
Journal of Mathematical Extension
Journal Pre-proof
ISSN: 1735-8299
URL: http://www.ijmex.com
Original Research Paper

Exploring the Presence of Positive Solutions in
a Fractional Equation Featuring Dual Integral

and Derivative Boundary Conditions under the
p-Laplacian Operator

B. Mohammadiyan
Azarbaijan Shahid Madani University

A. Ahmadkhanlu∗

Azarbaijan Shahid Madani University

M. E. Samei
Bu-Ali Sina University

Abstract. In this article, we investigate the existence of a positive
solution for a fractional differential equation with dual derivative and
integral boundary conditions and the uniqueness of this solution. In this
regard, we use fixed point theorems in collective operators of Banach
spaces. Using the results of the main theorem, in addition to finding
a positive solution, we can use an iterative scheme to approximate this
differential equation and show this issue with an example.

AMS Subject Classification: 34A08; 34A12
Keywords and Phrases: Positive solution; fixed point; fractional
differential equation; Riemann–Liouville fractional derivative; existence
and uniqueness

Received: January 2025; Accepted: July 2025
∗Corresponding Author:ahmadkhanlu@azaruniv.ac.ir

1



2 B. MOHAMMADIYAN, A. AHMADKHANLU AND M. E. SAMEI

1 Introduction

Today, the use of fractional differential equations (FDEs) in sciences
such as engineering, chemistry, mechanics, biology, economics, etc. is
not hidden from anyone’s eyes [3, 5, 7, 8, 10–14, 16, 19–24, 26, 27, 29–
31]. Recently, investigating the existence of positive solutions of frac-
tional differential equations with multiple conditions has become very
important and has attracted significant comments [3, 7, 12, 21, 27, 30].
Also, investigating the uniqueness of these solutions for nonlinear FDEs
has been significant for authors and researchers and has been stud-
ied [5, 13, 24, 26, 29].

Zhao et al. were able to check the existence of positive solutions
for FDEs with integral boundary condition for continuous operators by
using the Guo–Krasnosel’skii’s fixed point theorem. They stated that
this class of equations with these conditions can satisfy sub-linear or
super-linear conditions [31]. But they could not express repeated plans
to approximate the existence of a suitable solution. After that, Sun et
al., in [22], built a completely continuous operator and using the iteration
method, they investigated the following FDE with an integral boundary
condition

Dς
0+
w(ϱ) + ℏ(ϱ) + V (ϱ,w(ϱ)) = 0, ϱ ∈ Y := (0, 1),

w(0) = w′(0) = 0, w(1) =

∫
Y:=[0,1]

z(υ) dυ,

in which Dς
0+

is the standard Riemann–Liouville fractional derivative of
order 2 < ς ≤ 3. The researchers presented the existence of a positive
solution to the problem and were able to express a sequence by iteration
with an approximation for an initial value. But the uniqueness of the an-
swer is still not provided [22, 31]. Roomi et al. obtained some existence
results of solutions for the following fractional differential inclusions in-
volving Caputo type fractional derivative, with boundary conditions,

CDς1w(ϱ) ∈ V
(
ϱ,w(ϱ),CDς2w(ϱ)

)
, ςi, ϱ ∈ Y,

w(1) = w′(1) =

∫ κ

0
z(υ) dυ, w(0) = 0, κ ∈ Y,
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based on the fixed point theorems, where V : [0, 1]×R2 → 2R denotes a
compact valued multifunction [17]. Afshari et al. examined the existence
of solutions of the initial boundary value problem by utilizing the new
generalized contraction of the form

ABC
aDς1w(ϱ) = V1

(
ϱ,w(ϱ)

)
+

∫ κ

0
V2

(
ϱ, υ,w(υ)

)
dυ,= 0,

w(a) = wa, V1

(
ϱ,w(ϱ)

)∣∣∣
a
= 0,

where ς ∈ Y ∪ {1}, V1 ∈ C
(
[a, b],×R

)
and V2 ∈ C

(
[a, b],×R2

)
[1, 2, 4,

6, 15]. Further, they investigated the existence of solutions for a class
of χ-Caputo FDEs and an inclusion problem of the form,

CDς,χ
0 w(ϱ) = V1

(
ϱ,w(ϱ)

)
,

CDς,χ
0 w(ϱ) ∈ V2

(
ϱ,w(ϱ)

)
,

for ϱ ∈ [a, b], 1 < ς < 2, equipped with nonlocal χ-integral boundary
conditions

w(a) = 0, w(b) =
n∑

i=1

βi
RLDςi,χ

0 w(σi),

for ςi > 0, βi ∈ R, a < σi < b, V1 : [a, b]×R → R, V2 : [a, b]×R → P(R)
is a set-valued compact map [18].

Now, motivated the idea from [22], in this article, we consider the
following system of FDE with dual derivative and integral boundary
conditions with p-Laplacian operator,

Φp

(
Dς1
0+
w1(ϱ)

)
+ V1

(
ϱ,w1(ϱ)

)
= 0,

Φp

(
Dς2
0+
w2(ϱ)

)
+ V2

(
ϱ,w2(ϱ)

)
= 0,

...
Φp

(
Dςk
0+
wk(ϱ)

)
+ Vk

(
ϱ,wk(ϱ)

)
= 0,

(1)

for ϱ ∈ Y, 2 < ςi ≤ 3 under,
wi(0) = 0, wi

′(1) = 0

wi(1) = Iαi

0+
Zi

(
υ,wi(υ)

)∣∣∣
pi=η

=

∫ η

0

(η−υ)αi−1

Γ(αi)
Zi

(
υ,wi(υ)

)
dυ,
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where Dςi
0+

is the standard Riemann-Liouville fractional derivative of
order 2 < ςi ≤ 3 and αi ∈ Y, η ∈ Y and Φp(s) = |s|p−2s, p > 1,
Φq = (Φp)

−1, p+ q = pq.
In this paper, we are interested in presenting several alternative solu-
tions to the main results of these papers [22, 31]. In this regard, we use
two fixed point theorems to express the existence and uniqueness of pos-
itive solutions for FDEs (1). Also, we can construct multiple sequences
to approximate the uniqueness of the solution. By comparing the main
results of this paper with the results of paper [19, 22, 23, 31], we can
obtain the uniqueness of positive solutions for FDEs (1). In a partic-
ular set for each initial value we can construct an iterative scheme to
approximate the unique solution. Also, in this article, we do not assume
requirements such as being super-linear or sub-linear or bounded.

In Section 2, we recall some essential definition of fractional quan-
tum calculus. Section 3 contains our main results in this work, while
an example is presented to support the validity of our obtained results.
stability results are extensively discussed in Section 4. An illustrative
example with some needed algorithms for the problem are given in Sec-
tion 5. Finally, the conclusion are presented.

2 Preliminaries

For ease of further work, we state here the definitions, main lemmas and
fixed point theorems that help to prove our main result.

Suppose that ζ > 0 and Γ(ζ) shows the gamma function. The
Riemann-Liouville fractional integral and derivative of order ζ for the
function w(z) defined in the interval [0,∞) are defined as follows

Iζ
0+
w(z) =

∫ z

0

(z−υ)ζ−1

Γ(ζ) w(υ) dυ, z > 0,

Dζ
0+
w(z) =

(
d
dz

)m ∫ z

0

(z−υ)m−ζ−1

Γ(m−ζ) w(υ) dυ,

where m = [ζ] + 1 [20].
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Lemma 2.1 ([20]). Let w ∈ L1(Y) ∩ C(Y) with a fractional derivative
of order ζ > 0 that belongs to L1(Y) ∩ C(Y). Then

Iζ
0+

(
Dζ
0+
w(ϱ)

)
= w(ϱ) +

m∑
i=0

d̃iϱ
i, m = [ζ] + 1.

Now, we will introduce some familiar signs (refer to [9, 25, 28] for
more details). Consider (F , ∥ · ∥) to be a real Banach space and w to be
zero element of F space. An infinite and convex subset like Q of F is
called a cone if it has the following conditions.

a) w ∈ F , λ ≥ 0 → λw ∈ Q;
b) w ∈ Q → −w ∈ Q → w = θ, with the zero element θ of F .
The subset W is partially ordered by cone Q, i.e., w ≤ ẃ if and only

if ẃ − w ∈ Q. A cone like Q is called normal if there exists a fixed
number like N such that for every w, ẃ ∈ F , such that θ ≤ w ≤ ẃ,
we have ∥w∥ ≤ N∥ẃ∥. In this case, N is called the normal constant
of the cone Q. We consider the operator Ω : F → F to be increasing
(decreasing) when Ω(w) ≤ Ω(ẃ) results from w ≤ ẃ, (Ω(ẃ) ≤ Ω(w)).
For each w, ẃ ∈ F , we define the symbol ∗ such that there exists λ > 0
and ν > 0 such that λw ≤ ẃ ≤ νw. Clearly, ∗ defines an equivalence
relation. Given j > 0, we denote by Qj the set Qj =

{
w ∈ F : w ∗ j

}
.

It is clear to show Qj ⊂ Q.
Let δ be a real number such that 0 < δ < 1. An operator Ω : Q → Q

said to be δ − concave if it satisfies Ω(λw) > λδΩ(w) for each w ∈ Q
and 0 < λ < 1. An operator Ω : F → F is said to be homogeneous
if it satisfies Ω(λw) = λΩ(w) for all λ > 0 and w ∈ F . An operator
Ω : Q → Q is said to be sub-homogeneous if it satisfies Ω(λw) > λΩ(w)
for all λ > 0, w ∈ Q. In [25, 28], the authors have considered the
following addition operator equation,

Ω1(w) + Ω2(w) = w, (2)

where Ωi : Q → Q are monotone operators.

Theorem 2.2 ([28]). Consider Q ⊂ F be a normal cone in a real Ba-
nach space F , Ω1 : Q → Q be an increasing δ − concave operator, and
Ω2 : Q → Q be an increasing sub-homogeneous operator. Let
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1) there exists j > δ such that Ω1j ∈ Qj and Ω2j ∈ Qj;
2) there exists θ0 > 0 such that Ω1(w) ≥ θ0Ω2(w) for all w ∈ Q.

Then, the operator Eq. (2) has a unique solution w∗ ∈ Qj. Also, con-
structing successively the sequence

wm = Ω1 (wm−1) + Ω2 (wm−1) , m ∈ N,

for any initial value w0 ∈ Qj, we have wm → w∗ as m → ∞.

Theorem 2.3 ([25]). Consider Q be a normal cone in a real Banach
space F , Ω1 : Q → Q be an increasing operator, and Ω2 : Q → Q be a
decreasing operator. Let

1) for any w ∈ Q and p ∈ Y, there exist φi(p) ∈ (p, 1), i = 1, 2, such
that

Ω1(pw) ≥ φ1(p)Ω1(w), Ω2(pw) ≤ Ω2(w)
φ2(p)

; (3)

2) there exists j0 ∈ Qj such that Ω1j0 +Ω2j0 ∈ Qj.

Then, the operator Eq. (2) has a unique solution w∗ ∈ Qj. Moreover, for
any initial values w0, ẃ0 ∈ Qj, constructing successively the sequences

wm = Ω1 (wm−1) + Ω2 (wm−1) ,

ẃm = Ω1 (ẃm−1) + Ω2 (wm−1) ,

m ∈ N, we have wm → w∗, ẃm → ẃ∗ as m → ∞.

Remark 2.4. When Ω2 is a null operator, Theorems 2.2 and 2.3 also
hold.

3 Existence Results
In this part, by applying Theorems 2.2 and 2.3, we will examine the
solution for FDE (1) and prove the uniqueness of this positive solution.

Let F ×F × · · · ×F ⊂ C(Y)×C(Y)× · · · ×C(Y),Y0 := [0,∞) . We
denote the

F =
{
w ∈ C(Y) : w(ϱ) > 0, ϱ ∈ Y, i = 1, 2, . . . , k

}
,



EXPLORING THE PRESENCE OF POSITIVE SOLUTIONS ... 7

with the norm

∥wi(ϱ)∥ = max
{
max
ϱ∈Y

|wi(ϱ)| : i = 1, 2, . . . , k
}
.

For (w1,w2, . . . ,wk) ∈ F × F × · · · × F and so

∥(w1,w2, . . . ,wk)∥ = max
{
∥w1∥, ∥w2∥, . . . , ∥wk∥

}
.

It is clear that
(
F ×F × · · · ×F , ∥(w1,w2, . . . ,wk)∥

)
is a Banach space.

Define set

Q =
{
w ∈ F : w(ϱ) ≥ 0, i = 1, 2, . . . , k, ϱ ∈ Y

}
.

and Z = Q×Q× · · · × Q, then Z is a normal cone is endowed with an
order relation: (

w1,w2, . . . ,wk

)
≤

(
ẃ1, ẃ2, . . . , ẃk

)
,

with

ẃi ∈ F ⇔ w1(ϱ) ≤ ẃ1(ϱ),w2(ϱ) ≤ ẃ2(ϱ), . . . ,wk(ϱ) ≤ ẃk(ϱ),

for 0 ≤ ϱ ≤ 1. We state the next key lemma.

Lemma 3.1. Consider w : Y → Y0 with w ∈ L1(Y). The following prob-
lem with the boundary condition of the first and second order derivatives
and the integral with p-Laplacian operator

Φp

(
Dς
0+
w(ϱ)

)
+ V (ϱ,w(ϱ)) = 0, ϱ ∈ Y,

w(0) = 0, w′(1) = 0,

w(1) = Iα
0+Z

(
υ,w(υ)

)∣∣∣
p=η

=

∫ η

0

(η−υ)α−1

Γ(α) Z
(
υ,w(υ)

)
dυ,

has the solution

w(ϱ) =

∫
Y
K(ϱ, υ)hw(υ) dυ

+ ϱς−1
(
2 + (ς − 1)ϱ−1

) ∫ η

0

(η−υ)α−1

Γ(α) Z
(
υ,w(υ)

)
dυ.
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where 2 < ς ≤ 3, 0 < α < 1 and for ϱ ∈ Y, υ ∈ Y,

K(ϱ, υ)

= 1
Γ(ς)



ϱς−1
[(

(ς − 2)− ϱ−1(ς − 1)
)
(1− υ)ς−1

+(ς − 1)(ϱ−1 − 1)(1− υ)ς−2
]
+ (ϱ− υ)ς−1, υ < ϱ,

ϱς−1
[(

(ς − 2)− ϱ−1(ς − 1)
)
(1− υ)ς−1

+(ς − 1)(ϱ−1 − 1)(1− υ)ς−2
]
, ϱ < υ.

(4)

and so hw(ϱ) = Φq

(
V
(
ϱ,w(ϱ)

))
,

Proof. At first, we have (1) according to

Φp

(
Dς
0+
w(ϱ)

)
= −V

(
ϱ,w(ϱ)

)
⇒ Dς

0+
w(ϱ) = Φq

(
V (ϱ,w(ϱ))

)
= hw(ϱ),

we have
Iς

(
Dς
0+
w(ϱ)

)
= Iςhw(ϱ).

Therefore, according to Lemma (1), we have

w(ϱ) = Iςhw(ϱ) + d̃1ϱ
ς−1 + d̃2ϱ

ς−2 + d̃3ϱ
ς−3.

According to the first condition of problem w(0) = 0, we have that
d̃3 = 0. In the following, we have a problem according to the second
condition

w(1) =

∫
Y

(1−υ)ς−1

Γ(ς) hw(υ) dυ + d̃1 + d̃2

=

∫ η

0

(η−υ)α−1

Γ(α) Z
(
υ,w(υ)

)
dυ.

Hence,

d̃1 + d̃2 =

∫ η

0

(η−υ)α−1

Γ(α) Z
(
υ,w(υ)

)
dυ −

∫
Y

(1−υ)ς−1

Γ(ς) hw(υ) dυ.

According to the third condition, we have the problem that

d̃1(ς − 1) + d̃2(ς − 2) = −
∫
Y

(1−υ)ς−2

Γ(ς−1) hw(υ) dυ.



EXPLORING THE PRESENCE OF POSITIVE SOLUTIONS ... 9

Therefore, the above relations imply that

d̃1 = 2

∫ η

0

(η−υ)α−1

Γ(α) Z
(
υ,w(υ)

)
dυ

+ (ς − 2)

∫
Y

(1−υ)ς−1

Γ(ς) hw(υ) dυ −
∫
Y

(1−υ)ς−2

Γ(ς−1) hw(υ) dυ,

and

d̃2 =

∫
Y

(1−υ)ς−2

Γ(ς−1) hw(υ) dυ + (ς − 1)

∫ η

0

(η−υ)α−1

Γ(α) Z
(
υ,w(υ)

)
dυ

− (ς − 1)

∫
Y

(1−υ)ς−1

Γ(ς) hw(υ) dυ.

These imply that

w(ϱ) =

∫ ϱ

0

(ϱ−υ)ς−1

Γ(ς) hw(υ) dυ

+ ϱς−1

Γ(ς)

[
− (ς − 1)ϱ−1

∫
Y
(1− υ)ς−1hw(υ) dυ

+ (ς − 2)

∫
Y
(1− υ)ς−1hw(υ) dυ

− (ς − 1)

∫
Y
(1− υ)ς−2hw(υ) dυ

+ (ς − 1)ϱ−1

∫
Y
(1− υ)ς−2hw(υ) dυ

+ ϱς−1

Γ(α)

[
2

∫ η

0
(η − υ)α−1Z

(
υ,w(υ)

)
dυ

+ (ς − 1)ϱ−1

∫ η

0
(η − υ)α−1Z

(
υ,w(υ)

)
dυ

]
,

so

w(ϱ) =

∫
Y
K(ϱ, q)hw(υ) dυ

+ ϱς−1
(
2 + (ς − 1)ϱ−1

) ∫ η

0

(η−υ)α−1

Γ(α) Z
(
υ,w(υ)

)
dυ.

This complete the proof. □
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It is clear that the function K(ϱ, υ) is defined by (4) and hw(ϱ) =
Φq

(
V (ϱ,w(ϱ))

)
has the following properties [27],

ϱς−1(ϱ−1(ς−1)−(ς−2))(1−υ)ς−1

ς5Γ(ς)
≤ K(ϱ, υ) ≤ ϱς−1((1−υ)ς−1+(1−υ)ς−2)

Γ(ς) . (5)

This relationship has also been verified in MATLAB. Now, for the con-
tinuous functions Vi(ϱ,w), we have

(w1,w2, . . . ,wk) ∈ C(Y)× C(Y)× · · · × C(Y),

is a solution of system of FDE (1) if and only if (w1,w2, . . . ,wk) is a
solution of the integral equations,



w1(ϱ) =

∫
Y
K1(ϱ, υ)hw1(υ) dυ

+ϱς1−1
(
2 + (ς1 − 1)ϱ−1

)
×
∫ η

0

(η−υ)α1−1

Γ(α1)
Z1

(
υ,w1(υ)

)
dυ,

w2(ϱ) =

∫
Y
K2(ϱ, υ)hw2(υ) dυ

+ϱς2−1
(
2 + (ς2 − 1)ϱ−1

)
×
∫ η

0

(η−υ)α2−1

Γ(α2)
Z2

(
υ,w2(υ)

)
dυ,

...

wn−1(ϱ) =

∫
Y
Kn−1(ϱ, υ)hwn−1(υ) dυ

+ϱςn−1−1
(
2 + (ςn−1 − 1)ϱ−1

)
×
∫ η

0

(η−υ)αn−1−1

Γ(αn−1)
Zn−1

(
υ,wn−1(υ)

)
dυ,

wn(ϱ) =

∫
Y
Kn(ϱ, υ)hwn(υ) dυ

+ϱςn
(
2 + (ςn − 1)ϱ−1

)
×
∫ η

0

(η−υ)αn−1

Γ(αn)
Zn

(
υ,wn(υ)

)
dυ,

(6)
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where Ki(ϱ, υ) is given for υ ∈ Y, ϱ ∈ Y by,

Ki(ϱ, υ) =
1

Γ(ςi)

×



ϱςi−1
[(

(ςi − 2)− ϱ−1(ςi − 1)
)
(1− υ)ςi−1

+(ςi − 1)(ϱ−1 − 1)(1− υ)ςi−2
]
+ (ϱ− υ)ςi−1, υ < ϱ,

ϱςi−1
[(

(ςi − 2)− ϱ−1(ςi − 1)
)
(1− υ)ςi−1

+(ςi − 1)(ϱ−1 − 1)(1− υ)ςi−2
]
, ϱ < υ,

(7)

with i(ϱ) = ϱςi−1 and so hwi(ϱ) = Φq

(
V (ϱ,wi(υ))

)
. We define the

operator Ωi, i = 1, 2 for ϱ ∈ Y, as
Ω1i(wi)(ϱ) =

∫
Y
Ki(ϱ, υ)hwi(υ) dυ, i = 1, 2, . . . , n

Ω2i(wi)(ϱ) = ϱςi−1
(
2 + (ςi − 1)ϱ−1

)
×
∫ η

0

(η−υ)αi−1

Γ(αi)
Zi

(
υ,wi(υ)

)
dυ.

(8)

Now, wi answer to integral equation (6) if and only if wi = Ω1i(wi) +
Ω2i(wi).

Theorem 3.2. Suppose the following conditions are met

K1) Vi, Zi : Y×Y0 → Y0 are continuous and increasing with respect to
the second argument, Zi(ϱ, 0) ̸= 0;

K2) Zi(ϱ, λw) ≥ λZi(ϱ,w) for λ ∈ Y, ϱ ∈ Y, w ∈ Y0, and there exists a
constant δ ∈ Y such that Vi(ϱ, λw) ≥ λδVi(ϱ,w);

K3) there exists a constant δ0 > 0 such that Vi(ϱ,wi) ≥ δ0Zi(ϱ,w),
ϱ ∈ Y, w ≥ 0.

Then, system of FDE (1) has a unique positive solution(
w1

∗,w2
∗, . . . ,wn

∗) ∈ Qj ×Qj × · · · × Qj ,

where i(ϱ) = ϱςi−1, ϱ ∈ Y. And, for any initial value(
w01,w02, . . . ,w0n

)
∈ Qj ×Qj × · · · × Qj ,
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constructing successively the sequence

wi(m+1)(ϱ) =

∫
Y
Ki(ϱ, υ)hwim(ϱ) dυ

+ ϱςi−1
(
2 + (ςi − 1)ϱ−1

)
×
∫ η

0

(η−q)αi−1

Γ(αi)
Zi(υ,wim(υ)) dυ, m ∈ {0} ∪ N.

Then, we have wim(ϱ) → wi
∗(ϱ) as m → ∞.

Proof. According to Lemma 3.1, we know that system of FDE (1) has
an integral solution expressed by

wi(ϱ) =

∫
Y
Ki(ϱ, υ)hwi(υ) dυ

+ ϱςi−1
(
2 + (ςi − 1)ϱ−1

) ∫ η

0

(η−υ)αi−1

Γ(αi)
Zi

(
υ,wi(υ)

)
dυ,

where Ki(ϱ, υ) is given by (4) . Define two operators Ω1i : Q → Q and
Ω2i : Q → Q by

Ω1i(ϱ) =

∫
Y
Ki(ϱ, υ)hwi(υ) dυ,

Ω2i(ϱ) = ϱςi−1
(
2 + (ςi − 1)ϱ−1

) ∫ η

0

(η−υ)αi−1

Γ(αi)
Zi

(
υ,wi(υ)

)
dυ.

It can be seen that w is the solution of system of FDE (1) if and only
if wi = Ω1i(wi) + Ω2i(wi). From (K1), we know that Ω1i : Q → Q
and Ω2i : Q → Q. Next, we have to check that Ω1i and Ω2i satisfy
all the assumptions of Theorem 2.2. First, we prove that Ω1i, Ω2i are
two increasing operators. For ϖ1, ϖ2 ∈ Q with ϖ1 ≥ ϖ2, we have
ϖ1(ϱ) ≥ ϖ2(ϱ), ϱ ∈ Y, and, by (K1),

Ω1i(ϖ1(ϱ)) =

∫
Y
Ki(ϱ, υ)hiϖ1(υ) dυ

≥
∫
Y
Ki(ϱ, υ)hiϖ2(υ) dυ = Ω1i

(
ϖ2(ϱ)

)
.

That is, Ω1i

(
ϖ1(ϱ)

)
≥ Ω1i(ϖ2(ϱ)). By the same way, Ω2i

(
ϖ1(ϱ)

)
≥

Ω2i

(
ϖ2(ϱ)

)
. In the second part, we prove that Ω1i is a δ − concave
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operator and Ω2i is a sub-homogeneous operator. For any 0 < λ < 1
and wi ∈ Q, from (K2), we obtain

Ω1i(λwi)(ϱ) =

∫
Y
Ki(ϱ, υ)hiλwi

(υ) dυ

≥ λδ

∫
Y
Ki(ϱ, υ)hiwi(υ) dυ = λδΩ1iwi(ϱ).

Therefore, it shows that for 0 < λ < 1 and wi ∈ Q, the relation
Ω1i(λwi) ≥ λδΩ1i(wi) is established. So the operator Ω1i is a δ−concave
operator. Also, for any 0 < λ < 1 and wi ∈ Q, from (K2) we obtain,

Ω2i(λwi)(ϱ) = ϱςi−1
(
2 + (ςi − 1)ϱ−1

)
×
∫ η

0

(η−υ)αi−1

Γ(αi)
Zi

(
υ, λwi(υ)

)
dυ

≥ λϱςi−1
(
2 + (ςi − 1)ϱ−1

)
×
∫ η

0

(η−υ)αi−1

Γ(αi)
Zi

(
υ,wi(υ)

)
dυ

= λΩ2i(wi(ϱ)).

Therefore, it shows that for 0 < λ < 1 and wi ∈ Q, the relation
Ω2i(λwi)(ϱ) ≥ λΩ2i(wi) is established. So the operator Ω2i is sub-
homogeneous. In the following, we will show Ω1iii, Ω2iii ∈ Qj . From (K1)

Ω1iii(ϱ) =

∫
Y
Ki(ϱ, υ)hiii(υ) dυ

=

∫
Y
Ki(ϱ, υ)Φq

(
Vi(υ, υ

ςi−1)
)
dυ

≤ ϱςi−1

Γ(ςi)

∫
Y
((1− υi)

ςi−1 + (1− υi)
ςi−2)Φq

(
Vi(υ, 1)

)
dυ,

Ω1iii(ϱ) =

∫
Y
Ki(ϱ, υ)Φq

(
Vi(υ, υ

ςi−1)
)
dυ

≥ ϱς−1(ϱ−1(ς−1)−(ς−2))
ς5Γ(ς)

∫
Y
(1− υ)ςi−1Φq

(
Vi(υ, 0)

)
dυ.

From (K1) and (K3) we have Vi(υ, 1) ≥ Vi(υ, 0) ≥ δ0 Zi(υ, 0) ≥ 0. So

Φq (Vi(υ, 1)) ≥ Φq (Vi(υ, 0)) ≥ δ0 Zi(υ, 0) ≥ 0.
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Note that ςi − 1 > 0 and Zi(ϱ, 0) ̸= 0, we can get∫
Y

(
(1− υi)

ςi−1 + (1− υi)
ςi−2

)
Φq

(
Vi(υ, 1)

)
dυ

≥
∫
Y
(1− υ)ςi−1Φq

(
Vi(υ, 0)

)
dυ

≥ δ0

∫
Y
(1− υ)ςi−1Zi(υ, 0) dυ > 0.

Let

r1i =
ϱς−1(ϱ−1(ς−1)−(ς−2))

ς5Γ(ς)

∫
Y
(1− υ)ςi−1Φq

(
Vi(υ, 0)

)
dυ > 0,

r2i =
ϱςi−1

Γ(ςi)

∫
Y

(
(1− υi)

ςi−1 + (1− υi)
ςi−2

)
Φq

(
Vi(υ, 1)

)
dυ > 0. (9)

Then r2i ≥ r1i > 0 and thus r1iii(ϱ) ≤ Ω1iii(ϱ) ≤ r2iii(ϱ), ϱ ∈ Y. So we
have Ω1iii ∈ Qj . In the same way,

Ω2iii(ϱ) =
ϱςi−1(2+(ςi−1)ϱ−1)

Γ(ςi)

∫ η

0
(η − υ)αi−1 Zi

(
υ, υςi−1

)
dυ

≤ ϱςi−1(2+(ςi−1)ϱ−1)
Γ(ςi)

∫ η

0
(η − υ)αi−1Zi(υ, 1) dυ,

Ω2iii(ϱ) =
ϱςi−1(2+(ςi−1)ϱ−1)

Γ(ςi)

∫ η

0
(η − υ)αi−1Zi

(
υ, υςi−1

)
dυ

≥ ϱςi−1(2+(ςi−1)ϱ−1)
Γ(ςi)

∫ η

0
(η − υ)αi−1 Zi(υ, 0) dυ.

and

r3i =
2+(ςi−1)ϱ−1

Γ(ςi)

∫ η

0
(η − υ)αi−1Zi(υ, 1) dυ,

r4i =
2+(ςi−1)ϱ−1

Γ(ςi)

∫ η

0
(η − υ)αi−1 Zi(υ, 0) dυ. (10)

Also from Zi(ϱ, 0) ̸= 0 we can easily prove Ω2iii ∈ Qj . That is, con-
dition (1) of Theorem 2.2 holds. In the following, we will prove that
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condition (2) of Theorem 2.2 holds. For wi ∈ Q, by (K3),

Ω1i(wi(ϱ)) =

∫
Y
Ki(ϱ, υ)hiwi(υ) dυ

≥ δ0
ϱςi−1(2+(ςi−1)ϱ−1)

Γ(ςi)

×
∫ η

0
(η − υ)αi−1 Zi(υ, 0) dυ

= δ0Ω2i

(
wi(ϱ)

)
.

So we obtain Ω1i(wi) ≥ δ0Ω2i(wi), wi ∈ Q. In the last part according to
Theorem 2.2, we know that the operator Ω1i(wi) + Ω2i(wi) = wi has a
unique positive solution

(
w1

∗,w2
∗, . . . ,wn

∗) ∈ Qj×Qj×· · ·×Qj , where
i(ϱ) = ϱςi−1, ϱ ∈ Y. And, for any initial value(

w01,w02, . . . ,w0n

)
∈ Qj ×Qj × · · · × Qj ,

constructing successively the sequence

wi(m+1)(ϱ) =

∫
Y
Ki(ϱ, υ)hiwim(υ) dυ

+ ϱςi−1
(
2 + (ςi − 1)ϱ−1

)
×
∫ η

0

(η−υ)αi−1

Γ(αi)
Zi

(
υ,wim(υ)

)
dυ, m ∈ {0} ∪ N,

for i ∈ N, we have wim(ϱ) → wi
∗(ϱ) as m → ∞. □

Remark 3.3. Note that, when Zi(ϱ, 0) = 0 in condition (K1) then,
Ω2iJi ∈ Qj can not hold.
Theorem 3.4. Assume
K4) Vi : Y × Y0 → Y0 is continuous and increasing with respect to the

second argument, Vi(ϱ, 0) ̸= 0;

K5) Zi : Y × Y0 → Y0 is continuous and decreasing with respect to the
second argument, Zi(ϱ, 1) ̸= 0;

K6) there exists φi(λ) ∈ (λ, 1), (i = 1, 2), for λ ∈ Y, such that

Vi(ϱ, λwi) ≥ φ1i(λ)Vi(ϱ,wi), Zi(ϱ, λwi) ≤ Zi(ϱ,wi)
φ2i(λ)

,

for ϱ ∈ Y, wi ∈ Y0.
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Then problem (1) has a unique positive solution

(
w1

∗,w2
∗, . . . ,wn

∗) ∈ Qj ×Qj × · · · × Qj ,

where ii(ϱ) = ϱςi−1, ϱ ∈ Y. And, for any initial value

(
(w01,w02, . . . ,w0n), (ẃ01, ẃ02, . . . , ẃ0n)

)
∈ Qj ×Qj × · · · × Qj ,

constructing successively the sequences

wi(m+1)(ϱ) =

∫
Y
Ki(ϱ, υ)hiwim(υ) dυ

+ ϱςi−1
(
2 + (ςi − 1)ϱ−1

) ∫ η

0

(η−υ)αi−1

Γ(αi)
Zi

(
υ,wim(υ)

)
dυ,

ẃi(m+1)(ϱ) =

∫
Y
Ki(ϱ, υ)h́iwim(υ) dυ

+ ϱςi−1
(
2 + (ςi − 1)ϱ−1

) ∫ η

0

(η−υ)αi−1

Γ(αi)
Zi

(
υ, ẃim(υ)

)
dυ,

for m ∈ N, we have ẃim(ϱ) → wi
∗(ϱ),wim(ϱ) → wi

∗(ϱ) as m → ∞.

Proof. As in Theorem 3.2, we define operators Ω1i : Q → Q and
Ω2i : Q → Q as follows

Ω1i(wi(ϱ)) =

∫
Y
Ki(ϱ, υ)hiwi(υ) dυ,

Ω2i(wi(ϱ)) = ϱςi−1
(
2 + (ςi − 1)ϱ−1

) ∫ η

0

(η−υ)αi−1

Γ(αi)
Zi

(
υ, ẃim(υ)

)
dυ.

According to (K4) and (K5) we know that Ω1i : Q → Q is increasing
and Ω2i : Q → Q is decreasing. Also, it can be proved from (K5) that a
and b are satisfied in condition (1) of Theorem 2.3. Therefore, we have
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to prove it Ω1iii(ϱ) + Ω2iii(ϱ) ∈ Qj . From (K4) and (K5),

Ω1iii(ϱ) + Ω2iii(ϱ) =

∫
Y
Ki(ϱ, υ)hiii(υ) dυ

+
ϱςi−1(2+(ςi−1)ϱ−1)

Γ(ςi)

∫ η

0
(η − υ)αi−1Zi(υ, υ

ςi−1) dυ

≤ ϱςi−1

Γ(ςi)

∫
Y
((1− υi)

ςi−1 + (1− υi)
ςi−2)Φq

(
Vi(υ, 1)

)
dυ

+
ϱςi−1(2+(ςi−1)ϱ−1)

Γ(ςi)

∫ η

0
(η − υ)αi−1Zi(υ, 0) dυ

= ϱςi−1

[
1

Γ(ςi)

∫
Y
((1− υi)

ςi−1 + (1− υi)
ςi−2)Φq

(
Vi(υ, 1)

)
dυ

+ 2+(ςi−1)ϱ−1

Γ(ςi)

∫ η

0
(η − υ)αi−1Zi(υ, 0) dυ

]
,

and

Ω1iii(ϱ) + Ω2iii(ϱ) =

∫
Y
Ki(ϱ, υ)hiii(υ) dυ

+
ϱςi−1(2+(ςi−1)ϱ−1)

Γ(ςi)

∫ η

0
(η − υ)αi−1Zi(υ, υ

ςi−1) dυ

≥
∫
Y

ϱς−1(ϱ−1(ς−1)−(ς−2))
ς5Γ(ς)

(1− υ)ςi−1Φq

(
Vi(υ, 0)

)
dυ

+
ϱςi−1(2+(ςi−1)ϱ−1)

Γ(ςi)

∫ η

0
(η − υ)αi−1Zi(υ, 1) dυ

= ϱςi−1

[ ∫
Y

ϱ−1(ς−1)−(ς−2)
ς5Γ(ς)

(1− υ)ςi−1Φq

(
Vi(υ, 0)

)
dυ

+ 2+(ςi−1)ϱ−1

Γ(ςi)

∫ η

0
(η − υ)αi−1Zi(υ, 1) dυ

]
.

From (K4) and (K5), we have

Vi(υ, 1) + Zi(υ, 0) ≥ Vi(υ, 0) + Zi(υ, 1) ≥ 0.
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Note that ςi − 1 > 0 and Vi(ϱ, 0) + Zi(ϱ, 1) ̸= 0, we can get,∫
Y
(1− υ)ςi−1Φq (Vi(υ, 1)) dυ +

∫ η

0
(η − υ)αi−1Zi(υ, 0) dυ

≥
∫
Y
(1− υ)ςi−1Φq

(
Vi(υ, 0)

)
dυ

+

∫ η

0
(η − υ)αi−1Zi(υ, 1) dυ > 0.

Let

r5i =

∫
Y

ϱ−1(ς−1)−(ς−2)
ς5Γ(ς)

(1− υ)ςi−1Φq

(
Vi(υ, 0)

)
dυ

+ 2+(ςi−1)ϱ−1

Γ(ςi)

∫ η

0
(η − υ)αi−1Zi(υ, 1) dυ

r6i =
1

Γ(ςi)

∫
Y
((1− υi)

ςi−1 + (1− υi)
ςi−2)Φq

(
Vi(υ, 1)

)
dυ

+ 2+(ςi−1)ϱ−1

Γ(ςi)

∫ η

0
(η − υ)αi−1Zi(υ, 0) dυ. (11)

Then, r6i ≥ r5i > 0 and thus

r5iii(ϱ) ≤ Ω1iii(ϱ) + Ω2iii(ϱ) ≤ r6iii(ϱ), ϱ ∈ Y.

So we have Ω1iii + Ω2iii ∈ Qj . Finally, according to Theorem 2.3, we
know that operator Ω1i(wi) + Ω2i(wi) = wi has a unique solution(

w1
∗,w2

∗, . . . ,wn
∗) ∈ Qj ×Qj × · · · × Qj .

For any initial values(
(w01,w02, . . . ,w0n), (ẃ01, ẃ02, . . . , ẃ0n)

)
∈ Qj ×Qj × · · · × Qj ,

constructing successively, for the sequences

wim = Ω1i

(
wi(m−1)

)
+Ω2i

(
ẃi(m−1)

)
,

ẃim = Ω1i

(
ẃi(m−1)

)
+Ω2i

(
wi(m−1)

)
,
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for m ∈ N, we have wim → wi
∗, ẃim → ẃi

∗ as m → ∞. That is,
FDEs (1) has a unique positive solution ẃi

∗ in Qj , where ii(ϱ) = ϱςi−1,
ϱ ∈ Y. Also, for each initial value of

(
(w01,w02, . . . ,w0n), (ẃ01, ẃ02, . . . , ẃ0n)

)
∈ Qj ×Qj × · · · × Qj ,

we can make the following sequences

wi(m+1)(ϱ) =

∫
Y
Ki(ϱ, υ)hiwim(υ) dυ

+ ϱςi−1
(
2 + (ςi − 1)ϱ−1

)
×
∫ η

0

(η−υ)αi−1

Γ(αi)
Zi(υ,wim(υ)) dυ,

ẃi(m+1)(ϱ) =

∫
Y
Ki(ϱ, υ)h́iwim(υ) dυ

+ ϱςi−1
(
2 + (ςi − 1)ϱ−1

)
×
∫ η

0

(η−υ)αi−1

Γ(αi)
Zi(υ, ẃim(υ)) dυ,

for m ∈ N, we have wim(ϱ) → ẃi
∗(ϱ), ẃim(ϱ) → ẃi

∗(ϱ) as m → ∞. □

4 Numerical Examples

It is clear that there are many functions that apply in the conditions of
Theorems 3.2 and 3.4. We present two examples for the convenience of
the readers.
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Example 4.1. In the specific case, we consider the following 2D-FDEs,

Φp

(
Dς1
0+
w1(ϱ)

)
+
(
w1(ϱ)

)1/2
+ w1

2(ϱ)
3+w1(ϱ)

e2ϱ + a = 0,

Φp

(
D11/5
0+

w2(ϱ)
)
+

(
w2(ϱ)

)1/6
+

1/3w2(ϱ)
4+w2(ϱ)

e3ϱ + b = 0,

wi(0) = 0, w′
i(1) = 0, i = 1, 2,

w1(1) = I1/2
0+

Z1

(
υ,w1(υ)

)∣∣∣
p=1/2

=

∫ 1/2

0

( 1
2
−υ)

−1/2

Γ( 1
2)

Z1

(
υ,w1(υ)

)
dυ,

w2(1) = I1/2
0+

Z2

(
υ,w2(υ)

)∣∣∣
p=1/3

=

∫ 1/3

0

( 1
3
−υ)

−2/3

Γ( 1
3)

Z2

(
υ,w2(υ)

)
dυ,

(12)

for three values
ς1 ∈

{
29
10 ,

14
5 ,

13
5

}
⊂ (2, 3].

So ς2 =
11
5 ∈ (2, 3], α1 =

1
2 , α2 =

1
3 ∈ Y, η1 = 1

2 , η2 = 1
3 ∈ Y and δ1 =

1
2 ,

δ2 = 1
3 ∈ Y, where a, d > 0 is a constant. We take 0 < b < a, 0 < c < d

and let V1(ϱ,w1) = w1
1/2 + b, V2(ϱ,w2) = w2

1/6 + d,

Z1(ϱ,w1) =
w2

1(ϱ)
3+w1(ϱ)

e2ϱ + a− b,

Z2(ϱ,w2) =
1
3
w2(ϱ)

4+w2(ϱ)
e3ϱ + d− c.

Now, Vi, Zi : Y × Y0 → Y0, i = 1, 2 are continuous and increasing with
respect to the second argument, V1(ϱ, 0) = a − b > 0. In addition for
λ1 ∈ Y, ϱ ∈ Y, w1 ∈ Y0. We have,

Z1(ϱ, λ1w1) =
λ1w1

2

3+λ1w1
e2ϱ + a− b

≥ λ1w1
2

3+w1
e2ϱ + λ1(a− b) = λ1Z1(ϱ,w1),

and

Z2(ϱ, λ2w2) =
1
3
λ2w2

4+λ2w2
e3ϱ + d− c

≥ λ2( 1
3
w2)

4+w2
e3ϱ + λ2(d− c) = λ2Z2(ϱ,w2).
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So, we get Z1, Z2 are sub-homogenous.

V1(ϱ, λ1w1) = (λ1w1)
1/2 + b = λ1

1/2 w1
1/2 + b

≥ λ1
1/2 w1

1/2 + λ1
1/2b = λ1

1/2V1(ϱ,w1),

V2(ϱ, λ2w2) = (λ2w2)
1/6 + c = λ2

1/6 w2
1/6 + c

≥ λ2
1/6 w2

1/6 + λ2
1/6c = λ2

1/6V2(ϱ,w2).

Hence, V1, V2 are δ − concave. Moreover, if we take 0 < δ1 < b
e+a−b ,

0 < δ2 <
c

e+d−c , then we obtain,

V1(ϱ,w1) = w1
1/2 + b ≥ b = b

e+a−b(e+ a− b)

≥ δ1

(
w1

2

3+w1
e2ϱ + a− b

)
,

V2(ϱ,w2) = w2
1/6 + c ≥ c = c

e+d−c(e+ d− c)

≥ δ2

( 1
3
w2

4+w2
e3ϱ + d− c

)
,

and V1(ϱ,w1) ≥ δ1Z1(ϱ,w1), V2(ϱ,w2) ≥ δ2Z2(ϱ,w2). By taking a =
2.35, b = 1.63, c = 2.14, d = 3.18, one can choose 0 < δ1 < 1.63

e+0.72 ,
0 < δ2 < 2.14

e+1.03 and from Eq. (4), we found that Ineq. (5) holds as
shown in Table 1 for ϱ ∈ Y when υ = 0.29. In fact,

ϱς1−1

ς51Γ(ς1)

(
ϱ−1(ς1 − 1)− (ς1 − 2)

)
(1− υ)ς1−1

≃


0.001, ς1 = 29/10,
0.002, ς1 = 14/5,
0.003, ς1 = 13/5,

(13)

≤ K1(ϱ, υ) ≃


0.236, ς1 = 29/10,
0.218, ς1 = 14/5,
0.174, ς1 = 13/5,

(14)

≤


0.688, ς1 = 29/10,
0.776, ς1 = 14/5,
0.974, ς1 = 13/5,

 ≃ ϱς1−1((1−υ)ς1−1+(1−υ)ς1−2)
Γ(ς1)

, (15)
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and

ϱς2−1(1−υ)ς1−1

ς52Γ(ς2)

(
ϱ−1(ς2 − 1)− (ς2 − 2)

)
≃ 0.0116 (16)

≤ K2(ϱ, υ) ≃ 0.061

≤ 1.449 ≃ ϱς2−1((1−υ)ς2−1+(1−υ)ς2−2)
Γ(ς2)

. (17)

So, all the conditions of Theorem (3.2) are satisfied. Therefore, 2D-

Table 1: The results of Ineq. (13) for 2D-FDEs (12) with three values of derivative
order ς1 in Example 4.1 for ϱ ∈ Y when υ = 0.29.

ϱ ς1 = 29/10ς1 = 29/10ς1 = 29/10 ς1 = 14/5ς1 = 14/5ς1 = 14/5 ς1 = 13/5ς1 = 13/5ς1 = 13/5

K(ϱ, υ) (13) (15) K(ϱ, υ) (13) (15) K(ϱ, υ) (13) (15)
0.05 0.013 0.000 0.002 0.019 0.000 0.004 0.038 0.001 0.008
0.10 0.022 0.000 0.009 0.029 0.001 0.012 0.050 0.001 0.024
0.15 0.026 0.000 0.019 0.034 0.001 0.026 0.053 0.002 0.047
0.20 0.028 0.001 0.032 0.034 0.001 0.043 0.050 0.002 0.074
0.25 0.027 0.001 0.049 0.032 0.001 0.064 0.042 0.002 0.106
0.30 0.024 0.001 0.070 0.027 0.001 0.089 0.032 0.002 0.142
0.35 0.022 0.001 0.094 0.024 0.001 0.117 0.027 0.003 0.182
0.40 0.023 0.001 0.121 0.025 0.001 0.149 0.027 0.003 0.225
0.45 0.028 0.001 0.151 0.029 0.001 0.184 0.031 0.003 0.271
0.50 0.034 0.001 0.184 0.036 0.002 0.223 0.036 0.003 0.321
0.55 0.044 0.001 0.221 0.045 0.002 0.264 0.044 0.003 0.374
0.60 0.056 0.001 0.260 0.056 0.002 0.309 0.053 0.003 0.430
0.65 0.070 0.001 0.303 0.069 0.002 0.357 0.063 0.003 0.489
0.70 0.087 0.001 0.349 0.085 0.002 0.408 0.076 0.003 0.550
0.75 0.106 0.001 0.398 0.102 0.002 0.462 0.089 0.003 0.615
0.80 0.128 0.001 0.450 0.122 0.002 0.519 0.104 0.003 0.682
0.85 0.151 0.001 0.505 0.143 0.002 0.579 0.120 0.003 0.751
0.90 0.177 0.001 0.563 0.166 0.002 0.642 0.137 0.003 0.823
0.95 0.206 0.001 0.624 0.191 0.002 0.707 0.155 0.003 0.897
1.00 0.236 0.001 0.688 0.218 0.002 0.776 0.174 0.003 0.974

FDE (12) has a unique positive solution in Qj ×Qj, where i1(ϱ) = ϱ9/5,
i2(ϱ) = ϱ6/5, ϱ ∈ Y.
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Example 4.2. Consider the 2D-FDEs of the form,

Φp

(
D23/10
0+

w1(ϱ)
)
+
(
w1(ϱ)

)1/4
+ 2ϱ+1

1+2w1
2/3(ϱ)

+ a′ = 0,

Φp

(
Dς2
0+
w2(ϱ)

)
+

(
w2(ϱ)

)1/7
+ 5ϱ

1+w2
2/7(ϱ)

+ b′ = 0,

wi(0) = 0, w′
i(1) = 0, i = 1, 2,

w1(1) = I1/2
0+

Z1

(
υ,w1(υ)

)∣∣∣
p=1/2

=

∫ 1/2

0

( 1
2
−υ)

−1/2

Γ( 1
2)

Z1

(
υ,w1(υ)

)
dυ,

w2(1) = I1/4
0+

Z2

(
υ,w2(υ)

)∣∣∣
p=1/3

=

∫ 1/3

0

( 1
3
−υ)

−3/4

Γ( 1
4)

Z2

(
υ,w2(υ)

)
dυ,

(18)

for
ς2 ∈

{
28
13 ,

5
4 ,

12
5

}
⊂ (2, 3].

Clearly, ς1 = 23
10 ∈ (2, 3], α1 =

1
2 , α2 =

1
4 ∈ Y, η1 = 1

2 , η2 = 1
3 ∈ Y, where

a′, b′ > 0 is a constant, V1(ϱ,w1) = w1
1/4+a′, V2(ϱ,w2) = w2

1/7+ b′, and

Z1(ϱ,w1) =
2ϱ+1

1+2w1
2/3

, Z2(ϱ,w2) =
5ϱ

1+w1
2/7

.

V1, V2 : Y × Y0 → Y0 is continuous and increasing with respect to
the second argument, V1(ϱ, 0) = a′ > 0, V2(ϱ, 0) = b′ > 0. Z1, Z2 :
Y × Y0 → Y0 is continuous and decreasing with respect to the second
argument, Z1(ϱ, 1) = 2ϱ+1

3 ̸= 0, Z2(ϱ, 1) = 5ϱ
2 ̸= 0. In addition, let

φ11(λ1) = λ1
1/4, φ12(λ1) = λ1

2/3, φ21(λ2) = λ2
1/7, φ22(λ2) = λ2

2/7. Then
φ1i(λ1), φ2i(λ2) ∈ (λi, 1) for λi ∈ Y, i = 1, 2, we have,

V1(ϱ, λ1w1) = (λ1w1)
1/4 + a′ = λ1

1/4w1
1/4 + a′

≥ λ1
1/4w1

1/4 + λ1
1/4a′

= λ1
1/4V1(ϱ,w1) = φ11(λ1)V1(ϱ,w1),

Z1(ϱ, λ1w1) =
2ϱ+1

1+2λ1w1
2/3

≤ 2ϱ+1

λ1
2/3(1+2w1

2/3)
= Z1(ϱ,w1)

φ12(λ1)
,

V2(ϱ, λ2w2) = (λ2w2)
1/7 + b′ = λ2

1/7w2
1/7 + b′

≥ λ2
1/7w2

1/7 + λ2
1/7b′
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= λ2
1/7V2(ϱ,w2) = φ21(λ2)V2(ϱ,w2),

Z2(ϱ, λ2w2) =
5ϱ

1+λ1w1
2/7

≤ 5ϱ

λ2
2/7(1+w1

2/7)
= Z2(ϱ,w2)

φ22(λ2)
.

So all the condition of Theorem 3.4 are satisfied. Therefore, 2D-FDEs (18)
has a unique positive solution in Qj × Qj, where i1(ϱ) = ϱ13/10, i2(ϱ) =
ϱ15/13, ϱ ∈ Y.

5 Conclusion
In today’s world, the need to study natural phenomena and modeling
for these types of phenomena has increased significantly. In this regard,
fractional operators help researchers a lot for modeling. Fractional dif-
ferential problems can solve complex and different models. In this paper,
we investigated a FDE with derivative and integral boundary conditions
with p-Laplacian operator. We used some tools like conic metric space
and normal cone. We used the fixed point theorem in Banach and conic
space. In the end, we presented two examples to express our main re-
sults so that the reader can easily communicate with the article and the
results of the article become more concrete for the reader.
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(a) ς1 = 29/10
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(b) ς1 = 14/5
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(c) ς1 = 13/5

Figure 1: The curves of K1(ϱ, υ) and Ineqs. (13), (15) for 2D-FDEs (12) with
three values of derivative order ς1 in Example 4.1 for ϱ ∈ Y when υ = 0.29.
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Figure 2: Representation of K2(ϱ, υ) and Ineqs. (16), (17) for 2D-FDEs (12)
with derivative order ς2 = 11

5 in Example 4.1 for ϱ ∈ Y when υ = 0.29.
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