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1 Introduction

Throughout this paper, R is a non-trivial commutative ring with an
identity element, S is a multiplicatively closed subset (m.c.s) of R with
1 € S and M is a unitary R-module. The main purpose of this ar-
ticle is to introduce and investigate some properties of the concept of
¢-0-S-primary submodules, which is a generalization of the ¢-d-primary
submodules and prime submodules [5, 7]. Also, this concept is a gen-
eralization of the concept of ¢-0-S-primary ideals in [6]. We first state
the necessary definitions and preliminaries. Suppose that £(R) is the
lattice of all ideals of R and £(M) is the lattice of all submodules of M.
Let the function 6 : £L(R) — L(R) be an expansion function on L£(R)
[12] and ¢ : L(M) — L(M)U{0} be a reduction function on L£(M) [11].
For example the functions 6;4(1) = I and 6,qq() = VT are expansion
functions for every I € L(R) and ¢(N) = 0 and ¢(N) = {0} for every
N € L(M) are reduction functions. Let N € L(M), J € L(R) and K
be a submodule of M. The ideal quotient (N :p K) and the submod-
ule (N :ps J) are defined as follows. (N:gK) ={r€ R|rK C N} and
(N:prJ) ={m € M | mJ C N}. Particularly, we use (/N : M) instead of
(N :r M) for simplicity. The concepts of prime ideal and prime submod-
ule play a fundamental role in commutative algebra. They play the same
role as prime numbers in number theory. As such, we intend to present a
new generalization of them in module theory. In [7, 8], a proper submod-
ule N of M is called prime (Primary) submodule, whenever am € N for
mé&e M anda € R, thenm € Norae (N:M)(ae/(N:M))(1984).
In [11], Zamani extended the concept of prime submodules to the con-
cept of ¢-prime submodules, where ¢ is a reduction function (2010). A
proper submodule N of M is called the ¢-prime submodule, whenever
am € N\¢(N) for m € M and a € R, then m € N or a € (N : M).
Also in [5], Ersoy extended the concept of ¢-prime submodules to the
concept of ¢-d-primary submodules, where ¢ is a reduction function
and § is an expansion function (2022). A proper submodule N of M
is called ¢-0-primary submodule, whenever am € N\¢(N) for m € M
and a € R, then m € N or a € §(N : M). In this paper, we introduce
the concept of ¢-9-S-primary submodule, where S is a (m.c.s) subset
of R with 1 € §. The new proposed concept is a generalization of ¢-
d-primary submodules. Let N be a proper submodule of M, such that
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S(N:M)NS=0. Wesay N is a ¢-0-S-primary submodule associated
to s € S, whenever am € N\¢(N) for m € M and a € R, then sm € N
or sa € §(N : M). In particular, if (N) =0, 6(I) = I and S = {1},
then the concepts of prime submodule and ¢-6-S-primary submodule
coincide. According to Example 2.6, ¢-0-S-primary submodule will be a
generalization of the ¢-prime, S-primary and ¢-d-primary submodules,
but the converse is not true in general (Example 2.11). In a recent study
[6], Jaber defined the concept of ¢-d-S-primary ideals. A proper ideal I,
with TN S = 0, is called ¢-0-S-primary ideal of R associated to s € S,
whenever ab € I\¢(I) then sa € I or sb € 6(I) (2023). Thus, the con-
cept of ¢-0-S-primary submodules in module theory can be considered
as the equivalent definition of ¢-d-S-primary ideals in ring theory.

This paper is organized as follows. In section 2, we propose some
well-known properties, results and illustrative examples about ¢-9-S5-
primary submodules. One of the important theorems of this section is
Theorem 2.15, which provides equivalent conditions to the main defi-
nition. Moreover, we present and analyse some results to examine the
behavior of ¢-0-S-primary submodules in the fractions modules, multi-
plication modules and finitely generated modules.

Section 3 concerns the images and the inverse images of ¢-6-5-
primary submodules. We primarily show that the images and the inverse
images of ¢-§-S-primary submodules are also preserved under epimor-
phisms (Theorem 3.2). The most significant result of this section is
Theorem 3.4, which demonstrates the existence of a one-to-one corre-
spondence between the set of all ¢-0-S-primary submodules of M con-
taining K and the set of all ¢-9-S-primary submodules of % In the
last section, we investigate the ¢-0-S-primary submodules in the direct
product of modules and amalgamation modules. It is noteworthy that,
if N; is ¢;-0;-S;-primary submodule of M;, for i = 1,2, then N7 x N»
is not necessarily a ¢x-0x-S-primary submodule. See Example 4.6 for
more details.

2 Properties of ¢-6-S-Primary Submodules

Let R be a non-trivial commutative ring with unity 1 # 0 and £(R) be
the lattice of all ideals of R. The ideal expansion function on £(R) is
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defined as follows.

Definition 2.1. A function 6 : L(R) — L(R) is called an ideal ex-
pansion of L(R) if whenever I,J are ideals of R with I C J, then
0(I) Co(J) and I C6(I) [12].

In the following, we give examples of the ideal expansion on L(R).

Example 2.2. Consider I € L(R).

(1) 6;4(I) = I, which is called the identity expansion.

(2) 6raa(I) = VI, which is called the radical expansion.

(3) For an arbitrary fixed J € L(R), consider dpes(I) = (I : J).

It is clear that £(M) is a complete lattice concerning set inclusion.
Now, in the following, we recall the definition of the submodule reduction
function on L(M).

Definition 2.3. Let M be an R-module and L(M) be the lattice of all
submodules of M. A function ¢ : L(M) — L(M) U {0} is called a
submodule reduction of M if whenever N, K are submodules of M with
N C K, then ¢(N) C ¢(K) and (N) C N [11].

Now we give examples of the submodule reduction on £(M).

Example 2.4. Let N € L(M).
(1) ¢op(N) =0

(2) ¢o(N) = {0}

(3) ¢ia(N) = N

In the following, we present the ¢-0-S-primary submodules as an
extension of ¢-6-S-primary ideals, based on definition introduced by
Jaber in [0].

Definition 2.5. (1) Let N be a proper submodule of M, and S be a
multiplicatively closed subset of R such that SN §(N : M) = (. The
submodule N is said to be 6-S-primary submodule of M associated to
s € S, if whenever am € N, then sa € §(N : M) or sm € N for all
a€ RRmeM.

(2) Let N be a proper submodule of M such that SN (N : M) = 0.
The submodule N is said to be ¢p-6-S-primary submodule of M associated
to s € S, if whenever am € N\¢(N), then sa € 6(N : M) or sm € N
forallae Rome M.
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Notice that, if there exists s € 6(N : M) NS, then sa € §(N : M) for
every a € R, which implies that N is always a ¢-0-S-primary submodule.
Therefore, we assume that 6(N : M) NS = () to avoid this case.

Example 2.6. Let M be an R-module and N be a proper submodule
of M. Then the following statements hold.

(1) N is prime < it is ¢g-0;4-{1}-primary [7].

(2) N is primary < it is ¢p-0pqq-{1}-primary [3].

(3) N is ¢-prime & it is ¢-6;4-{1} primary [11].

(4) N is ¢-d-primary < it is ¢-0-{1}-primary [5].

(5) N is S-prime < it is ¢y-0;4-S-primary [9].

(6) N is S-primary < it iS ¢g-Orqq-S-primary [1].

In the following, we give an example of a ¢-0-S-primary submodule.

Example 2.7. Let R =7, M = Z1g and N =< 3 >= 3Z;g. It is obvious
that N is a proper submodule of M. Let S = {1}, J = 2Z, § = 0,44 and
¢(K) = JK. We have ¢ ((3)) = 6Z13 and §(N : M) = 3Z. Now suppose
that a € R and m € M such that am € N\¢(N). Then am € {3,9,12}.
Hence sa € 3Z or sm € 3Z1g and so N is a ¢-0-S-primary submodule.

Next, we provide two examples of submodules that are not ¢-9-S-
primary.

Example 2.8. Let R =7, M = QxQ be an R-module and N = 2Z x0
be a submodule of M, S = Z\{0}. Consider §(I) = 6,q4a(l), for any
ideal I of R and ¢(K) = {(0,0)} for every K € L(M). It is clear
that (N : M) = {0}. Suppose that 2 # p € Z and s € S such that
ged(p,s) = 1. Then p(2,0) € (2Z x {0})\¢(2Z x {0}). Since sp # 0, so
sp ¢ §(N : M) and also s(p 0) ¢ N. Therefore, N is not a ¢o-0rq4-S-
primary submodule of M.

Example 2.9. Let M = Zyo, R = Z and Gy = <;+Z>, t >0
Also suppose that, S = {¢" | n € Ng} such that p # q. We know that
pk(pth +Z) € Gy. Since Z is an integral domain, so (G iz Zp~) = 0 and
0rad(Gt iz Lp=)NS = . But there isno s € S such that S(I%H%—Z) c G

and sp* € 6,44(Gy iz Zpo) = 0. Therefore for every t, Gy is not ¢o-6,q4-
S-primary submodule of M.




S. NAJAFI, S. GHALANDARZADEH AND F. OLIA

Remark 2.10. Let 61,82 : L(R) — L(R) be two ideal expansions of R.
We denote 61 < o, if 61(I) C d2(I) for every I € L(R). Suppose that
01,09 are two ideal expansions, such that 61 < ds.

(1) It is clear that every ¢-61-S-primary submodule of M is a ¢-02-S-
primary submodule.

(2) Also since §;q(I) =1 C §(I), so every ¢-S-primary submodule of M
is a ¢-0-S-primary submodule of M.

Let ¢1, 2 : LIM) — L(M)U{0} be two submodule reductions of M.
We also denote that ¢p1 < ¢2, if p1(N) C ¢po(N) for every N € L(M).
Moreover, if ¢1,02 are two submodule reductions of M,

(1) $1 < ¢2, then every ¢1-0-S-primary submodule of M is a ¢2-9-S-
primary submodule.
(2) It is obvious that every 6-S-primary submodule of M is a ¢-6-S-
primary submodule.

One can show that, every ¢-d-primary submodule of M is a ¢-6-5-
primary submodule of M associated to s € S with § (N : M) N S = 0.
But in the next example we show that the converse is not true in general.

Example 2.11. Consider Z-module M = Zy x Z3 x Z. Let S = Z\{0}
and N = (0,0,0). Suppose that a € R and (m,n,r) € M, such that
a(m,n,r) € N. We can consider the two following cases. Case 1 r # 0,
then ar = 0 and since Z is an integral domain, so ¢ = 0. Hence for
every s € S, as € (N : M) = 0. Case 2 r = 0, then 6(m,n,0) € N.
Therefore N is a ¢y-0;4-S-primary submodule of M associated to s = 6.
On the other hand 6(1,1,0) € N\ {0}, but neither 6 € §(N : M) nor
(1,1,0) € N. So, N is not ¢y-0;4-primary submodule.

In the following, we give some properties of ¢-0-S-primary submod-
ules.

Proposition 2.12. Let {N; : i € I} be a directed family of ¢-0-S-
primary submodules of M associated to s € S, such that 6 (UN; : M) N
S = 0. Then the submodule N = U;cN; is ¢-6-S-primary submodule of
M associated to s € S.

Proof. Let am € N\¢(N), for a € R,m € M. Suppose that sm ¢ N
for all s € S. We show that sa € §(N : M). Since am ¢ ¢(N), we have
am ¢ ¢(N;) for all i € I. Let j € I such that am € Nj\¢(N;). Since N;
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is a ¢-0-S-primary submodule of M associated to s € S and sm ¢ Nj,
we have sa € 6(N; : M) C 6(N : M). Hence N is a ¢-0-S-primary
submodule of M associated to s € S. O

Suppose that § : L(R) — L(R) is an ideal expansion on L£(R) and
¢ L(M) — L(M)U {0} is a submodule reduction on L£L(M). We say
that § and ¢ have intersection property if for any two ideals I, J of
R and any two submodules N, K of M, §(I nJ) = §(I) N d(J) and
B(N N K) = 6(N) N 6(K).

In Proposition 2.12 , we showed that for any directed family of ¢-
0-S-primary submodules, their union is also ¢-§-S-primary submodule.
We also prove that the statement is true for the intersection of a finite
number of ¢-4-S-primary submodules under suitable conditions.

Proposition 2.13. Let submodule reduction ¢ and ideal expansion &
have the intersection property. Suppose that Ny, ..., N, are ¢p-6-S-primary
submodules of M associated to s € S. Let ¢(N;) = ¢(N;) and 6(N; :
M) = 6(Nj : M) for every i,j € {1,...,r}. Then N = Nicqi 2., Ni is
¢-0-S-primary submodule of M associated to s € S.

Proof. First we note that § (NN; : M) NS = (). Let am € N\¢(N),
where a € R,m € M. Suppose that sa ¢ 6(N : M) for all s € S.
So sa ¢ §(NN; : M) = 6 (N(N;: M)) = Nd(N; : M). Hence there is
j € {1,...,r} such that sa ¢ §(N; : M). Since 6(N; : M) = §(N; : M) for
every i,7 € {1...,r}, then for every i € {1,...,7} we have sa ¢ §(N; : M).
On the other hand, ¢(N;) = ¢(N;) and ¢ has the property intersection,
hence for every i € {1,...,7}, am € N;\¢ (N;) and sa ¢ § (N; : M). Since
all of V; are ¢-d-S-primary submodules of M associated to s € S, then
for every ¢, sm € N;. So sm € NN; and N is ¢-6-S-primary submodules
of M associated to s € S. O

In the following example, we illustrate that the condition &(N; :
M) = 6(Nj : M) in the previous proposition, is not superfluous.

Example 2.14. Consider Z-module M = 3Z. Let S = {1} be a (m.c.s)
subset and N1 = 6Z and Ny = 15Z. Then 0,qq(N1 : M) = 27 #
5Z = 0rqd(No : M) and 6,qq(N; : M) NS =0. If am € 6Z, for a € Z
and m € 3Z, then 2 | am and 3 | am. Hence (2 | a V2 | m) and
(3 ] aV 3| m). Considering all cases we conclude that, sm € 6Z or
sa € 27, for every s € S. So Nj and similarly Ny are ¢p-0,q4-S-primary
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submodules of M. Note further that, 90 = 6 x 15 € Ny N Ny = 30Z,
but 6 ¢ 10Z = 6,4q(N1 N N3) and also 15 ¢ 30Z. So Ni N Nj is not
@p-Oraq-S-primary submodule of M.

In the next theorem, we present an equivalent definition of ¢-9-S5-
primary submodules based on ideals of R and submodules of M.

Theorem 2.15. Let M be an R-module and N be a proper submodule
of M with §(N : M)N S = 0. The following statements are equivalent:
(1) N is a ¢-0-S-primary submodule of M associated to s € S.

(2) For every a € R\(6(N : M) : s), (N :pr a) € (N :pr 8) or (N
a) = (B(N) ixy a).

(3) For every ideal I of R and every submodule K of M, if IK C N and
IK ¢ ¢(N) then sI C6(N : M) or sK C N.

Proof. (1)=(2) Let a € R\(6(N : M) : s) and m € (N :pr a). So
am € N. We consider the following cases: (i) am € ¢(N). Then
m € (¢(N) :m a). Thus (N s a) € (¢(N) :pr a). Since (¢(N) :m
a) C (N :p a), therefore (N :p a) = (¢(N) :pr a). (i) am ¢ ¢(N).
Then sm € N or sa € §(N : M) which implies m € (N :j s) or
sa € 6(N : M). But since a ¢ (6(N : M) :s),s0 (N :pr a) C (N :p8).
(2)=-(3) Let I be an ideal of R and K be a submodule of M such
that IK C N. Assume that sI € 6(N : M) and sK ¢ N. We show
that IK C ¢(N). Let b € I\(6(N : M) : s). Then by (2), (N :u
b) C (N :pr s) or (N :pp b) = (¢(NV) :p b). Since K C (N : b) and
K & (N :a s), so we can conclude that (N :ar b) = (¢(IV) :as b). Hence
bK C ¢(N). Now let b € IN§(N : M). Since sI € §(N : M), so
there is ap € I such that ag ¢ (§(INV : M) : s). It is easy to show that,
b+ag ¢ (6(N : M) : s). Due to (2) and similar above argument we
conclude that bK C (b + ag)K C ¢(N). Since it holds for every b € I,
we can conclude that TK C ¢(N).

(3)=(1) Let a € R and m € M, such that am € N\¢(N). Then
<a><m>C N and < a >< m >Z ¢(N) implies that s < a >C
O((N :M))ors<m>CN. Thus, sa € §(N : M) or sm € N. Thus,
N is a ¢-0-S-primary submodule of M associated to s € S. O

Proposition 2.16. Let N be a ¢-6-S-primary submodule of M asso-
ciated to s € S. Suppose that for every r € R\§(N : M), (¢(N) :mr
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r) C O(N :prr) and S((N :pp 1) : M)NS = 0. Then (N :pr 1) is a
¢-0-S-primary submodule of M associated to s € S.

Proof. Let N be a ¢-6-S-primary submodule of M associated to s € S.
Suppose that r € R,m € M and am € (N :pr 7)\@(N :ps r). Hence,
ram € N. Because (¢(N) :pr 1) € ¢(N iy 1), ram ¢ ¢(N). Since N is
¢-0-S-primary submodule of M associated to s € S, then sa € §(N : M)
or srm € N. So sa € §((N :pr 7r) : M) or sm € (N :p 7). Therefore,
(N :pr 1) is ¢-0-S-primary submodule of M associated to s € S. O

In proposition 2.16, if we replace r € R by ideal I of R, then the
statement is still valid. One can prove it as follows.

Proposition 2.17. Let N be a ¢-6-S-primary submodule of M associ-
ated to s € S and I be an ideal of R such that I ¢ 6(N : M). Suppose
that (¢(N) :pr I) € O(N :pp I), (O(N : M) : 1) C SN : M) : 1) and
(N :p I): M)NS =0. Then (N :a I) is a ¢-6-S-primary submodule
of M associated to s € S.

Proof. Let am € (N :p I)\¢((N :pr I)). So am € (N :p I) and
am ¢ ¢((N :a I)). Thus, amI C N but aml ¢ ¢(N). Therefore,
<a><m>ICNand <a><m >1¢ ¢(N). Since N is a
¢-6-S-primary submodule of M associated to s € S, by Theorem 2.15,
s <m >C N (consequently s <m >I1C N)ors<a>ICJ§N:M)
which implies s <m >€ (N :py I) or s <a >C (6(N: M) : 1) Co((NV:
M) : I). Therefore sm € (N :pr I) or sa € 6(N :pr I) : M). O

We recall that an R-module M is a multiplication module, if for every
submodule N of M there exists an ideal I of R, such that N = IM [3].
Let M be the multiplication module and N, K be two submodules of M.
So there are ideals I and J of R such that N = IM and K = JM. Hence
the product of N and K is denoted by NK = IJM. Suppose that ¢ is
an expansion function on £(M) and dg is an expansion function on £L(R)
such that 0g(N : M) = (6(N) : M). Now based on these assumptions,
we can give the following theorem.

Theorem 2.18. Let M be a multiplication module and P be a submodule
of M with §(P : M)N S =0, where S is a (m.c.s) subset of R. Then
the following are equivalent:

(1) P is a ¢p-0r-S-primary submodule of M associated to s € S.
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(2) For every submodule L, N of M with LN C P and LN ¢ ¢(P),
then there is a s € S such that sN C §(P) or sL C P.

Proof. (1)=(2) Suppose that P is a ¢-dr-S-primary submodule of M
associated to s € S. Let N and L be submodule of M with LN C P
and LN ¢ ¢(P). Since M is a multiplication module, so there are
ideals I and J of R such that L = IM, N = JM and LN = IJM.
Hence I(JM) C P and I(JM) € ¢(P). Since P is a ¢-6g-S-primary
submodule of M associated to s € S, so sI C dr(P: M) = (6(P) : M)
or s(JM) C P. Thus either sL = sIM C (§(P) : M)M = 6(P) or
sN C P.

(2)=(1) Let IK C P and IK ¢ ¢(P), which I is an ideal of R and K
is a submodule of M. Since M is a multiplication module, then there
is an ideal J of R such that K = JM. Thus IM.JM = IJM C P and
IM.JM = IJM ¢ ¢(P). Hence either s(IM) C 6(P) or s(JM) C P.
Therefore either sI C (§(P): M) =0r(P: M)orsKk CP. O

Theorem 2.19. Let N be a ¢-0-S-primary submodule of M associated
to s € S. Suppose that a € R\(§(N : M) : s?). Then (N :p sa) =
(¢(N) :ar sa) or (N :pr sa) = (N ).

Proof. Let m € (N :js sa), so msa € N. Assume that msa € ¢(N).
Therefore m € (¢p(N) :ar sa) and so (N :pr sa) C (¢(N) :ar sa). Also
we know that (¢(N) :ps sa) C (N :ps sa), since ¢(NN) C N. This implies
that (N :a sa) = (¢(N) :ar sa). Now suppose that msa ¢ ¢(N).
Hence msa € N\¢(N). Since N is a ¢-d-S-primary submodule of M
associated to s € S and a ¢ (6(N : M) : s?), consequently sm € N.
Therefore m € (N :pr s). Hence (N :p sa) € (N :pr s). clearly
(N :ars) € (N i sa), hence (N :pr sa) = (N iy s). O

Proposition 2.20. Let N be a ¢-6-S-primary submodule of M associ-
ated to s € S. For every a € R\(\/0(N : M) : s), we have (N :ps sa) =
(¢(N) :ar sa) U (N a1 s).

Proof. First, suppose that a € \/(§(N : M) : s2). Then a™ € (§(N :
M) : s?) for some positive integer n and therefore (as)" € §(N : M).
Accordingly (as) € \/6(N: M) and so a € (\/6(N: M) : s). Con-
sequently /(6(N : M) :s2) C (/6(N:M) : s). Next suppose that
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a € R\(1/6(N: M) : s). Therefore a € R\(§(N : M) : s?). Conse-
quently by Proposition 2.19, the proof is complete. O

Proposition 2.21. Let N be a ¢-0-S-primary submodule of M as-
sociated to s € S and K be a submodule of M with K ¢ N. If
SN :K)nS =10 and p(NNK) = ¢(N), then NN K is a ¢-0-S-

primary submodule of K associated to s € S.

Proof. We note that (N : M) C (N : K) = (NNK : K). Let
ak € NNK\¢(NNK) fora € Rand k € K. Then ak € N\¢(N). Thus
sk € N or sa € §(N : M). Since k € K, so sk € K. Hence if sk € N,
then sk € NNK. If sa € §(N : M), then sa € 6(NNK : K). Therefore
NN K is a ¢-6-S-primary submodule of K associated to s € S. O

Proposition 2.22. Let N be a proper submodule of M, ¢ : L(M) —
L(M)U{D} be a reduction function on L(M) and ¢r : L(R) — L(R)JI{0}
be a reduction function on L(R) such that ¢r(N : M) := (¢(N) : M).
If N is a ¢-6-S-primary of M associated to s € S, then (N : M) is a
¢Rr-0-S-primary ideal of R associated to s € S.

Proof. Let ab € (N : M)\¢pr(N : M) = (N : M)\(¢(N) : M) for
a,b € R. So abM C N and abM ¢ ¢(N). Let Rb = I and aM =
K, then IK C N and IK ¢ ¢(N). By Theorem 2.15, sKk C N or
sI C 0(N : M). Therefore saM C N or sb € §(N : M). Hence
sa € (N : M) Co(N:M)or sbe §(N : M). We note that since
S(N:M)NnS=0,then (N: M)NS=0. O

The next example shows the converse of Proposition 2.22 does not
hold, in general.

Example 2.23. Consider M = Q x Q as Z x Z-module, N = pZ x (0) is
a proper submodule of M and S = {(1,1)} is a (m.c.s) subset of Z x Z.
We note that (N :zxz M) = {(0,0)}. Therefore, (N :zxz M) = 0 is
a Pg-0rqq-S-primary ideal of Z by default. But N is not a ¢g-6,qq4-S-
primary submodule of M. Since (p,1)(1,0) € pZ x (0)\{0} x {0}, but
s(p,1) ¢ pZ x (0) and s(1,0) ¢ d.qa(pZ x (0) : Z x Z) = (0,0).

In the following we show that the converse of Proposition 2.22 holds
for multiplication modules.

11
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Proposition 2.24. Suppose that the hypotheses of Proposition 2.22, are
satisfied. Let M be a multiplication R-module and §(N : M)NS = 0. If
(N : M) is a ¢r-0-S-primary ideal of R associated to s € S, then N is
a ¢-0-S-primary of M associated to s € S.

Proof. Let IK C N and IK ¢ ¢(N) such that I is an ideal of R and
K be a proper submodule of M. Since M is the multiplication module,
so there is an ideal J of R such that K = JM. Hence IJ C (N : M)
and IJ € (¢(N) : M) = ¢r(N : M). Then by [6], Theorem 2.20,
sJ C(N : M)or sl C§N : M) Hence sJM C N which implies
sK C N or sI C§(N : M). So by Theorem 2.15, N is a ¢-0-S-primary
submodule of M. O

In the following, we compare the classes of §-S-primary submodules
and ¢-0-S-primary submodules. We know that every §-S-primary sub-
module of M is a ¢-0-S-primary submodule. In the next example we
show that the converse is not true.

Example 2.25. Consider M = Z12 as a Z-module. Suppose that S =
{1}, I = (N :z M) and ¢(N) = IN and N =< 4 > as a proper
submodule of M. We note that S N d;g(N : M) = 0. Since (N :z M) =
47 and ¢(N) = (N : M)N = 4ZN = {0,4,8}. So for a € R and m € M
such that am € N\¢(N), then am € (). Hence N is a ¢-d;4-S-primary
submodule of M by default. It is clear that 2.2 € N, but neither 2 € N,
nor 2 € 6;4(N : M) = 4Z, so N is not a 6-S-primary submodule of M.

In the following proposition, we put a condition on the ¢-§-S-primary
submodule N of an R-module M to be §-S-primary submodule of M.

Proposition 2.26. Let N be a ¢-0-S-primary submodule of M asso-
ciated to s € S. Suppose that (N : M)N ¢ ¢(N). Then N is a §-S-
primary submodule of M associated to s € S.

Proof. Let am € N for a € R,m € M. We consider the following
two cases: Case i am ¢ ¢(IN), we have sa € §(N : M) or sm € N for
s € S. Caseii am € ¢(N). If aN € ¢(N), then n € N exists such that
an ¢ ¢(N). Thus, a(m + n) € N\¢(NV), which implies sa € 6(N : M)
or s(m+mn) € N for s € S, which completes the proof. Now suppose
that aN C ¢(N). Similarly, if (N : M)m ¢ ¢(N), then the proof is
complete. So assume that (IV : M)m - gb( ). Since (N : M)N ¢ ¢(N)
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there exists b € (N : M) and m’ € N such that bm’ ¢ ¢(N), hence
(a+b)(m+m') € N\¢(N). Since N is a ¢-0-S-primary submodule, either
s(a+b) € §(N : M) or s(m+m') € N, which implies sa € §(N : M) or
sm € N. Therefore, N is a §-S-primary submodule of M associated to
seS. (]

Also, Example 2.25 shows that (N : M)N € ¢(N) in above proposi-
tion is not superfluous. In other words, Proposition 2.26 states that if NV
is a ¢-6-S-primary submodule of M associated to s € S, but is not a 4-5-
primary submodule of M associated to s € S, then (N : M)N C ¢(N).
For a multiplication module, Proposition 2.26 can be expressed as fol-
lows.

Proposition 2.27. Let M be a multiplication module, N be a proper
submodule of M and the situation be as described in Proposition 2.22.
Let N be a ¢-6-S-primary submodule of M associated to s € S, but is not
a 6-S-primary submodule of M associated to s € S, then N? C ¢(N).

Proof. Due to Propositions 2.22 and 2.24, we have N as a ¢-6-5-
primary submodule of M associated to s € S if and only if (N : M)
is a ¢r-0-S-primary ideal of R associated to s € S. So, N is not a
d-S-primary submodule of M associated to s € S if and only if (N : M)
is not a 6-S-primary ideal of R associated to s € S. Therefore (N : M)
is a ¢pr-0-S-primary ideal of R associated to s € S, but is not a 4-5-
primary ideal of R associated to s € S. Hence by [0], Proposition 2.17.
(N : M)? C ¢g(N : M). So, (N : M)2M C ¢p(N : M)M = (¢(N) :
M)M = ¢(N) which implies that N2 C ¢(N). O

Corollary 2.28. Let M be a multiplication module. Suppose that N is
a ¢-6-S-primary submodule of M but is not a §-S-primary submodule of

M associated to s € S, then VN = \/6(N).

Proof. Suppose that N is not 6-S-primary submodule of M. Hence
by Proposition 2.27, N> C ¢(N) C N. So VN2 C \/¢(N) C v/N. On
the other hand N = I'M for some ideal I of R and by Theorem 2.12.
[3], VN = VIM. So VN2 = VI2M = vIM = /N which implies
VN = /3N). O

Proposition 2.29. Let ¢ # ¢y be a submodule reduction of M such that
&(N) = ¢*(N) for each submodule N of M. The following statements

13
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are equivalent:

(1) Every ¢-6-S-primary submodule of M is a §-primary submodule.
(2) For any submodule N of M , ¢(N) is a 6-primary submodule of M
and every §-S-primary submodule of M is §-primary.

Proof. (1)=-(2) Suppose that am € ¢(N)\¢(¢(N)) for a € R,m €
M. Hence, am € ¢(N)\¢?(N) = (. Therefore ¢(N) is ¢-5-S-primary
submodule of M associated to s € S by default. So by (1) the proof
is complete. First we note that every J-S-primary submodule of M is
¢-0-S-primary submodule of M, so by (1) the proof is complete.
(2)=(1) Let N be ¢--S-primary submodule of M associated to s € S.
We show that IV is a d-primary submodule of M. Let a € R,m € M
such that am € N. We have two cases. Case i am ¢ ¢(N), then
am € N\¢(N). Hence sa € §(N : M) or sm € N and so N is 6-
S-primary submodule of M. Therefore by (2) the proof is complete.
Case ii am € ¢(N). Since ¢(N) is a d-primary submodule of M then
m € ¢(N) or a € 6(¢(N) : M) which implies sm € ¢(N) C N or
sa € 0(p(N): M) C §(N : M). Thus, N is a §-S-primary submodule of
M associated to s € S. So by (2), N is a d-primary submodule. [

Theorem 2.30. Let N be a submodule of M. Then N is a ¢-0-S-
primary submodule of M associated to s € S if and only if % s a

¢o-6-S-primary submodule of %

Proof. Assume that N be ¢-J-S-primary submodule of M associated
toseS. Letae R, m+ ¢(N) € % and 0 # a(m + ¢(N)) € %
Hence, am + ¢(N) € % and am ¢ ¢(N). Since N is ¢-5-S-primary
submodule of M associated to s € S, sm € N or sa € 6(N : M).

Suppose that sm € N, so sm + ¢(N) € % But if sa € 6(N : M),

since (N : M) = 5(% : %), thus sa € 5(% : %) Therefore,
N M

3N is a ¢g-0-S-primary submodule of BN

Conversely, suppose that for a € R and m € M, am € N\¢(N). So
0 # am+¢(N) € % Since % is a ¢-0-S-primary submodule of %,
so s(m+¢(N)) € % which implies that sm € N or sa € 6(% : %)
which implies sa € 6(N : M). Therefore, N is ¢-§-S-primary submodule

of M associated to s € S. O
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Let S1 C S5 be multiplicative subsets of R. Clearly, if N is a ¢-§-
Si-primary submodule of M associated to s € S1, then N is a ¢-90-So-
primary submodule of M associated to s € S3. However, as we see in
the next example, the converse does not hold, in general.

Example 2.31. Let R = Z, M = Z[X] and N = (4X) = (4X)Z.
Suppose that ¢ = ¢p, 6 = 0;q. It is shown that (N : M) = ((4X) :z
Z[X]) = 0. Let S; = {1} and Sy = {2" | n € NU {0}}. Suppose
that rf(X) € (4X)Z for some r € Z and f(X) € Z[X] = M. Then
3 (ra;)) X' = 4mX for m € Z. So ra; = 0, for i # 1 and ra; = 4m. If
i=0

r # 0, then a; = 0 for i # 1. So f(X) = a1 X. Since 22f(X) € (4X),
therefore (4X) is a ¢-6-Sa-primary submodule associated to 22 € S3. On
the other hand 2.2X € (4X) but, 1.2 ¢ (N : M) and 1.2X ¢ (4X). So
(4X) is not a ¢-0-S1-primary submodule of M.

In the following proposition, we show that under some condition on
the multiplicatively closed subsets S7 and Sy of R (with S; C Ss), every
¢-0-So-primary submodule can be a ¢-0-S1-primary submodule.

Proposition 2.32. Let S1 C Sy be multiplicatively closed subsets of R
such that for any s € Sa, there exists t € Sy with st € S1. If N is
a ¢-0-So-primary submodule of M associated to s € Sa, then N is a
¢-0-S1-primary submodule of M associated to st € Sy.

Proof. Let t € S5 such that st € S;. Suppose that a € R and m € M
and am € N\¢(N). Then sm € N or sa € §(N : M). Therefore
stm € N or sta € §(N : M). Hence, N is a ¢-0-Si-primary submodule
of M associated to st € Sj. O

Let S be a (m.c.s) subset of R with 1 € S. Set S*={r e R: { €
U(S7'R)}. Tt is clear that S* is multiplicatively closed subset of S~!R
which contains S.

Proposition 2.33. Let M be an R-module and N be a proper submodule
of M. Then N is a ¢-0-S-primary submodule of M if and only if N is
a ¢-0-S*-primary submodule of M.

Proof. Since § C S§* and N is a ¢-0-S-primary submodule of M as-
sociated to s € 5, it follows that N is a ¢-6-S*-primary submodule of

15



16

S. NAJAFI, S. GHALANDARZADEH AND F. OLIA

M associated to s € S*. Also, we note that S* N d(N M) = . Indeed,
Suppose that r € S*N0(N M). Then there exist a € R and = € S such
that 7% = 1. Therefore, there exists ¢t € S such that tra = tz. Since
tra € 5(N M)N S =0, we obtain a contradiction.

Now suppose that N is a ¢-6-S*-primary submodule of M associated
to s € S*. Since S* N§(N : M) = 0, it is clear that SN (N : M) = 0.
Suppose that r € S*. Therefore, there exists 7 € S~'R such that
iz = % Consequently, there exists ¢ € S such that tra = tx € S.
Now we have ta € §*, since tTaL = 1. Therefore, by Theorem 2.32, we
conclude that N is a ¢-6-S-primary submodule of M. U

Let M be an R-module and S C R be a multiplicatively closed
subset of R and suppose that S~'M is fraction module of M. Let N
be a submodule of M with § (N : M) NS = (. Suppose that, ¢g :
L(S7IM) — £(S7IM) U {0} be a submodule reduction on L£(S~1M)
such that S71¢(N) = ¢5(S™IN) for every N € L(M), 65 : L(STIR) —
L(S7LR) be an ideal expansion on S~!R such that §s(S~11) = S~16(1)
for every I € L(R).

Proposition 2.34. Let the situation be as described above. Suppose
that N is a ¢-0-S-primary submodule of finitely generated R-module M
associated to s € S. Then S™IN is a ¢pg-065-S-primary submodule of
S™IM associated to s € S.

Proof. Let s = £ € §g(S™'N : S7'M) N S. Therefore s € dg(S™H(N :
M)) =S H6(N : M)). So £ =9 for some a € (N : M) and t € S.
Therefore ust = ua for some u € S. Hence ua € SN (N : M), which
is a contradiction. So dg(ST'N : STIM)N S = 0. Now let t1,t € S,
a € R and m € M such that £ € S~IN\¢s(S7IN). So there are
n € N and s’ € S such that % = 5. Therefore uams' = utiton € N
for some u € S. On the other hand it is clear that uams ¢ ¢(N).
But since N is a ¢-6-S-primary submodule of M, hence sa € §(N : M)
and so §* € STIO(N : M) = 65(5*1(]\7 : M)) C 65(S7IN : S7IM) or
sums’ € N which implies that SWZS = % € N. Therefore, S™'N is a
¢s-0g-S-primary submodule of S~ 1]\J associated to s € S. g

Remark 2.35. Suppose that N be a proper submodule of R-module M,
then



¢-6-S-PRIMARY SUBMODULE

(1) N =M if and only if (N : M) = R.
(2) STIN = S7'M if and only if (SN : S~'M)=S"'R

Let the situation be as described before Proposition 2.34. Suppose
that IV be a proper submodule of a finitely generated R-module M such
that 6((N : M) : a) = (6(N : M) : a) and ¢(N :pr a) = (¢(N) :ar a)
for every a € R. Also assume that S~'(§(N : M))N R =6(S™'N N R).
Then the following theorem holds under two mentioned conditions.

Theorem 2.36. Let N be a proper submodule of finitely generated R-
module M. Let 5(N : M)NS = 0 and 6s(S™Y(N : M)) # S~'R.
In addition, assume that ¢(N) = (¢(N) :pr s) for some s € S and
(¢(N) :pr t) C(P(N) :ar s) for allt € S. Then the following statements
are equivalent:

(1) N is ¢p-0-S-primary submodule of M associated to s € S.

(2) (N :pr 8) is ¢p-6-primary submodule of M.

(3) STIN is ¢p5-85-primary submodule of ST'M. And also for allt € S,
we have (N :pp t) € (N :pp 8) and (N : M) :pp t) C (N 2 M) :pr 8).

(4) STIN is ¢pg-05-primary submodule of S™*M and ST'NNM = (N :p;
s) and STHN : M)NR = ((N: M) :p s).

Proof. (1)=(2) Since (N : M)NS =0, (N i s) # M. Let am €
(N :ar s)\@(N :pr s) for a € R and m € M. By assumption, am €
(N :ar s)\(¢(N) :pr s). Therefore, sam € N\¢(N) but, N is ¢-9-5-
primary submodule of M associated to s € S, so s>m € N or sa € §(N
M). Assume that s>m € ¢(N), then m € (¢(N) :ar s2) C (¢(N) a1 8).
So sm € ¢(N) and sam € ¢(N) which is a contradiction. Therefore
s’m € N\¢(N) or sa € §(N : M). Case i If s?m € N\¢(N). Then
s3 € §(N : M) which is a contradiction or sm € N and m € (N : s).
Case ii If sa € §(N : M), then a € (6(N : M) :pr s) =0(N : M) : s) =
O((N :ars) = M).
(2)=(3) Since (N : M)NS =0, (N : M)nS = 0. Hence S~H(N
M) # S™R, so (S7IN : STIM) # S~!R since M is finitely generated
R—module Therefore by Remark 2.35, SN # S~'M. Now let ve €
S7IN\¢s(S7IN) for & € ST'Rand 2 € S~ M. So there is ¢t € S such
that tam € N\¢(N), “which means that tam € (N $)\Q(N a1 ).
(N :pr s) is ¢-6-primary submodule of M, so m € (N :j s) which
implies > € S~IN orta € 6((N :pr s) : M) which implies =€ S—I§(N
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M) =65(S7HN : M)) C 65(S™N : S71M). Therefore S~IN is ¢g-6s-
primary submodule of S~'M.

Now let ¢ € S and m € (N :pr t). If m € (¢(IN) :im t), then m €
(¢(N) :ar s) € (N :pr s). If m ¢ (¢(N) : t), then mt ¢ ¢p(N) =
(¢(N) :ar s) = ¢(N :s). Alsomt € N C (N :pr s), somt € (N
sI\@(N :ar s). By(2) m € (N :p s) which completes the proof or
t € (N :prs): M) = (6(N : M) :ps). Hence ts € 6(N : M) which is
a contradiction.

Let r € (N : M) :p t), then rM C (N :pp t) € (N :y s) and
re((N:M):s).

(3)=(4) The first part is obvious. We note that (N :3; s) C STINN M.
Now let 7 € S=IN N M, then there is u € S such that um € N. By
assumption m € (N :py u) C (N :p7 8). Therefore, STINN M = (N 1y
s).

Let 7 € (N : M) :pr ), then rs € (N : M). Hence r = 22 € S7Y(N :
M)NR. Conversely if r = £ € STY(N : M) N R, then there is t € S
such that tr € (N : M). Hence r € (N : M) :pr t) € (N = M) 11 8).
(4)=(1) Suppose that am € N\¢(N) where a € R and m € M. First
we show that % ¢ ¢g(S™IN). Let 47 € ¢g(S™'N) = S~1¢(N).
Thus t € S exists such that tam € ¢(N), so am € (¢p(N) :pr t) C
O(N :m s) = ¢(N). Hence am € ¢(N) which is a contradiction. So
1T € S~IN\¢s(S7IN), but Ng is ¢s-ds-primary submodule of Msg.
Then 2 € S7'N or ¢ € §g(S™'N : S7IM). If 2 € S7I!N, then
meSTINNM = (N :ys)and sme N. If ¢ € 0g(S7IN : S7IM) =
6s(STHN : M)) = S7I6(N : M). Thus ¢ € STI§(N : M)NR =
S(STYN:M)NR)=06((N:M):prs)=(0(N:M):s). O

3 Image and Inverse Image of ¢-)-S-Primary
Submodules

Let M and M’ be two R-modules and f : M — M’ be an R-module
homomorphism. Suppose that ¢ is a reduction function on £(M) and
¢’ is a reduction on £(M’). Then f is called (¢-¢')-homomorphism if
B(fHN') = F1(@(N') for all N' € £(M).

For any (¢-¢')-epimorphism we can give the following remark.
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Remark 3.1. Let f : M — M’ be a nonzero (¢-¢')-epimorphism and
N be a proper submodule of M containing ker(f), then

(1) (N : M) = (f(N) : M").

(2) f(o(N)) = &' (f(N)).

Proof. (1) Let r € (N : M), so M C N. Since f is epimorphism,
rM'" = f(rM) C f(N)sore (f(N): M). Conversely let r € (f(N) :
M'),sorM' =rf(M) C f(N). Then rM C rM +ker(f) C f~1f(N) =
N + ker(f) = N. Then rM C N and r € (N : M) which implies
(N M) = (F(N) : M),

(2) We know that f~1f(N) = N + ker(f) = N, Hence f(¢(N)) =
PO D) = FU @) = # (N O

Theorem 3.2. Let f: M — M’ be a nonzero (¢-¢')-epimorphism and
N be a proper submodule of M containing ker(f). Then N is ¢-9-S-
primary submodule of M associated to s € S if and only if f(N) is a
¢'-0-S-primary submodule of M' associated to s € S.

Proof. By Remark 3.1, 6(f(N) : M) NS = 0 if and only if §(N :
MYNnS =0 and f(N) # M'. Let a € R, m'" € M' and am’ €
FNNG(F(N)) = F(N\F(G(N)), (By Remark 3.1). Since f is epi
morphism, so there is m € M such that m’ = f(m). Hence f(am) €
F(N\f(#(N)). Since ker(f) € N, so f(am) € f(N) implies that
am € N. On the other hand f(am) ¢ f(¢(NN)) which implies that
am ¢ ¢(N). So am € N\¢(N). As N is a ¢-0-S-primary submodule of
M associated to s € S, we conclude that sm € N or sa € §(N : M).
Therefore sm’ = sf(m) = f(sm) € f(N) or sa € §(f(N) : M’).

Now let f(N) be a ¢/-0-S-primary submodule of M’ associated to s € S.
We show that N is a ¢-0-S-primary submodule of M associated to
s€S. Let a e R, m e M and am € N\¢(N). So af(m) € f(N) and
af(m) ¢ f(p(N)) = ¢'(f(N)). But f(N) is a ¢'-6-S-primary submodule
of M’ associated to s € S. Therefore sa € §(f(N): M') =6(N : M) or
f(sm) = sf(m) € f(N), consequently sm € f~f(N)=N. O

Corollary 3.3. Let f : M — M’ be a nonzero (¢p-¢')-epimorphism.
Suppose that N’ is ¢'-5-S-primary submodule of M'. Then f~1(N') is
a ¢-0-S-primary submodule of M.
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Proof. We know that ker(f) = f=1({0}) C f~1(¢/(N)) = ¢(f~H(N"))
C f~Y(N'). Also we know that, f is an epimorphism, so f(f~1(N')) =
N'. Since N’ is a ¢’-0-S-primary submodule of M’, so by Theorem 3.2,
f~YN') is a ¢-0-S-primary submodule of M. Since (f~'(N') : M) C
(N": M), hence §(fY(N'): M)NS=0. O

The next theorem is an immediate consequence of Theorem 3.2.

Theorem 3.4. Let M be an R-module and K be a proper submodule of
M. Suppose that f : M — % is a nonzero (¢-¢')-natural epimorphism.
Then, there is a one-to-one correspondence between the set of all ¢p-0-S-
primary submodules of M containing K and the set of all ¢-5-S-primary
submodules of %

In Example 2.25, we showed that the class of §-S-primary submod-
ules is a proper subclass of ¢-6-S-primary submodules. Motivated by
the above result, we now introduce the following definitions.

Definition 3.5. Let N be a ¢-0-S-primary submodule of M associated
to s € S, which is not §-S-primary submodule. Then there is a € R and
m € M such that am € N but am € ¢(N),sm ¢ N and sa ¢ §(N : M).
In this case, we say that (a,m), is a ¢-6-S-twin zero of N.

Definition 3.6. Let I be a proper ideal of R and K a proper submodule
of M such that IK C N and IK ¢ ¢(N), and N a ¢-6-S-primary
submodule of M. Then N is said to be a ¢p-6-S-free twin zero submodule
of M with respect to IK, if (a, k) is not a ¢p-§-S-twin zero of N for every
a€l andk € K.

In particular, we say that a submodule N of R-module M is a ¢-0-S-
free twin zero if, for an ideal I of R and a submodule K of M, whenever
IK C N and IK € ¢(N), then N is a ¢-6-S-free twin zero with respect
to IK.

Theorem 3.7. Suppose that N is a ¢-0-S-primary submodule of M
associated to s € S. Then N is ¢-0-S-free twin zero if and only if for
every ideal I of R and every proper submodule K of M with IK C N
and IK ¢ ¢(N), either sKk C N or sI C6(N : M).

Proof. Suppose that N is a ¢-0-S-free twin zero submodule of M
associated to s € S. Let IK C N and IK Z ¢(N), for some ideal I of
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R and proper submodule K of M. Suppose that sI € §(N : M). Then
there is a € I such that sa € sI but sa ¢ 6(N : M). Let m € K, then
(a,m) is not ¢-9-S-twin zero of N. If am ¢ ¢(N), then am € N\¢(N).
Since N is ¢-0-S-primary submodule of M associated to s € S and
sa ¢ 6(N : M), so sm € N. Therefore sK C N, which completes the
proof. Now let am € ¢(N). Since sa ¢ §(N : M) and N is ¢-0-S-free
twin zero, thus sm € N which implies sK C N.

Conversely, let K be a submodule of M and I be an ideal of R. And
suppose that IJK C N and IK ¢ ¢(N) implies that either sK C N or
sI C§(N : M). We prove that N is a ¢-0-S-free twin zero with respect
to IK. Let a € I and k € K. If (a,k) is a ¢-6-S-twin zero of N, then
ak € ¢(N), sk ¢ N and sa ¢ §(N : M), which is a contradiction. So
(a, k) is not a ¢-0-S-twin zero of N. So N is ¢-0-S-free twin zero with
respect to IK. Thus N is ¢-6-S-free twin zero submodule of M. (]

4 Direct Product of ¢-0-S-Primary Submodules

Suppose that R = Ry X Ry is a direct product of commutative rings.
Let M; be an R;-module and S; be a (m.c.s) of R;, for i = 1,2. Then
M = M; x My can be viewed as an R-module using scalar multiplication
(r1,7m2)(my,ma) = (rimy,rame) and S = S; X S2 can be viewed as a
(m.c.s) of R. For i = 1,2 let §; be an expansion function of ideals of
R; and ¢; be a reduction function of submodules of M;. We define the
fOHOWiIlg two functions: (SX (11 X I2) = 51(]1) X 52(]2) and QZ)X (N1 X Ng) =
?1(N1) X ¢p2(N2). It is easy to see that 0, is an ideal expansion of R and
¢ is a submodule reduction of M [10]. With the assumptions stated
above, the following statements can be formulated.

Theorem 4.1. Let M = My x My and N1 be a proper submodule of
My, the following statements are equivalent:

(1) NyxMs is a ¢ -0 -S-primary submodule of M associated to (s1, s2) €
S.

(2) N1 is a 01-Sy-primary submodule of My associated to s1 € Sy with
P2(Ma) # My and also Ny x My is a 6x-S-primary submodule of M
associated to (s1,s2) € S.
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Proof. We show that dy (N7 x My : My x Ms) N (S x So) = 0, if
and only if 51(N1 : Ml) N Sl = @ If r € (51(]\71 : Ml) N Sl, then
(T, 1) € 51x S5 and also (7”, 1) S 51(]\71 : Ml)XRz = 51(]\71 : Ml)stg(Mg :
My), which is a contradiction. Conversely if (r1,r2) € 0x (N1 X My :
M; x MQ) N (51 X Sz) = (51(N1 : Ml) X (52(M2 : MQ) N (S1 X SQ), then
r1 € §1(IN1 : M1) NSy, which is a contradiction. We now prove that the
statements are equivalent.

(1)=(2) Suppose that N1 x Ms is a ¢«-0x-S-primary submodule of M
associated to (s1,s2) € S. Let a € Ry, m; € My and am; € Np. Since
My # ¢a(Ms), so there is mo € Ma\¢(Mz). Hence (a,1)(mq,ms2) =
(amy,ma) € N1 X Mo\« (N1 x Ms). So (s1,s2)(m1,ma) € N1 X My or
(81,82)(617 1) € 0x (Nl X My : My x Mg). Since 0« (Nl X My : M7 x Mg) =
01(Ny @ My) X do(Msy : Ms), hence symy € Ny and some € My or
sia € 61(Ny : My) and sg € da(Ms : My). Therefore, sym; € Nj or
s1a € 01(Ny : My). So Ny is a §;1-S1-primary submodule of M associated
to (s1,s2) € S. Now suppose that Nj x My is not a dx-S-primary
submodule of M associated to (s1,s2) € S. By Proposition 2.26, (N7 X
Mg)((Nl X Mg) : (M1 X MQ)) - (Z5><(N1 X MQ), SO (Nl X MQ)((Nl :
Ml) X (Mg : Mg)) - qu (Nl X Mg) Thus (Nl X MQ)((Nl : Ml) X Rg) =
<N1<N1 : Ml) X (M2 X Rg)) - ¢1(N1) X ¢2(M2), which results Nl(Nl :
M) C ¢1(N1) and My C ¢o(Ms). Hence, we obtain a contradiction
with My # ¢2(M2)

(2)=-(1) It is obvious, since we know that every d-S-primary submodule
of M is a ¢x-0x-S-primary submodule of M. O

Theorem 4.2. Let M = My x My and Ny be a proper submodule of
M. The following statements are equivalent:

(1) N1 XMy is a ¢px-0x-S-primary submodule of M associated to (s1,s2) €
S, with ¢a(My) = My.

(2) Ny is a ¢1-01-S1-primary submodule of My associated to s € Si.

Proof. We know that (N1 x Ma : My x Ma) N (S x S2) = 0 if and
only if 51(]\71 : Ml) NSy =0.

(1)=(2) Let aymy € Ni\¢1(Ny) for a; € Ry and my € My. Then
(a1,0)(mq,0) € (N1xMa)\¢« (N1xMs). By assumption, (s1, s2)(mq,0)€
(Nl X MQ) or (31,52)(a1,0) € 0y (Nl x My : My x Mz), which implies
symy € Ny or sja; € 61(Ny : My). Therefore, N; is a ¢1-0;-S1-primary
submodule of M; associated to s; € Sj.
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(2)=(1) Suppose that Nj is a ¢1-01-S1-primary submodule of M; as-
sociated to s1 € S1 and ¢o(Msy) = M. Let (ai,az)(mi,m2) € Ny X
Mz\gf)x (Nl X Mg). Hence (alml,ang) € Ni x M2\¢X (Nl X MQ). Thus
(a1mq,agms) € N1 X Mo\@(N1) x Msy. But since agma € My = ¢(Ma),
so we must have aym; € Ny and aymy ¢ ¢1(N). Now we have aym; €
Ni\¢1(N1). Then symy € Ny or sja; € 61(N1 : Mp) which implies
(31,32)(m1,m2) = (31m1,32m2) S N1 X M2 or (31,32)(a1,a2) S (51(N1 .
Ml) X 52(M2 : MQ) = 5><(N1 X My : My X MQ) Since sqas € 52(M2 :
M>s) = Ry. Therefore, N1 x My is a ¢x-0x-S-primary submodule of M
associated to (s1,s2) € S. O

Remark 4.3. There are similar results for any submodule M; X No of
R-module My x Ms where No is a submodule of M.

Proposition 4.4. Let M = My x My be an R = Ry X Ry module and
S = 51 x S9. Suppose that N = N1 X Ny is ¢« -0x-S-primary submodule
of M. Then Ny is ¢1-01-S1-primary submodule of My associated to s1 €
S1 or Ny is ¢o-02-So-primary submodule of My associated to sy € So.

Proof. Let N = N1 X N be ¢p«-0«-S-primary submodule of M associ-
ated to (s1,s2) € S1 X So. Hence 04 (N1 X Ny : My x Ma) NS = 0,
so 01(N1 : Mi) NSy = 0 or d2(No : My) NSy = (. Assume that
d2(Ny : M2)NS2 = (. Now we show that Ny is ¢9-02-So-primary submod-
ule of My associated to so € Sy. Let roma € No\pa(N2), for mg € Mo
and ro € Ry. Hence, (1,72)(0,m2) = (0,r2mg) € N1 X Na\dx (N1 X Na).
Based on assumptions, (s1,s$2)(0,m2) € Ny x Ny or (s1,s2)(1,7m2) €
5><(N1 X No : My x Mg) = 51<N1 : Ml) X 52(]\72 : Mg) Then 0 € N7 and
somg € Ng or s1 € 61(Ny : My) and sorg € 02(Ng : My). So samg € Ny
or sargy € do(Ny : My). Therefore Ny is ¢o-02-So-primary submodule of
M, associated to so € Sy. Similarly, if assume that 61 (N7 : M1)NS; = 0,
it can be proved that N7 is ¢1-61-S1-primary submodule of M7 associated
to s1 € 57. O

Corollary 4.5. Suppose that P = Py X P» is an ideal of R = R1 X Ra.
If P= P X Py is a ¢x-0x-S-primary ideal of R associated to (s1,s2) €
S1 X Sy, then Pi is ¢1-01-S1-primary ideal of Ry associated to s1 € Sy
or Py is ¢o-09-Sa-primary ideal of Ry associated to sy € S5.

The following example shows that the converse of the above propo-
sition is not true.
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Example 4.6. Let M7 x My =7 X Z be an Ry X Ry = 7Z X Z-module.
Suppose that Ny = pZ, Ny = qZ, such that p and g are two distinct prime
numbers and S; = {¢" | n € No},S2 = {p" | n € No}. Let am € pZ,
sop | am. Hence p | a or p | m and m € pZ or a € 6,qq(pZ : Z) = pZ.
Therefore N; and similarly Ny are ¢p-0,44-S;-primary submodules of Z.
On the other hand (p, 1)(1, q) € pZ x qZ, but for every (s1, s2) € S1 X Sy
neither (s1,s2)(p,1) € pZ x qZ, nor (s1,s2)(1,q) € dx (N1 x No : My x
My) = Ny x Ny. Therefore pZ x qZ is not a ¢«-0x-S-primary submodule
of M1 X MQ.

5  (¢pOp~Se-Primary Amalgamation Submodules

Let R be a ring and I an ideal of R. The amalgamated duplication of
R along the ideal I is defined by R > I = {(a,a+1) : a € R,i € I},
which is a subring of R x R. Also if f: R — S be an R-homomorphism
and J is an ideal of S, then R/ J = {(a, f(a) +j):a € R,j € J} is
called the amalgamation of R and S along J with respect to f, which is
a subring of R x S.

Suppose that M be an R-module, N a submodule of M and I be an
ideal of R. Then the duplication of the R-module M along the ideal I
is defined by M 0 I = {(m,m') € M x M : m —m/ € IM}, which
is an (R > I)-module under the following scalar multiplication. (a,a +
i).(m,m’) := (am, (a+i)m') fora € R, i € [ and (m,m’) € M > 1. It is
clear that N I = {(n,m) € NxM :n—m € IM} and N = {(m,n) €
M x N :m—n € IM} are submodules of M < I [2]. Let K be an ideal
of R and L an ideal of S. Set K >/ .J := {(k, f(k)+j): k€ K,j € J}
and I/ = {(r,f(r)+j) : 7 € R, f(r)+j € L}, then one can show that
K o J and T are ideals of R >/ J. We call them amalgamation ideals
of Ro</ J.

Let My, M5 be two R-modules and ¢ : M7 — M3 be R-homomorphism.
Then M; <t* JMs is called the amalgamation of M; and Ms along J
with respect to ¢ is defined My <x? JMy = {(m1,p(m1) + ma) : my €
My, mg € JMs}, which is a (R >/ J)-module with the following scalar
multiplication, (a, f(a)+1i)(m1, @(m1)+mse) = (amq, (amy)+ f(a)ma+
ip(my)+imsz). Let N; and Ny be submodules of M; and Mj respectively,
then Ny ><t® JMsy = {(m1,p(mq) + mg) € My <x? JMs : my € N1} and
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NP = {(m1,0(m1) + mg) € My <x* JMy : @(my) + my € No} are
submodules of M; x¥ JMj [1]. We call them amalgamation submodules
of M1 ¥ J MQ.

In the following, we define the reduction and expansion functions on
the above two submodules. Let M, M> be two R-modules, I an ideal
of R, J and K be ideals of S, N7 and Ny be submodules of M7 and M
respectively.

Definition 5.1. Let ¢1 and ¢o be reduction submodules on L(M;) and
L(My) respectively. Set:

(1) ¢><1<N1 >® JMQ) = ¢1(N1) >® JM2

(2) 6a(N5) = 62(N2)”.

Clearly, ¢y is a reduction function on submodules Ny > J(M3) and
N3 of My <® J M.

Definition 5.2. Let §; and d2 be expansion ideals on L(R) and L(S)
respectively. Set:
(1) dpa(I >f ) = 851(1) f T

2) 6u(E) = 52(K).

Clearly, 6, is an expansion function on amalgamation ideals of T b/
J and K respectively.

Let S7 be a multiplicatively closed subset of R and S be a multiplica-
tively closed subset of S. Set Sy := 51 </ J and Sy 1= ?5. Clearly, Sy
is a multiplicatively closed subset of R >/ J with (1,1) € S, in both
cases.

Proposition 5.3. Let N1 and Ny be submodules of M1 and My respec-
tively. Then :
(1) (N <? My : ooy My ¥ JMg) = (Ny : My) >/ J.
~ —
(2) (N :poaty My ¥ JMs) = (Ny : Mo)” .

Proof. We only prove the second statement. It is clear that,
(N3 :poar g My >? JMy) C (N : Mz)f. Conversely, If (r, f(r)+7) €

(N : Mz)f, then f(r) +j € (N2 : Mz) and (f(r) + j)M2 C Np. Hence
(r, f(r) +5) € (N3 tppary Mi><? JMs). O
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Theorem 5.4. Let the situation be as described above definition and
S1 be a m.c.s. of R. Then Ny is a ¢-0-Si-primary submodule of M,
associated to s1 € Sy if and only if N1 <t® JMy is a4 Ppq-Opq-Ssq-primary
submodule of My ><1? J My associated to (s1, f(s1)) € Spa-

Proof. First notice that N; is a proper submodule if and only if
Ny <* JMs is a proper submodule. Also, we show that duq(Ny ><®
JMy : My <% JMy) N (Sy <! J) = @, if and only if 6(Ny : M;)N Sy = 0.
We know that 0 # r € 6(Ny : M) NSy if and only if (0,0) # (r, f(r)) €
S(Ny = My) saf TN (Sy 0af J) = Gua(Ny 2 My) af J) N (Sy </ J) =
5N(N1 ><1? J My : My <xi® JMQ) N (Sl <t/ J)

(=) Let (a, f(a) +j) € Ry </ J and (my, o(m1) +ma) € My <? J Mo
such that (a, f(a) + j)(m1,p(m1) + ma) € Ny ¥ JMo\pp(N1 <7
JM3). Then amy € Ny and p(amy) + f(a)ma + j(p(m1) + ma) € JM,.
Since (ami,p(amy) + f(a)ma + j(@(m1) + ma) ¢ Gua(Ny ¥ JMs) =
d(Ny) ><® JMay, so amy ¢ ¢(N1). Hence am; € Ni\¢(Np). By as-
sumption sym; € Ny or sja € §(Ny : My). Case i symy € Ny, then
(s1, f(s1))(m1,p(m1) +ma) € Ny <t JM,. Case ii (s1, f(s1))(a, f(a) +
§) € 8(Ny : My) <l J = 0pg(Ny 9 T My 2 ooy My <% T My).

(<) Let am; € N1\¢(NV1), for a € R and m; € M;. Then (a, f(a)) €
R of J, (m1,p(my)) € My > JMy and (amy, p(amy)) € Ny ¥
JMj. Since amy ¢ ¢(N1), so (amy,p(amy)) ¢ &(Ny) ><¥ JMy =
Oa(N1 <P JM3). Hence (s1, f(s1))(m1,o(m1)) € Ny <x? JMsy or
(81,f(81))(a,f(a)) S (5><1(N1 ><1? JMs ‘Rl J My ¥ JMQ) = (S(Nl :
M) </ J. Thus symy € Ny or s1a € 6(Ny :gp My). O

Theorem 5.5. Let the situation be as described above definition and So
be a m.c.s. of S. Suppose that f and ¢ are epimorphisms. Then No
18 a ¢-0-So-primary submodule of Mo associated to so € Sy if and only
if N(’QD 18 4 Qpq-Osa-Spa-primary submodule of My <t¥ JMs associated to

(f(s2),52) € Spq = §§.

Proof. We show that §(Ny : M) NSy = § if and only if Gu(Ny :
M; 5<% JM>) NS} = 0. We know that 0 # b € 8(Ns : M) N S if and
only if (0,0) # (F1(b),b) € 6(Nz : Ma)’ NS} = 6a((N3 : Ma)' )N S) =
5a(N8 My b<® JMy) 1 55 B

(=) First, Ny is a proper submodule. If Ny = M; ¥ JM,, then
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for every m; € My and g € JM,, we have o(m1) + g € Na. So
My = My + JMs; C Ny, which is a contradiction. Let (a, f(a) +
§) € Rl J and (my,(m1) + mo) € My <x¥ JMy, for a € R and
my € JMy such that (a, f(a) + j)(m1, o(m1) + m2) € N3\¢ua(N3).
So (f(a) + j)(w(m1) + my) & No. Since (a, f(a) + j)(ma,p(m1) +
ms) & ¢ua(N3) = ¢(Na)*, then (f(a) + j)(w(m1) + jma) & G(IN).
So (f(a)+j)(p(m1) +ma) € Na\¢(N2). Hence sz(p(m)+m2) € N or
s2(f(a)+4) € 6(Na :5 My). Case i (f~*(s2),52)(ma, o(m1)+mg) € N3
Case ii (f1(s2),52)(a, f(a) + j) € 0(No: M) = 6ua(Na: M) =
5|><](N2 M1 = JMQ)
(<) We note that Ny is a proper submodule of M. Let agmgy €
No\¢p(N3) for az € Ry and my € Ms. Since ¢ and f are epimor-
phisms, there are a; € R and m; € M; such that as = f(a1) and
my = p(mi). So (ay,a2) € R < J, (my,ms) € My <x¥ JMy and
(al,ag)(ml,m2) (alml,agmg) S N2 — —
Since agmy ¢ G(Ny), so (aymy, asmy) € Ni\bp(N3), by assumptlon
(fil(SQ),SQ)(ml,’n’LQ) S N; or (ffl(SQ) 32)(a1,a2) S 5><1(N2 My <®
JMQ) = 5(N2 : Mg)f. Case i s9mg € Ny. Case ii sqa9 € (S(NQ : Mg).
O
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