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1 Introduction

A Tychonoff (completely regular and Hausdorff) topological space X is
basically disconnected if each cozero-set has an open closure, extremally
disconnected if each open set has an open closure, and an F-space if
each cozero-set is C*-embedded (see [18] for more details). These con-
cepts have been expanded to pointfree topology such that a Tychonoff
topological space X has a specific disconnectivity property if and only
if its frame of open subsets, D(X), has the corresponding characteristic.

The pointfree counterparts of the three types of disconnectivity are
given in [7]. Let CozL denote the cozero part of a frame L, where
a € CozL if and only if there is a sequence (a,) in L such that a,, << a
for all n and a = \/ a,. The pseudocomplement of an element = € L is
denoted by z*. Now, recall from [7] that a frame L is called

e basically disconnected if, for any a € CozL, the map z — z V a* is
a frame isomorphism from | a** to Ta*,

e extremally disconnected if, for any a € L, the map z — xz Va* is a
frame isomorphism from | a** to Ta*, and

e an F'-frame if, for each a € L, the open quotient map L —a is a
C*-quotient map.

The concepts of countably disconnectivity (briefly, c-disconnectivity)
are introduced in [0, 22]. Let C(X) be the ring of all real valued con-
tinuous functions on a Tychonoff topological space X (refer to [17] for
more details). We denote by C.(X) the subring of C'(X) consisting of
those functions whit countable image (see [16] for more details). For
each f € C(X), the zero-set of f, denoted by Z(f), is the set of ze-
ros of f, and Coz(f) = X \ Z(f) is the cozero-set of f. Now, re-
call from [6] that a space X is countably F-space (briefly, F,-space) if
Of = {f € C(X) | p € intgyxclg,xZ(f)} is a prime ideal in C(X)
for each p € [y X, the Banaschewski compactification of X. Next, re-
call from [22] that a space X is countably basically disconnected (briefly,
c-basically disconnected) if intx Z(f) is closed for each f € C.(X).

Several frame-theoretic characterizations of basically disconnected
frames and F-frames are given in [7]. Recall from [7] that a frame L is
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1. basically disconnected if a* V a** = T for each a € CozL, and

2. an F-frame if whenever a A b = L in CozL, then there are
¢,d € CozL such that aNc=bAd=1,and cVd=T.

For a frame L, let Coz.L denote the sublattice of L consisting of
all countable joins of complemented elements. Building on of the two
types of c-disconnectivity and the two frame-theoretic characterizations
discussed, we introduce two pointfree c-disconnectivity concepts in this
article. A frame L is called

1. c-basically disconnected if a* V a** = T for each a € Coz.L, and

2. an F.-frame if whenever a A b = L in Coz.L, then there are
¢,d € Coz.L such that aAc=bAd=1,andcvd=T.

Let RL be the ring of real-valued continuous functions on a com-
pletely regular frame L (see [7, 8]). For any ¢ € RL, let
COZ(QO) = @((_70) v (07 _))7 where

(0,—) = \/{(0.0)) | 0 < g € @}, and (—,0) = \/{(»,0)) | 0> p € Q},

and let R, := {r € R | coz(¢p —r) = ¢(—,r) Vo(r,—) # T} as defined

[14], where
(=,r):= \/ (—,q) and (r,—):= \/ (p.—).
2 S

Then R, is the extension to arbitrary RL of the familiar correspondence
between functions on spaces and their images (see [11]). An element ¢
in the ring RL has a countable pointfree image if R, is countable. We
denote the subring consisting of those functions with countable pointfree
images by R.L. This ring, viewed as the pointfree topology counterpart

of Cy(X), is introduced and analyzed in [25], where the authors prove
that R.(DX) = C.(X) for any space X (see [12, 13, 21] for more details).
The articles [10] and [1 1] characterize basically disconnected frames,

extremally disconnected frames, and F-frames L using the ring-theoretic
properties of the ring RL. In this article, we extend the characteriza-
tions from [11] to include extremally disconnected frames, c-basically
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disconnected frames, and F.-frames L, focusing on the ring-theoretic
properties of the ring R.L.

Here is an overview of the article. In the preliminaries, we outline
several properties of frames that we will use. In Section 2, we use two
lemmas from [3] and [! 1] to give ring-theoretic characterizations of zero-
dimensional extremally disconnected frames, see Theorem 3.3. Specifi-
cally, a zero-dimensional frame L is extremally disconnected if and only
if R.L is a Baer ring, meaning that every annihilator ideal is generated
by an idempotent. Theorem 3.4 demonstrate that the Banaschewski
compactification of a frame is always extremally disconnected.

Section 3 discusses c-basically disconnected frames, with characteri-
zations provided in Proposition 4.1. By referencing a Lemma from [2],
we present a new lemma regarding the annihilator of a subset in RL.
These two lemmas allow us to provide ring-theoretic characterizations
of zero-dimensional c-basically disconnected frames in Theorem 4.5. In
particular, a zero-dimensional frame L is c-basically disconnected if and
only if R.L is a PP-ring, which means that the annihilator of each
element is generated by an idempotent.

Section 4 focuses on F,.-frames and their related results. We first
characterize F.-space using cozero sets (see Theorem 5.2). This leads to
the result that a zero-dimensional space X is a Fi-space if and only if
O(X) is a Fe-frame. In Proposition 5.6, we identify pure ideals in R L,
which enable us to characterize F.-frames as those L for which R.L is
a PF-ring (Theorem 5.7), meaning that the annihilator of each element
in R.L is a pure ideal. Theorem 5.10 characterizes a zero-dimensional
L as a F.-frame when certain ideals of R.L are prime, extending the
spatial result that X is a F.-space if and only if the ideal O is prime
for all p € ByX. This theorem allows us to identify F,.-frames as those
L where every maximal ideal of R.L contains a unique minimal prime
ideal or where the localization R.Lp is domain for ever prime ideal P
of R.L (see Corollaries 5.11 and 5.13). Proposition 4.1 confirms that
c-basically disconnected frames are indeed F.-frames. We will now in-
vestigate the situation in which the converse is also valid. By defin-
ing a c-cozero-complementation frame, analogous to the concept of a
c-cozero-complementation space, Theorem 5.15 characterizes c-basically
disconnected frames as those L that are both F.-frames and c-cozero-
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complementation frames. Next, we consider the space of minimal prime
ideals of R.L, denoted by Min(R.L). Proposition 5.16 shows that a
zero-dimensional frame L is c-cozero-complementation if and only if the
space Min(R.L) is compact. Thus, combining these results, we conclude
that a zero-dimensional frame L is c-basically disconnected if and only
if it is an F -frame and Min(R.L) is compact (Corollary 5.17).

2 Preliminaries

2.1 Frame.

A frame is a complete lattice L in which the distributive law

a/\\/S: \/a/\s.

ses

holds for all @ € L and S C L. We write 1. and T for the bottom
and the top element of L, respectively. The frame of open subsets of
a topological space X is denoted by O(X). The pseudocomplement of
an element a € L is the element a* = \/[{z € L | aAx = L}. When
aVa® =1, then a is called a complemented element in L. We denote the
set of all complemented elements of L by B(L) ={a € L|aVa* =T}
A frame L is called zero-dimensional if a = \/{x € B(L) | < a} for
any a € L.

A frame homomorphism (or frame map) is a lattice homomorphism
h : L — M that preserves the bottom element, top element, binary
meets, and arbitrary Joins. The homomorphism A is dense when h(z) =
Lar implies x = L. A quotient of a frame L is the codomain M of a
frame surjection h : L — M whit h being referred to as the quotient
map. An element a € L generates two new frames, the open quotient
la={x € L |z <a} and the closed quotient Ta = {z € L |a < z}.
They are associated with the homomorphisms

L—=la,z—xAa and L —>ta,z— xVa.

An element a of a frame L is said to be rather below an element b,
denoted a < b, if there exists a separating element ¢ such that aAc = L
and ¢V b = T. Furthermore, a is completely below b, denoted a << b,
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if there are elements a, indexed by the rational numbers Q N [0, 1] such
that @ = ag, b = a1, and a, < a4 for p < q. A frame L is completely
reqular if a = \/{z € L | © << a} for any a € L. For an element a of a
frame L, a € B(L) if and only if a < a if and only if a << a. In compact
completely regular frames, the rather below relation coincides with the
completely below relation.

2.2 The Banaschewski compactification.

The Banaschewski compactification of a frame L is denoted by SoL. It
is defined as:

foL = Id(B(L)),

where Id(B(L)) denotes the frame of all ideals of B(L). The frame [yL
is compact and zero-dimensional, and the join map jy : foL — L is a
dense frame homomorphism. Moreover, the join map jg : foL. — L is a
compactification for a frame L if and only if L is zero-dimensional (refer
to [1]). We use 7o to denote the right adjoint of the join map jo : SoL —
L, and recall from [9] that ro(a) = {z € B(L) | x < a} =lan B(L) for
any a € L. The following is shown in [2]:

1. If a = \/ s for some S C B(L), then \/r9(a) = a and
s€S

ro(a*) = (rg(a))*.
2. If a € Coz.L, then \/ ro(a) = a and ro(a*) = (ro(a))*.
3. If J << I'in BpL , then \/ J << b for some b € I.

4. For any zero-dimensional L, ro(a) << I in oL iff there exists b € T
such that a << bin L.

5. If a,b € Coz.L, then ro(a V b) = ro(a) V ro(b).

2.3 The rings RL and R.L

For any frame L, the real-valued continuous functions on L are the ho-
momorphisms £(R) — L, where £(R) denotes the frame of reals. The
set RL of all real-valued continuous functions on L is an f-ring (see
[7, 8]. Let R*L denote the subring of bounded functions, that is, the
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functions ¢ such that ¢(p,q) = T for some p,q € Q. The identity ele-
ment and the zero element of RL are denoted by 1 and 0, respectively.
For every r € R, the constant frame map r € RL is defined by

(9. ) T ifp<r<yg
r(p,q) =
P4 1 otherwise.

An important feature of RL is its cozero map coz : RL — L taking
every ¢ € RL to coz(p) = ¢((—,0) V (0,—)). Some properties of the
cozero map that we shall use are:

1. coz(p) = L iff p =0.
):

2. coz(yp) = coz(|p|) = coz(p™), for any n € N.
3. coz(pd) = coz(p) A coz(d).
(

4. coz(p +9) < coz(p) V coz(d), with equality when ¢, > 0.
5. ¢ € RL is invertible iff coz(p) = T.

A cozero element of a frame L is an element of the form coz(p) for
some ¢ € RL. The set CozL = {coz(p) | ¢ € RL} is a sub-o-frame of
L.

Let R.L = {a € RL | R, is countable} and let R}L = R.LNR*L.
In [24, 25], it is shown that R.L is a f-ring and R.(OX) = C.(X) for
any topological space X. Moreover, the authors show that for any frame
L, there exists a zero-dimensional frame M such that R.L = R.M.
Therefore, when analyzing the rings R.L, one might assume that all
frames are zero-dimensional. For S C R.L, let Coz[S] = {coz(a) | a €
S}. For any frame L, [15] establishes the following:

1. For any o € R.L, coz(a) is a countable join of complemented
elements of L, which implies Coz.L = Coz[R.L] = {coz(a) | a €
R.L}.

2. The set Coz.L is a sublattice of L that includes 1 and T.

3. L is a zero-dimensional frame if and only if it is generated by
Coz.L.
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4. Coz.L is normal, that is, for any a,b € Coz.L with aVb = T, there
exist v and v in Coz.L such that uAv =1L andaVu=T =bVw.

Now, we recall from [2] what maximal ideals of R.L look like. For
every frame homomorphism h : foL — M, the ideals M" and O are
defined by

M” = {a € R.L | h(ro(coz())) = Lr} and
O = {a € R.L | h(ro((coz(e)*))) = T}
In particular, if I € gL and h : Sy L —1 I is the homomorphism defined

by the correspondence J — JVI, then the ideals MZ and O’,} are denoted
by Mg and Og, respectively, so that

M. = {a € R.L | ro(coz(a)) C I}
and
Ol ={a € R.L|IVro((coz(a)*)) = Tp,r}-
The following is shown in [2]:

1. For any I € ByL, we have

O! = {a € R.L | ro(coz(a)) =< I}
={a € R.L | coz(a)) << coz(d) € I for some § € R.L}.

2. A subset D of R.L is a maximal ideal iff there exists a unique
maximal element I of BpL such that D = M.,

3. If P is a prime ideal of R.L, then there is a unique maximal I of
BoL such that Of € P € M.

3 Extremally Disconnected Frames

A frame L is extremally disconnected if for every x € L, x* V x** = T.
This concept extends its point-sensitive counterpart, as a topological
space X is extremally disconnected if and only if the frame O(X) is
extremally disconnected. We will now present characterizations of zero-
dimensional extremally disconnected frames and review some relevant
facts before proceeding.
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Let a € B(L). For each p,q € Q, we define

1 ifp<g<0orl<p<yq

a* ifp<0<qg<l1
ifo<p<l<y
T ifp<O0<l<yg.

ea(p,q) =

According to [7, 8.4], we have e, € RL with coz(e,) = a, coz(e, — 1) =
a*, and e,? = e,. Moreover, e, also belongs to R.L since R, C {0,1}.

Let R be aring, x € R, and S C R. We denote the annihilator of
S by Anng(S) or Ann(S), while the annihilator of the singleton {z} is
abbreviated as Anng(x) or Ann(z). A ring R is a Baer ring if, for any
subset S of R, its annihilator Anng(S) is generated by an idempotent
element. An ideal I is essential in another ideal J if I C J and INH #
{0} for every nonzero ideal H of R that is contained in J. An ideal I
of R is essentially closed if it is not essential in any strictly larger ideal.
A ring is a CS-ring if every essentially closed ideal is generated by an
idempotent. Ideal generation will be denoted by (.).

Lemma 3.1. [11, Lemma 2.3] If A is reduced, then for any ideals I C J,
I is essential in J if and only if Ann(l) = Ann(J).

Lemma 3.2. [, Lemma 3.8] Suppose coz(\) << coz(p) in Coz.L for
some N\, € R.L. Then there exists p € R.L such that p* + p® is
invertible and \ = \u®(p? + p?)~L.

Theorem 3.3. The following are equivalent for a zero-dimensional frame
L.

1. L is extremally disconnected.
2. RcL is a Baer ring.

3. Every nonzero ideal in R.L is essential in an ideal generated by
an idempotent.

4. ReL is a CS-ring.
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Proof. (1) = (2). Assume L is extremally disconnected and S is a
subset of R.L. Now, take a = \/Coz[S]. Given that a* is comple-
mented by assumption, there exists an idempotent e » € R.L such that
a* = coz(eq+). We claim that Ann(S) = (eq+). Suppose a € S. Then

coz(a) < \/ coz(f) = a = coz(a) Na* = L

= coz(a) A coz(eq+) = L
= coz(aeq) = L

= ey =0

= eq+ € Ann(S).

Thus, we deduce that (eq+) C Ann(S). To show the reverse

inclusion, let ¢ € Ann(S). Then, for every a € S, pa = 0, showing

coz(p) Acoz(a) = L, which shows that \/ (coz(p)Acoz(a)) = L. Next,
acsS

by the frame distributive law, we can conclude that

L =coz(p) A \/ coz(a) = coz(p) A a,

implying that coz(p) < a* = coz(eq). Since coz(eq«) << coz(eq+) in
Coz.L, Lemma 3.2 shows that there is § € R.L such that ¢ = Begy~.
This prove the Ann(S) C (eq+). Consequently, Ann(S) = (es+), this
means that R.L is a Baer ring.

(2) = (1). Suppose that R.L is a Baer ring. Let a € L, then, by

zero-dimensionality, there is a S C R.L such that a = \/ coz(«). Since
agsS
R.L is Baer ring, then there is an element of idempotent e € R.L such

that Ann(S) = eR.L. We prove that a* = coz(e). For any a € S,

ae = 0, and hence coz(a) A coz(e) = L, which shows, by the frame dis-

tributive law, L = coz(e)A \/ coz(a) = coz(e)Aa, and so coz(e) < a*. To
a€cS

prove the revers inequality, let 8 € R.L be such that coz(8) < a*. Then
coz(f) AN a = L, which implies coz(5) A coz(a) = L for any o € S.
So, Ba = 0 for any o € S, implying that 5 € Ann(S) = eR.L,
and so ( is a multiple of e. But this means that coz(5) < coz(e).

Thus, the property of zero-dimensionality results in a* < coz(e), and so
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a* = coz(e). Consequently, a

tremally disconnected.
(2)=-(3). Suppose that I be a nonzero ideal in R.L. Then the there
is an idempotent element e in R.L such that

* is complemented, and hence L is ex-

Ann(I) = eR.L = Ann((1 — e)R.L),
which shows that
a=a(l—-e)e(1l—-e)R.LNI,

for all @« € I. Therefor, by Lemma 3.1, I is an essential ideal in
(1—e)R.L.

(3)=(4). Obvious.

(4)=(2). Let S € R.L. We claim that the ideal Ann(S) is a closed
ideal in R.L. Suppose Ann(S) is essential in a larger ideal I. Then
SI # {0} implies that ST N Ann(S) # {0}, but (ST N Ann(S))? = {0},
which is impossible, since R.L is a reduced ring. This shows that Ann(S)
is a closed ideal, so the hypothesis shows that an idempotent generates
it. O

The Stone-Cech compactification of a frame L is denoted by AL.
Recall that a completely regular frame L is extremally disconnected if
and only if SL is extremally disconnected (see [7, 11]). We state the
following theorem.

Theorem 3.4. For any zero-dimensional frame L, BoL is extremally
disconnected.

Proof. Since B(L) is a Boolean algebra, for any ideal I in B(L), we
have I* =| (VB I). Thus,

= (L (VPOI) =L (vPRIY) =) (v

Consequently, We can express

11

v = (L (VBB D) | (vBE ) = (vBE D wWBE L) =| T = B(L).

This confirms that SyL is an extremally disconnected frame. [l

Corollary 3.5. If A is a Boolean algebra, then the frame of its ideals,
denoted Id(A), is extremally disconnected.
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Proof. Assuming I € Id(A) and applying the properties of comple-
mented Boolean algebra, we find that:

v =L (vI)yv .y ((vD)) =l (vI)'v | (VI) =] (VI)'V(VI) =] T = A.

This implies that Id(A) is extremally disconnected. [

4 c-Basically Disconnected Frames

Let a1 and as be elements of a frame L. We say that a; and ao are
c-completely separated if there exist by, by € Coz.L such that by Vby =T
and a1 A by = L = as A by. A frame is c-basically disconnected if it has
the attributes outlined in the next proposition.

Proposition 4.1. The following are equivalent for a frame L.
1. For any a € Coz.L, a*Va** =T.
2. For any a € Coz.L andb e L, a ANb= 1 implies a* VvV b* =T.

3. For any a € Coz.L and b € L, a ANb = L implies a and b are
c-completely separated.

4. For any a € Coz.L, the map x — x V a* is a frame isomorphism
from La** to Ta*.

Proof. (1) = (2). Let a € Coz.L and b € L with a Ab = L. Then
b < a*, which implies a¢** < b*. So, a* V b* > a* V a**, leading to
a*Vb* =T by (1).

(2) = (3). Let a € Coz.L and b € L with aAb = L. By (2), it
follows that a* V b* = T. Since a A a®* = L = b A b*, we conclude that
(2) implies (3).

(3) = (4). We first demonstrate that the map = — x V a* is a frame
homomorphism. This map is homomorphism if it sends the top element
a™ of | a* to the top element T of Ta*. Therefore, it suffices to show
that a* va* = T for all a € Coz.L. For a € Coz.L, since aANa* = L, by
(3), there exist ¢,d € L such that cvVd =T and aAc = 1L = a*Ad. This
implies ¢ < ¢* and d < a**, thus a* Va*™ > cVvd = T. We now prove
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that the map « — = V a* is bijective. To establish injectivity, assume
x,y €la* such that z V a* =y V a*. Then we have

r=zV.l=zV@ANad")=(xVa)A(zVa™)
=(yVva*)ANa™
=(yAa™)V(a* Na™™)
=yV.1l=uy

Next, we demonstrate that the map is surjective. For any y €1 a*, let
x =y Aa**. Then x €l a™ and

zVa*=(yANa*)Va ' =(yVva)A(@" Va™*)=yAT =y.

(4) = (1). For any a € Coz.L, statement (4) asserts that the map
r — xVa*is a frame homomorphism, which means it maps the top
element a** of | a** to the top element T of ta*. Thus, a*Va** =T for
all a € Coz.L. O

For a topological space X, we have U* = (clxU)¢ and
intxZ(f) = (Coz(f))*, where U € OX and f € C(X). Hence, the
first statement of the previous proposition indicates that a topological
space X is a c-basically disconnected if and only if the frame D(X) is a
c-basically disconnected.

We will demonstrate that zero-dimensional c-basically disconnected
frames can be characterized by the ring-theoretic properties of the rings
Rc.L. Before we continue, we present the following lemmas.

Lemma 4.2. [2, Lemma 3.3] If a, B € RcL and (coz(a))* < (coz(B))*,
then Ann(a) C Ann(8). The converse is true if L is zero-dimensional.

Corollary 4.3. [2] For a zero-dimensional frame L, an element
© € R.L is a zero-divisor if and only if coz(p) is not dense.

Proof. The cozero element coz(yp) is dense if and only if (coz(y))* = L,
which is equivalent to (coz(y))* < L = (coz(1))*. This happens if and
only if Ann(¢) € Ann(1) = {0}, which implies that Ann(y) = {0}, and
thus ¢ is not a zero-divisor. O

Lemma 4.4. Let S C R.L and assume \/ Coz[S] = coz(d) for some
d € RcL. Then, we have Ann(S) = Ann(9).

13
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Proof. For any a € S, we have coz(a) < coz(d), leading to
(coz(0))* < (coz(a))*. Thus, Lemma 4.2 implies that Ann(d) C Ann(«)
for each a € S. Consequently, Ann(d) C (), ,cgAnn(a) = Ann(S). To
prove the reverse inclusion, let 5 € Ann(S). Then, for each a € S, we
have coz(f) A coz(a) = L which implies

coz(f) A coz(d) = \/{coz(ﬁ) A coz(a)|la € S} = L.

Hence, coz(£0) = L, which indicates 6 = 0, showing that 8 € Ann(d).
Therefore, we conclude that Ann(S) C Ann(d). O

A proper ideal H of a ring R is called a d-ideal if P, C H for every
x € H, where P, denote the intersection of all minimal prime ideals
of R containing x. Recall from [2] that an ideal D of R.L is called a
dc-ideal if, for every o € R.L and 8 € D, the condition (coz(a))* =
(coz(B))* implies that € D. It is demonstrated in [2] that, for any
zero-dimensional frame L, an ideal of R.L is a d.-ideal if and only if it
is a d-ideal.

Theorem 4.5. The following are equivalent for a zero-dimensional frame

L.
(1) L is c-basically disconnected.

(2) Every nonzero countably generated ideal of R.L is essential in an
ideal generated by an idempotent.

(3) If S C R.L is countable, then an idempotent generates Ann(S).
(4) ReL is a PP-ring.
(5) Every d.-ideal of R.L is generated by idempotents.

(6) For every quotient h : BoL — M, the ideal O is generated by
idempotents.

Proof. (1) = (2). Let D be an ideal of R.L generated by elements
{an}tnen € ReL. Define a =/ coz(ay,), which belongs to Coz.L and sat-
isfies a = \/ coz[D]. Assume a = coz(a) for some a € R.L. By Lemma
4.4, we have Ann(D) = Ann(«). Since L is a c-basically disconnected,
this implies ™ € B(L) and thus a** = coz(ey++). Consequently, we find
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that (coz(a))* = a* = a™* = (coz(eq++))*. By applying Lemma 4.2, we
get Ann(D) = Ann(a) = Ann(eg+ ), hence D C Ann(1 — egx) = (eg==).
Therefore, by Lemma 3.1, the ideal D is essential in the principal ideal
(eq+), where e+« is an idempotent element of R.L.

(2) = (3). Let D = (S). The current hypothesis shows that D
is essential in (e) for some an idempotent e € R.L. Thus, we have
Ann(S) = Ann(D) = Ann(e) = (1 — e), establishing that (2) implies
(3).

(3) = (4) is trivial.

(4) = (5). Let D be a dc-ideal of R.L. The current hypothesis states
that for each o € D, there exists an idempotent e, € R.L such that
Ann(a) = (eq) = Ann(1 — e,). By Lemma 4.2, we have (coz(a))* =
(coz(1 — eq))*, which shows that 1 — e, € D since D is a dc-ideal. Also
ae,, = 0 implies that & = a(1 — e,). Thus, the set {1 —e, | @ €Q } of
idempotent elements generates the ideal D.

(5) = (6). It is evident since O” is a d.-ideal according to [2, Exam-
ple 1].

(6) = (1). Let a € Coz.L with a = coz(a) for some o € R.L. We
alm to show that a* V a** = T. Consider the open quotient

h(I — INre(a®)): oL —)ro(a”).
The hypothesis implies that the ideal

0" = {p € RcL | h(ro(coz(¢)*) = T o(ar)}

is generated by idempotent elements in R.L. Since
h(ro(a®)) = ro(a®) Nro(a®) = ro(a*) = T pya)s

we conclude that o € O. Thus, there exist idempotents e, , e, in
ij and elements oy, -+ ,q,, in R.L such that a = aje; + - - + epaym.
This implies
m m
a = coz(a) < \/ coz(ae;) < \/ coz(e;) = coz(e; + -+ - + e,,) = coz(e),
i=1 i=1

where e = e; + --- + e,. Thus, we have (coz(e))* < a*. Given that

€1, " ,en € O' wefinde =e; +---+4e, € Of} as well, leading to

c)

15
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h(ro((coz(e))*) = T |ry(a*), Which means
ro((coz(e))”) Nro(a”) = ro(a®).

This shows 7¢(a*) < ro((coz(e))*), thus

a* = \/ro(a®) < \/ ro(con(e))*) = (cor(e))",

confirming a* = (coz(e))*. Since coz(e) is a finite join of complemented
elements, we have coz(e) € B(L), meaning that coz(e) = (coz(e))** and
(coz(e)) V (coz(e))* = T. Therefore,

a* Vv a** = (coz(e))* V (coz(e))™ = (coz(e))* V coz(e) = T.

O

Proposition 15 in [23] states every element of a commutative ring
R can be expressed as a product of a non-zero-divisor element and an
idempotent if and only if R is a PP-ring. Consequently, based on the
equivalence of (1) and (4) in the previous characterizations, the following
corollary is immediate.

Corollary 4.6. A zero-dimensional frame L is c-basically disconnected
if and only if every element of R.L is a product of an idempotent and a
non-zero-divisor.

5 F.-Frames

We recall from [6] that a space X is an F.-space if, for all p € X, OF
is a prime ideal in C.(X). The same reference provides the following
characterizations of these spaces. We remind the reader that the subring
of C(X) consisting of functions with finite images is denoted by C¥'(X).

Theorem 5.1. [0] For every zero-dimensional space X, the following
statements are equivalent.

(1) X is an Fe.-space.

(2) Every localization Co(X)p of Co(X) at a prime ideal P is a
domain.
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(3) For all f € Co(X), the ideal (f,|f|) is principal.

(4) For all f € C.(X), Coz(f) = X\ Z(f) is CF-embedded in X, that
is, every function in C¥(Coz(f)) can be extended to a function in

Ccr(X).

We now present the following characterizations of F.-spaces. Recall
that an ideal I of a commutative ring is pure if for every x € I there
exists y € I such that x = zy. A ring R classified as a PF-ring if Ann(x)
is pure for all x € R.

Theorem 5.2. For any zero-dimensional space X, the following
statements are equivalent.

(1) Co(X) is a PF-ring.
(2) X is an F.-space.

(3) For every f,g € C.(X) with Coz(f

) N Coz(g) = 0, there exist
£, € C(X) such that Coz(f) U Coz(g) =

X, and

Coz(f) N Coz(f) = 0 = Coz(g) N Coz(g).

Proof. (1) = (2). Using Theorem 5.1, we aim to demonstrate that,
for any f € C.(X), the ideal (f,|f|) is principal. For f € C.(X), we
claim that (f,|f]) = (|f]). Since (f — |f|)(f + |f]) = 0, it follows that
(f=1|f1) € Ann(f+]f]). Therefore, by (1), there exists g € Ann(f+|f])
such that
=l =9(f = 1fD) = gf = 9lfl.

Since g € Ann(f + |f|), we have ¢g(f + |f|) = 0, which shows that
gf +g|f| =0, leading to gf = —g|f|. Consequently, we can write

—fl = —glfl = glfl = f = f| —2g1f| = (1 —29)|f].

This implies (f, |} = (|f1)-
(2) = (3). Let f,g € C.(X) with Coz(f) N Coz(g) = (). Define the

function h : Coz(f) U Coz(g) — X as follows:

h(z) = {é N i gozgf)
x oz(g).
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Since Coz(f) U Coz(g) = Coz(f? + ¢%) and h € CF(Coz(f? + ¢%)),
by the current assumption, theorem 5.1 guarantees the existence of
h e CF(X) C C.(X) such that E|Coz(f)UCoz(g) = h. Define g = h and
f=h—1. Thus, we have Coz(f) U Coz(g) = X and

Coz(f) N Coz(f) =0 = Coz(g) N Coz(g).

(3) = (1). We need to show that Ann(f) is pure for any
f€C.(X). Let f € Ce(X) and g € Ann(f). Since gf = 0, it follows that
goz( f) N Coz(g) = 0. Thus, by the current assumption, there exist

f,7 € Ce(X) such that Coz(f) U Coz(g) = X and

Coz(f) N Coz(f) =0 = Coz(g) N Coz(g).

Without loss of generality, we may also assume that f, g are nonnegative
because Coz(f) = Coz(]f|) and Coz(g) = Coz(|g|). Thus,

X = coz(f) Ucoz(g) = coz(f +7),

which shows that f 4 g invertible in C.(X). Define h = (f + )~ f, so
h € C.(X). We claim that h € Ann(f) and g = hg. Since

) = coz(f) Ncoz(f) = coz(f f),

we have ff = 0, implying » € Ann(f). Similarly, since

() = coz(g) Ncoz(g) = coz(gg),

we have gg = 0, leading to (f +9)g = fg+gg = fg. Thus, we conclude
that g = (f +9)"'fg = hg, proving our claims. Consequently, Ann(f)
is a pure ideal. O

Based on the above characterization of F.-spaces and the frame-
theoretic description of F-frames discussed in the introduction, we present
the following key definition for this article.

Definition 5.3. A frame L is called an F.-frame if whenever a Ab = L
in Coz.L, then there are ¢,d € Coz.L such that a A\c =bAd= 1 and
cvd=T.
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By combining this definition with the earlier theorem, we conclude
that a zero-dimensional space X is a F-space if and only if O(X) is a
F.-frame. Furthermore, according to the third statement of Proposition
4.1, a c-basically disconnected frame is an F_-frame.

In this section, we aim to study and characterize F.-frames. Similarly
to the characterization of F-frames (see [11]), we will first present several
algebraic and frame-theoretic characterizations of F -frames. Our initial
characterization necessitates identifying the pure ideals of R.L. The
following lemmas will help identify pure ideals of R.L.

Lemma 5.4. Let D be an ideal of R.L and o € R.L. If

ro(cox()) < \/{ro(cox(8)) | B € D},
then a € D.

Proof. If ro(coz(a)) =< \/{ro(coz(5)) | o € D}, then

(ro(coz(a)))™ v \/{ro(coz(B)) | @ € D} = T.

Consequently, Since §yL is compact, there exist finitely many elements
B1, -+, Bn € D such that

(ro(coz(oz)))* V ro(coz(B1)) V... Vro(coz(By)) = T.

This lead to
ro(coz(a)) =< ro(coz(BE)) V - - - V ro(coz(B2)) < ro(coz(Bi + --- + B2)).
Therefore, there exists b € 7o(coz(8? + - - - + 52)) such that

coz(a) =< b < coz(Bi + -+ -+ B2),

implying coz(a) << coz(B? + -+ + 32) in Coz.L. In consequence, by
Lemma 3.2, « is a multiple of the element 87 + --- + 32 in D, which
means 5 € D. ([

Recall that if ¢,d € Coz.L and c is rather below d in Coz.L if and
only if ¢ =< d in Coz.L. So, by [I, Lemma 3.7], the following lemma is
immediate.

19
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Lemma 5.5. An ideal D of R.L (or R:L ) is pure if and only if for
every i € D, there exists X € D such that coz(p) << coz(\) in Coz.L.

Recall from [2, Theorem 4.2] that for any I € BoL, o € O! if and
only if there exist 3 € R.L and an idempotent e € Of such that a = ef.

Proposition 5.6. Pure ideals of R.L are exactly the ideals OF for I €
BoL.

Proof. For any I € 3yL, Ol is a pure ideal since, if & € O, there exists
B € R.L and an idempotent e € O such that a = eB. This implies
that coz(a) << coz(e) in Coz.L, thus the result follows from the previous
lemma. To proof of the conversely, let D be a pure ideal of R.L. We
claim that D = O!, where I = \/{ro(coz(B)) | B € D}. Assume 6 € D.
By Lemma 5.5, there exists A € D such that coz(d) << coz()) in Coz.L.
Thus, there are a,b € Coz.L with a A coz(d) = L and bV coz(A) = T,
leading to 7o(a) A ro(coz(6)) = Lg, and ro(b) V ro(coz(X)) = Tg,r-
This shows that ro(coz(d)) << ro(coz(A)) < I, thus ro(coz(d)) << I.
Therefore, 6 € Og, implying D C Og . To establish the reverse inclusion,
let @ € OL. Then

ro(coz(e)) << \/ ro(coz(B)),

BeD

and by Lemma 5.4, we have a € D. This proves the reverse inclusion,
completing the proof. O

Theorem 5.7. The following statements are equivalent for a
zero-dimensional frame L.

(1) L is an F,-frame.

(2) For each ¢ € R.L, Ann(p) = OZO((“’Z(‘p))*),
(3) RcL is a PF-ring.

(4) For every c € Coz.(L), MZO(C*) — OZO(C*)_

Proof. (1) = (2). Let a € 070{(co@)) " Then there exists B € R.L
such that coz(a) =< «coz(8) € 71o((coz(¢))*), which implies
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coz(a) =< (coz(p))*, implying coz(a) A coz(p) = L, which leads to
ap = 0. Thus, @ € Ann(yp), confirming that oro((co=(@)") Ann(y).
Now, let @ € Ann(y); then coz(a) Acoz(p) = L. Since L is an Fe-frame,
there exist a,b € Coz.L such that a Vb =T and

a A coz(a) = L =bAcoz(p).

Because 1y preserves meets and finite joints in Coz.L, we have
ro(a) V ro(b) = T, and

ro(a) Aro(coz(a)) = Lg,r = 10(b) A 1o(coz(p)).
It follows that ro(b) < (ro(coz(p))*, leading to
ro(a) V (ro(coz(p))” = ro(a) Vro(b) = TpyL-

Thus, r9(a) separate ro(coz(a)) and (rg(coz(y))*, meaning that
ro(coz(a)) < (ro(coz(p))*. Since ro preserves pseudocomplements and

<==<in fyL, we conclude that ro(coz(a)) << (ro(coz(¢)*). Therefore,

a € OZO(COZ(@))*, which completes the reverse inclusion proof.

(2) = (3). This follows immediately from Proposition 5.6.
(3) = (4). Let ¢ € Coz.(L) such that ¢ = coz(a) for some a € R.L.

We aim to show that M € 0O given that O ¢ M.
Let ¢ € M2 Then ro(coz(y)) < ro(c*), which implies

coz(p) = \/ro(coz(w)) < \/ro(c*) =c".
Thus, we have
L =coz(p) A c = coz(p) A coz(a),

leading to ap = 0. This means ¢ € Ann(«), and by current hypothesis,
there exists 0 € R.L such that ad = 0 and ¢ = pd. Consequently,

coz(a) A coz(d) = L = coz(p) A coz(1 —9).

Since coz(d) V coz(1 — §) = T, by normality of Coz.L, we can find
u,v € Coz.L such that u Av =1L and

uVcoz(d) =T =v Vcoz(l —9).
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Similar to the discussion in (1) = (2), we conclude that
ro(coz(p)) =< ro((coz(a))”) = ro(c”),

which implies ¢ € OZO(C*). Therefore, we have Mzo(c*) C OZO(C*).

(4) = (1). Assume that a Ab = L for some a,b € Coz.L. Let
a € R.L such that coz(a) = a. Since a < b*, we have
ro(coz()) < ro(b*), leading to a € M), By hypothesis, a € O,
implying a << u < b* for some u € ro(b*) C B(L). So, we have
uVu" =T, aNu" <uAu* =1L, and bAu < bAbL" = L. This
demonstrates that L is an F,.-frame, completing the proof. O

We aim to characterize Fi-frames via O!-ideals by showing that R.L
is a PF-ring if and only if R} L is also a PF-ring.
Proposition 5.8. For any frame L, R}L is a PF-ring if and only if
RcL is a PF-ring.
Proof. (=). Assume o € R.L and 6 AHD’RC (). Then aff = 0,
1+22 11‘12 = 0. Since both 1+B
follows that 1+62 € AnnR*L( 2). By the hypothes1s, Annp.p(
is pure, so by Lemma 5.5, there exists 6 € Anng:p (%) such that

leading to —+— and 22 are in R}L, it

2
Traz)

coz (%) << coz(d) in Coz.L. Since

coz < i > = coz(B*) Acoz((1 + %) 1) = coz(B) A T = coz(B)
1+ 32 ;

we conclude that coz(f8) =< coz(d) in Coz.L. Additionally, since
d € Anng:p <$12), it follows that 6a? = 0, which implies (da)? = 0,
leading to da = 0 because R.L is reduced. Therefore, Anng () is
pure by Lemma 5.5

(<). Let o € RiL and B € Anng:r(a). Then, 8 € Anng, r(a).
Since Anng,z(«) is pure by the hypothesis, by Lemma 5.5, there ex-

ists § € Anng, 1 (a) such that coz(f8) << coz(d) in Coz.L. Thus, 1:62

belongs to Anng:z (o) and satisfies coz(3) << coz (W) in Coz.L.
Consequently, Anng:r(c) is pure by Lemma 5.5. O

Before starting the next characterization, we review some facts from
[2, 6, 20, 25] and present a definition.
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1. For any maximal I € oL and ¢ € R.L, ¢ € O! if and only if
ap = 0 for some o ¢ M (see [2]).

2. Every compact regular frame is spatial (see [20], III Proposition
111 1.10).

3. For any frame L, we have R:L = R.(SL) (see [25, Proposition
3.2]). Consequently, by Proposition 7.1 in the same reference,

it follows that R;L = R.M for some compact zero-dimensional
frame M.

4. It is straightforward to demonstrate that ro : L — BgL is an
isomorphism when L is a compact frame (see Lemma 4.1 of [2]).

5. If X is a compact zero-dimensional space, then the ideals O,
for ¢ € p[oX, are exactly(up to isomorphism) the ideals

Oup = {f € Cu(X) | p € mtZ(f)} (sce [0]).

6. For any open sets U and V in a space X, U < V in O(X) if and
only if clxU C V (see [20]).

Definition 5.9. Anideal I of B(L) is called c-coz-prime if for any cozero
elements a and b in Coz.L such that a Ab < ¢ € I, it holds that a < u
or b < for some u € I.

Theorem 5.10. The following statements are equivalent for a frame L.
1. L is an F.-frame.
2. All mazimal elements of BoL are c-coz-prime.
3. For each mazimal I € ByL, the ideal Og s prime.

Proof. (1) = (2). Let I be a maximal element of JyL and let
a,b € Coz.L such that aAb < ¢ € I. Assume a = coz(a) and b = coz(f3)
for some «, 8 € R.L. Then, since

coz(af) = coz(a) Acoz(B) < c €I,

it follows that a8 € OL. We claim that o € OZ or € OZ, which implies
that a = coz(a) << u € I or b = coz(f) =< v € I. To prove this claim,
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let 3 ¢ OL Since aff € OL, there exists § ¢ M. such that a3 = 0.
This lead to coz(a) Acoz(B6) = L. According to the current hypothesis,
there exist ¢,y € R.L such that coz(y) V coz(vy) = T and

coz(a) A coz(p) = L = coz(y) A coz(59),

that is, ap = 736 = 0. Furthermore, since 8 ¢ O and § ¢ M., it
follows that v € MZ. Consequently, ¢ ¢ M. because

T = coz(p? +72) = coz(p) V coz(7).

Thus, we have ap = 0 with ¢ ¢ M., leading to the conclusion that
a € Ol thereby proving the claim.

(2) = (3). Let I be a maximal element of SyL, and let o, 5 € R.L
such that a3 € OL. Then, we have coz(a) A coz(8) = coz(a) < ¢ for
some ¢ € I. By the hypothesis, there exists v € I such that coz(a) < u
or coz(f8) < u. Thus, it follows that o € O or 8 € OL. Consequently,
Ol is a prime ideal.

(3) = (1). According to the previous proposition and the third part
of the above discussion, we can assume L is compact zero-dimensional,
making it spatial. Thus, let L = O(X) for some compact zero-dimensional
space X. Define the ring isomorphism ¥ : C'(X) — R(O(X)) by map-
ping f to f, where f € R(OD(X)) is given by

fp.g)=f"{zeR|p<z<q})
Since X is compact, the map ro : O(X) — Go(O(X)) is an isomorphism,
and the ideals Of, for ¢ € BpX, correspond exactly to the ideals O,
for p € X. Let p € X. The set X \ {p} is a maximal element of O(X),
making ro(X \ {p}) is a maximal element of Sy(O(X)). Now, we have
f €0 e peintZ(f)

Spex\d(f (=0 V(0,-)

S (fH(=0)V(0,-))) € X\ {p})

~ f_l((_ao) \ (07 _)) <X \ {p}

& coz(f) < X\ {p}

& ro(coz(f)) < ro(X \ {p}), since isomorphisms preserve <

< ro(coz(f)) =< ro(X \ {p}), since <==< in GyL
o= f c OZO(X\{p}).
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This implies that ¥(O,p) = OZO(X\{p}). Since ¥ is a ring isomorphism,
the current hypothesis shows that each ideal O, of C.(X) is prime.
Consequently, by Theorem 4.1, X is an F.-space, and so L = O(X) is
an F,-frame. Il

Before presenting the following corollary, we recall from Lemma 5.2
in [2] if P is a prime ideal of R.L, then there exists a unique maximal
element I of ByL such that Ol C P C M.,

Corollary 5.11. The following statements are equivalent for a zero-
dimensional frame L.

1. L is an F.-frame.

2. The minimal prime ideals of R.L are precisely the ideals OL for I
mazximal in BoL.

3. Fvery maximal ideal of R.L contains a unique minimal prime
ideal.

Proof. (1) = (2). Let L be an F,-frame. By Theorem 5.10, for each
maximal element I in ByL, the ideal Og is prime. Since every element
of O! is annihilated by an element outside OZ, it follows that O is a
minimal prime ideal. Now, consider a minimal prime ideal P of R L.
Then there exists a maximal element I € ByL such that O C P C M.,
Therefore, the minimality of P implies P = OZ. This proves (2).

(2) = (3). Given the current hypothesis that O! is the unique min-
imal prime ideal contained in MY for each maximal I in ByL, this im-
plication is immediate.

(3) = (1). By Theorem 5.10, We need to show that, for any maximal
element I in ByL, the ideal Og is prime. Consider a maximal element
I in ByL. To show that O! is prime, it suffices to prove that its radical
VOI = {a € R.L | a® € O! for some n € N} is prime since it is
clear that Of = \/07£ . Since \/@ is the intersection of all prime ideals
containing OZ and every such prime ideal contains a minimal prime ideal
that also contains OZ, we conclude that \/Oiﬁ is the intersection of all
minimal prime ideals containing O£ . Furthermore, any minimal prime
ideals containing Of is contained in the maximal ideal MZ. Given our
hypothesis that there is only one minimal prime ideal contained in MZ,
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it follows that /O! is a minimal prime ideal, thus confirming that /O
is prime. U
For each prime ideal P in R.L, define

Op ={a e R.L|aB =0 for some 5 ¢ P}.

Thus, by Part (1) preceding Definition 5.9, we have O = O for any
maximal I € SyL. Thus, we directly obtain the following result from
Lemma 2.1 in [5].

Lemma 5.12. Let L be a zero-dimensional. Then, for any mazimal

element I of ByL,
ReL

o

=RcL, -
The following result is immediate because of [5, Theorem 2.2, Corol-

lary 2.4], Theorem 5.10, and the preceding lemma.

Corollary 5.13. The following statements are equivalent for a zero-
dimensional frame L.

1. L is an F.-frame.

2. RcL s locally a domain, that is, the localization R.Lp is domain
for ever prime ideal P of R.L.

3. The localization R.Lys is domain for ever maximal ideal M of

ReL.
4. Fvery prime ideal of R.L contains a unique minimal prime ideal.

5. RcL is locally uniform, that is, for any prime ideal P of R.L, any
two nonzero ideal in R.Lp intersect non-trivially.

The paragraph following definition 5.3 confirms that c-basically dis-
connected frames are F.-frames. We will now explore the situation in
which the converse is also valid. We begin with the following definition.

Definition 5.14. A frame L is c-cozero-complemented if for each
a € Coz.L, there exists b € Coz.L such that aAb= L and (aVb)* = L.
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Theorem 5.15. A frame L is c-basically disconnected if and only if it
s a c-cozero complemented F.-frame.

Proof. Let L be a c-basically disconnected frame, which implies that
a* VvV a*™* =T for each a € Coz.L . Consequently, the following holds:

(avVa ) =a*Na™ =a™ Na™ = (a™Va) =T"= L.

This shows that L is c-cozero complemented since a A a* = L. Thus,
the proof of the ”if” part is complete.

Conversely, let L be a c-cozero complemented F,.-frame. To show
that L is a c-basically disconnected frame, consider a € Coz.L. Since L
is c-cozero complemented, there exists b € Coz.L such that a Ab = L
and (a VvV b)* = L. The latter implies that a* A b* = L, so a** > b*.
Since L is an Fe-frame and a A b = 1, we can find ¢,d € Coz.L such
that cvVd =T and cAa = L = bAd. Consequently, we have a* > ¢ and
b* > d. Therefore,

a*Vva* >b*Vva* >evd=T,

establishing that L is a c-basically disconnected frame. O

As usual, let Min(R.L) denote the space of minimal prime ideals of
R.L with the hull-kernel topology. In the proof of the next proposition,
we use the fact that for a reduce ring R, the space of minimal prime ideals
Min(R) is compact if and only if for any x € R, there exists a finitely
generated ideal J C Ann(z) such that Ann(J,z) = 0 (see Theorem 4.3

in [19]).
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Proposition 5.16. A zero-dimensional frame L is c-cozero-complemented

if and only if the space Min(R.L) is compact.

Proof. Let L is c-cozero-complemented and a@ € R.L. We need to
show the existence of a finitely generated ideal J C Ann(«) such that
Ann(J,a) = {0}. Given that L is c-cozero-complemented, there exists
B € R.L such that coz(a) A coz(8) = L and coz(a) V coz(f) is dense.
This implies that coz(a? + 3?) is dense, showing that a? + 52 is not a
zero-divisor by Corollary 4.3. Let J = (). Since coz(a3) = L, we have
J C Ann(a). Furthermore, Ann(J, ) = {0} because (J, ) includes
a? + 32, which is not a zero-divisor.
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Conversely, suppose that Min(R.L) is compact, and let a € Coz, L.
Choose o € R.L such that a = coz(a), leading to a = coz(a?). Thus,

there exists a finitely generated ideal J = (f1,052,...,0,) with
J C Ann(a) and Ann(J,a) = {0}. Define b = coz(f? + --- + 32).
Given that af; = 0 for each i = 1,...,n, we have

anb = coz(a?®) Acoz(Bi+- -+ 32) = coz(a®(Bi+---+52)) = coz(0) = L.

Furthermore, a V b = coz(a? + % + --- 4+ B2). To conclude, we need
to prove that o? + ﬂ% + -+ B2 is not a zero-divisor. Assume there
exists 6 € R.L such that 6(a? + 8% + --- + B2) = 0. This implies that
§ € Ann(J, a), leading to § = 0. Therefore, a® + 7 + --- + 52 is not a
zero-divisor, completing the proof. O

Theorem 5.15 and Proposition 5.16 together lead to the following
corollary.

Corollary 5.17. A zero-dimensional frame L is c-basically disconnected
if and only if it is an F.-frame and Min(R.L) is compact.
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