . . . . .  
 89|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45. . . . 50. . . . 55. . . . . . . . . . . . . . 70. . . . 75. . . . 80. . . . . .  
 90|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50515253545556575859. . . . . . . . . . . . . . . 75767778798081828384. . . . . .  
 91|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55565758. 60616263. . . . . . . . . . . . . . . . 80818283. 85868788. . . . . .  
 92|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 606162. . 656667. . . . . . . . . . . . . . . . . 858687. . 909192. . . . . .  
 93|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6566. . . 7071. . . . . . . . . . . . . . . . . . 9091. . . 9596. . . . . .  
 94|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70. . . . 75. . . . . . . . . . . . . . . . . . . 95. . . . 00. . . . . .  
 95|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7576777879. . . . . . . . . . . . . . . . . . . . 0001020304. . . . . .  
 96|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80818283. . . . . . . . . . . . . . . . . . . . . 05060708. . . . . .  
 97|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 858687. . . . . . . . . . . . . . . . . . . . . . 101112. . . . . .  
 98|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9091. . . . . . . . . . . . . . . . . . . . . . . 1516. . . . . .  
 99|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95. . . . . . . . . . . . . . . . . . . . . . . . 20. . . . . .  
 00|. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 00010203040506070809101112131415161718192021222324252627282930 

  

Table 2: Pattern for up Steenrod powers in the case p = 5.

0 to p− 1 by [
Tp
](t−1)

ij
=

{[
Op

](t−2)
, if i < j[

Tp
](t−2)

, otherwise.

For example, taking p = 5, for t = 1 we have the 5× 5 array
[
U5

](1)
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by [
U5

](1)
ij

=

{
0, if i < j

0 + 5i+ (j − i), otherwise

and hence,

[
U5

](1)
=

0 1 2 3 4
0 5 6 7 8
0 0 10 11 12
0 0 0 15 16
0 0 0 0 20

Moreover, for t = 2 the following 5× 5 block array
[
U5

](2)
is obtained.

[
U5

](2)
ij

=

{[
O5

](1)
, if i < j[

U5

](1)
+ 25i+ 5(j − i)

[
T5
](1)

, otherwise

where, as in Definition 2.13,
[
O5

](1)
is the 5× 5 zero array, and

[
T5
](1)

is the following 5× 5 array.

[
T5
](1)
ij

=

{
0, if i < j

1, otherwise

and hence,

[
T5
](1)

=

1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

Finally, for the remind t = 3, 4, 5, we have the 5t×5t block array
[
U5

](t)
as follows.

[
U5

](t)
ij

=

{[
O5

](t−1)
, if i < j[

U5

](t−1)
+N

[
T5
](t−1)

, otherwise

where N = 5ti+ 5t−1(j − i).

We end this section with a short review on the modular hit problem.
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Definition 2.14. A homogenous element f ∈ P(n) of grading d is said
to be modular hit (in modulo p) in P(n) if there is a hit equation of the
form

f =
∑
i>0

P i(fi),

where the pre-images fi have grading less than d.

Definition 2.15. For the prime p, the monomial xc1p
t1−1

1 · · ·xcnp
tn−1

n

with, ti ≥ 0 and 1 ≤ ci ≤ p− 1, is called a mod p spike.

For example, 2, 5, 8, 17, in general, xc3
t−1 are one-variable mod 3

spikes. Also, x51x
17
2 is a two-variable mod 3 spike. The mod 2 spikes are

the so-called spikes.

The modular hit problem is to find bases for the graded Fp-vector
space Q(n), the quotient of the module P(n) by the modular hit ele-
ments. These bases lift to minimal generating sets for the module P(n).
Finding criteria for elements of P(n) is also part of the modular hit
problem. Since no mod p spike is modular hit in P(n), they are an in-
separable part of any generating set for P(n). The modular hit problem
is not so known nor is in the range of our work in this paper.

3 Down Steenrod Powers

To define the down Steenrod powers, we need the notion of the divided
p-power algebra. This is analogous to the divided power algebra in
modulo 2 and we recall the concerned concepts and results from [1] and
[20, Section 9.1].

Definition 3.1. Let n, d be positive integers. Denote the linear dual of
the Fp-vector space P

d(n) by DPd(n) = Hom(Pd(n),Fp) and define the
divided p-power algebra as the infinite sum DP(n) =

∑
d≥0DPd(n).

Take the basis v1, . . . , vn of DP2(n) dual to the basis x1, . . . , xn of
P2(n). The duality property is denoted by ⟨vi, xj⟩, which is 1 if i = j

and 0 otherwise. The d-monomial v
(d1)
1 · · · v(dn)n in DP(n) is defined as

the dual of the monomial xd11 · · ·xdnn in P(n), where the parenthesized
exponents are called the divided p-powers. The prefix ‘d’ in d-monomial
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is derived from the word ‘dual’. For any v ∈ DP2(n), put v(0) = 1,
the identity map of F2 which is also the identity element of DP(1).

Also put v(1) = v. Define the degree of the d-monomial v
(d1)
1 · · · v(dn)n as

d = d1 + · · · + dn. The degree of a d-polynomial in DP(n) is defined
naturally.

A product on DP(n) is defined as in mod 2. Starting with one
variable v1 = v, the product of v(r) and v(s) in DP(1) is defined for
positive integers r, s by

v(r)v(s) =

(
r + s

r

)
v(r+s). (2)

Substitute Fp by a field of characteristic 0. Since v(r)v = (r+1)v(r+1)

for r ≥ 0, an induction on r in (2) leads to v(r) = 1
r!v

r which is the so-
called r-th divided power of v. The following definition involves Lucas
Theorem 2.10.

Definition 3.2. For a > 0, consider the unique p-adic expansion a =
a1p

e1 + · · ·+ ahp
eh , where the p-powers ei are distinct and ai ∈ Fp. One

may take this expansion in the ascending order of p-powers although this
condition is not our requirement. Define p-exp(a) = {a1pe1 , . . . , ahpeh},
and put p-exp(0) = ∅. The analogous definition in mod 2 is bin(a) =
{2e1 , . . . , 2eh}, where a = 2e1 + · · ·+ 2eh is the binary expansion of a.

Example 3.3. For p = 3,

3-exp(58) = {1 · 1, 1 · 3, 2 · 33}, 3-exp(12) = {1 · 3, 1 · 32},
3-exp(16) = {1 · 1, 2 · 3, 1 · 32}.

Definition 3.4. Consider the p-adic expansions

a = a1p
e1 + · · ·+ ahp

eh , b = b1p
e1 + · · ·+ bhp

eh .

We say that p-exp(a) ⪯ p-exp(b) if and only if ai ≤ bi for any 1 ≤ i ≤ h.
Otherwise we write p-exp(a) ⪯̸ p-exp(b). For example, 3-exp(12) ⪯
3-exp(16) but, 3-exp(16) ⪯̸ 3-exp(58).

Proposition 3.5. For a, b ≥ 0,
(
b
a

)
is not zero modulo p if and only if

p-exp(a) ⪯ p-exp(b)
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Proof. Put

a = a1p
e1 + · · ·+ ahp

eh , b = b1p
e1 + · · ·+ bhp

eh .

By Lucas Theorem, in modulo p,
(
b
a

)
is not zero if and only if for any

i,
(
bi
ai

)
is not zero which is true if and only if ai ≤ bi. This is equivalent

to p-exp(a) ⪯ p-exp(b) by Definition 3.4. □
Now, the product (2) can be written as follows.

v(r)v(s) =

{(
r+s
r

)
v(r+s), if p-exp(r) ⪯ p-exp(r + s),

0, otherwise.

The product inDP(n) is commutative and it is naturally extended for d-
polynomials. Analogous discussion as in mod 2 holds except that here,
coefficients exist and that deg(xi) = 2 for 1 ≤ i ≤ n. In particular,
DP(n) is a graded algebra over Fp for all n ≥ 1 and is also the Hopf
dual of P(n).

Definition 3.6. The dual of the up Steenrod power Pk : Pd(n) →
Pd+k(p−1)(n) is the linear map Pk : DPd+k(p−1)(n) → DPd(n), called
the down Steenrod power, so that if Pk(u) = v for u ∈ DPd+k(p−1)(n)
then

v(f) =
(
Pk(u)

)
(f) = u

(
Pk(f)

)
,

for f ∈ Pd(n). In bilinear notation, this can be written as

⟨Pk(u), f⟩ = ⟨u,Pk(f)⟩.

We call Pk the ‘down’ power operation as it lowers degree by k(p−
1), versus the ‘up’ power operation Pk which ups degree by the same
amount. From Definition 3.6 it follows that P0 is the identity homomor-
phism.

Proposition 3.7. P0 is the identity map of DP(n).

Definition 3.8. The total down power P∗ : DP(n) → DP(n) is the
algebra map P∗(u) =

∑
k≥0 Pk for u ∈ DP(n).

The proof of algebra map property of P∗ is goes the same lines as
that of the total down square [20, Proposition 9.3.3].

Thus ⟨P∗(u), f⟩ = ⟨u,P(f)⟩ for u ∈ DP(n) and f ∈ P(n), so that
P∗ for DP(n) is the graded dual for P(n).
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Proposition 3.9 (Cartan formula for DP(n)). For k ≥ 0 and u, v ∈
DP(n),

Pk(uv) =
∑

i+j=k

Pi(u)Pj(v).

Proof. Appealing the algebra property of P∗ and equating graded parts
leads to the result. □

The down powering operation commute with linear substitution.
The demonstrations is as for the down squares [20, Propositions 9.3.5].

Proposition 3.10. Pk : DPd+k(p−1)(n) → DPd(n) is a right FpM(n)-
module map.

The next result enables us to manipulate down Steenrod powers.
The proof goes the same lines as that of down Steenrod squares [20,
Proposition 9.3.6]

Proposition 3.11. For all v ∈ DP2(n),

Pk(v
(d)) =

(
d− (p− 1)k

k

)
v(d−(p−1)k).

The following results is immediately concluded.

Corollary 3.12. For any v ∈ DP(n), Pk(v
(d)) = 0 if pk > d and

Pk(v
(pk)) = v(k).

The last part of Corollary 3.12 may be extended.

Corollary 3.13. Let k = d1 + · · ·+ dn. Then,

Pk(v
(pd1)
1 · · · v(pdn)n ) = v

(d1)
1 · · · v(dn)n

The next result enables to calculate the action of Pk for d-polynomials.
The proof is by induction on n using Cartan formula 3.9.

Proposition 3.14. Given a d-monomial u = v
(d1)
1 · · · v(dn)n we have

Pk(u) =
∑

k1+···kn=k

Pk1v
(d1)
1 · · · Pknv

(dn)
1 .
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The dual version of Theorem 2.11 provides an efficient tool for ma-
nipulating down Steenrod powers.

Theorem 3.15. Take t > 0 and let 0 < i < pt and 0 ≤ j < pt. Also,
let r ≥ 0 and s ≥ r + 1. Then,

Pi+rpt(v
(j+spt+(p−1)(i+rpt))) =

(
j

i

)
v(j)

(
s

r

)
v(sp

t).

Proof. By Proposition 3.11 we have

Pi+rpt(v
(j+spt+(p−1)(i+rpt))) =

(
j + spt

i+ rpt

)
v(j+spt)

=

(
j

i

)
v(j)

(
spt

rpt

)
v(sp

t) (since i, j < pt)

=

(
j

i

)
v(j)

(
s

r

)
v(sp

t).

In the second and third equalities Lucas Theorem 2.10 is applied. Note
that

(
s
r

)
is always nonzero mod p since s > r. □

The following corollary is the dual version of Corollary 2.12. The
proof is the same.

Corollary 3.16. Let t > 0 and let r ≥ 0, s ≥ r + 1. Then

Pi+rpt(v
(j+spt+(p−1)(i+rpt))) = 0,

where i = 1, . . . , pt − 1 and j = 0, . . . , i− 1.

Remark 3.17. Similar triangular pattern as in Definition 2.13 and the
preamble also holds for down powers. The difference is that each row λ
in the up-case moves (p − 1)λ columns forward in the down-case. This
dual aspect of movement may be seen in Table 1(B) for the cases p = 3
which is the dual of Table 1(A) and that is why we have depicted them
together. The same explanations in the paragraph after Corollary 2.12
works here. Due to this dual nature, matrix methods for the action of
up powers [11] can be utilized for down powers.

The algebra generated by the down powers Pk is isomorphic to the
opposite algebra Aop

p . The observation is the same as in mod 2.
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Definition 3.18. For the prime p, a mod p d-spike is a d-monomial

of the form v
(c1pe1−1)
1 · · · v(cnp

en−1)
n , where ci = 1, . . . , p − 1 and ei ≥ 0.

Mod 2 d-spikes are the so-called d-spikes.

For example, the mod 3 d-spikes in one variable are

v(2), v(5), v(8), v(17), v(26), v(53)

and so on. Down powers annihilates the mod p d-spikes.

Proposition 3.19. For any positive integers k, Pk(v
(cpe−1)) = 0, where

e > 0 and 1 ≤ c ≤ p − 1. In general, for any mod p d-spike u =

v
(c1pe1−1)
1 · · · v(cnp

en−1)
n , Pk(u) = 0.

Proof. We start with one variable. By Proposition 3.11, we must show
that (

cpe − 1− (p− 1)k

k

)
= 0. (3)

Since pe − 1− (p− 1)k < pe, it suffices by Lucas Theorem to prove (3)
for c = 1. To do this, we prove

p-exp(k) ⪯̸ p-exp(pe − 1 − (p − 1 )k).

We have

pe − 1 =
e−1∑
i=0

(p− 1)pei .

Consider k =
∑

i<e−1 aip
ei and suppose that ℓ is the least positive integer

such that aℓ > 0. There are two possibilities for aℓ. If aℓ = 1 then, in
the p-adic expansion of pe− 1− (p− 1)k, the coefficient of pℓ disappears
and p-exp(k) ⪯̸ p-exp(pe − 1 − (p − 1 )k). On the other hand, if aℓ > 1
then in the p-adic expansion of pe − 1 − (p − 1)k, the coefficient of pℓ

gets smaller than aℓ and again p-exp(k) ⪯̸ p-exp(pe − 1 − (p − 1 )k).
Therefore, in each case the result holds. The general case follows from
Proposition 3.14. □

Definition 3.20. The mod p Steenrod kernel is defined as the formal
sum K(n) =

∑
d≥0K

d(n), where Kd(n) is the set of all elements v ∈
DPd(n) such that Pk(v) = 0 for all k > 0.
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We know that mod p spikes cannot appear in the image of any Pk for
k > 0. However, due to the duality nature, mod p d-spikes are always
in the image of some Pk. One may find the powers of one-variable
mod 3 d-spikes, that is, 2, 5, 8, 17, 26, 53 in Table 1(B). All these d-
spikes lie in K(1). In fact, Proposition 3.19 states that mod p Steenrod
kernel contains all mod p d-spikes. The dual modular hit problem is to
determine K(n) and is not so known.
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