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Abstract. We will introduce a new class of implicit functions to prove
a common fixed point theorem for multi-valued mappings in ultramet-
ric spaces. Our result enables us to give a genuine generalization of
some known fixed point theorems, provided that the underling space is
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1. Introduction

Since Banach’s paper [4] on the existence of a unique fixed point for a
strict contraction, the study of contractive mappings has been an im-
portant topic in metric spaces. Banach’s celebrated theorem also yields
convergence of iterates to the unique fixed point. Interesting results have
also been obtained regarding set-valued mappings. In 1969, Nadler [14]
employed Banach’s iterative method to establish the existence of a fixed
point for a strictly contractive set-valued mapping. Nadler’s fixed point
theorem recently extended by some mathematicians [3, 10,13,19].
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Kikkawa and Suzuki extended Nadler’s fixed point theorem for multi-
valued mappings as follows.

Theorem 1.1. [10, Theorem 2] Let (X, d) be a complete metric space
and let T be a mapping from X into CB(X). Assume that there exists
r ∈ [0, 1) and η(r) = 1

1+r such that
η(r)d(x, Tx) ≤ d(x, y) implies H(Tx, Ty) ≤ rd(x, y) for all x, y ∈ X.
Then there exists z ∈ X such that z ∈ Tz.

In 2013, Popescu gave a new condition for mappings in a metric
space, which guarantees the existence of its fixed point.

Theorem 1.2. [16, Theorem 7] Let (X, d) be a complete metric space,
and let T be a mapping on X. Assume that there exist r ∈ [0, 1), a ∈
[0, 1], b ∈ [0, 1), (a + b)r2 + r ≤ 1 if r ∈ [12 ,

1√
2
], a + (a + b)r ≤ 1 if

r ∈ [ 1√
2
, 1) such that

ad(x, Tx) + bd(y, Tx) ≤ d(x, y) implies d(Tx, Ty) ≤ rd(x, y), for all
x, y ∈ X. Then there exists a unique fixed point z of T . Moreover,
limn T

nx = z for all x ∈ X.

The generalized contractions and implicit relations in metric spaces
have been considered by several authors in connection with the existence
of fixed points (see, for instance, [1, 2, 5] and the references therein).
It is interesting to study the existence of fixed points for multi-valued
mappings on ultrametric spaces; see for example [7, 11,12,15].

The aim of this paper is to prove a general common fixed point theo-
rem for multi-valued mappings in ultrametric spaces. We will introduce
a new class of implicit functions to prove a common fixed point theorem
for multi-valued mappings in ultrametric spaces.

This result enables us to give a simultaneous generalization of The-
orems 1.1 and 1.2 and some well-known fixed point theorems in the
literature [6, 8, 13] provided that the underlying space metric is non-
Archimedean. By presenting some examples, we will show that our
results are genuine generalization of some old results and may fail in
usual metric spaces.
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2. Preliminaries

In this section, we introduce some preliminary results that will be used
in the sequel. We begin by recalling some definitions.

Definition 2.1. Let X be any nonempty set and let T : X → 2X be
a multi-valued mapping. A point z ∈ X is called a fixed point of T if
z ∈ Tz, where 2X denotes the collection of all nonempty subsets of X.

Let (X, d) be a metric space. Throughout this paper, we assume that
CB(X) is the family of all nonempty closed bounded subsets of X.

Definition 2.2. Let (X, d) be a metric space. For every A,B ∈ CB(X),
the Hausdorff metric H induced by the metric d of X is defined by

H(A,B) = max{sup
x∈A

d(x,B), sup
y∈B

d(y,A)},

where d(x,B) = infy∈B d(x, y).

Definition 2.3. An ultrametric space(a non-Archimedean metric space)
[9] is a metric space (X, d) in which the triangle inequality is replaced
with

d(x, y) ≤ max {d(x, z), d(z, y)} , (x, y, z ∈ X).

In an ultrametric space X, for any sequence {xn}, we have

d(xn, xm) ≤ max{d(xj+1, xj) : m ≤ j ≤ n− 1} (n > m).

This implies that {xn} is Cauchy if and only if {d(xn+1, xn)} converges
to zero. The following result will be frequently used in the sequel. Since
we couldn’t find any reference for it, we give it here for the sake of
completion.

Proposition 2.4. If (X, d) be an ultrametric space, then so is (CB(X),H).

Proof. It follows from the definition thatH is symmetric andH(A,B) =
0 if and only if A = B. In order to prove the ultrametric inequality, we
will show first that

d(x,A) ≤ max{d(x, y), d(y,A)}, (x, y ∈ X;A ∈ CB(X)).
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Let x, y ∈ X and A ∈ CB(X). If d(x, y) > d(y,A). By the definition,
we can find a0 ∈ A such that d(x, y) ≥ d(y, a0). Then we have

d(x,A) ≤ d(x, a0) ≤ max{d(x, y), d(y, a0)}
= d(x, y) = max{d(x, y), d(y,A)}.

Let d(x, y) ≤ d(y,A), then d(x, y) ≤ d(a, y) for all a ∈ A. Hence for
each a ∈ A,

d(x,A) ≤ d(x, a) ≤ max{d(x, y), d(y, a)} = d(a, y).

Therefore d(x,A) ≤ infa∈A d(a, y) = d(y,A) = max{d(x, y), d(y,A)}.
Let A,B,C ∈ CB(X) and take some a ∈ A. If there exists b ∈ B such
that d(a, b) ≤ d(b, C), then

d(a,C) ≤ max{d(a, b), d(b, C)} = d(b, C)

≤ H(B,C) ≤ max{H(A,B),H(B,C)}.

Otherwise, d(a, b) > d(b, C) for each b ∈ B. Hence

d(a,C) ≤ max{d(a, b), d(b, C)} = d(a, b).

Therefore

d(a,C) ≤ inf
b∈B

d(a, b) = d(a,B) ≤ H(A,B) ≤ max{H(A,B),H(B,C)}.

Similarly, d(c, A) ≤ max{H(A,B),H(B,C)} for each c ∈ C and there-
fore

H(A,C) ≤ max{H(A,B),H(B,C)}.

�

3. Results

In recent years, many authors utilized implicit functions instead of con-
traction conditions to prove common fixed point theorems. Implicit
functions are proving fruitful due to their unifying power besides admit-
ting new contraction conditions. Altun [2] also proved some results on
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common fixed points of multi-valued mappings using implicit function.
In this section, we generalize the definition of implicit function in [2] for
ultrametric space to prove a general common fixed point theorem, which
generalizes some known results in the literature.

Definition 3.1. Let R+ denote the set of all nonnegative real numbers
and G denote the set of all functions g : R6

+ → R+ with the following
properties:

g0: g (lim infn→∞(pn)) ≤ lim infn→∞ g(pn) for every sequence {pn} in
R6
+, where lim inf pn means componentwise lim inf.

g1 : 0 ≤ ti ≤ t′i for i = 1, 2, 3, 4 implies that for each w ∈ R+,

g(w, t1, t2, t3, t4, 0) ≥ g(w, t′1, t
′
2, t
′
3, t
′
4, 0),

and
g(w, t1, t2, t3, 0, t4) ≥ g(w, t′1, t

′
2, t
′
3, 0, t

′
4),

g2 : there is a continuous strictly increasing function ϕ : R+ → R+
with ϕ(t) < t for t > 0 such that the inequalities 0 ≤ u ≤ w and

g(w, v, v, u,max{u, v}, 0) ≤ 0 or g(w, v, u, v, 0,max{u, v}) ≤ 0

imply w ≤ ϕ(v).

Inspired the results of Popescu and Altun, we establish a new type of
fixed point theorem in the framework of ultrametric spaces.

Theorem 3.2. Let (X, d) be a complete ultrametric space and T, S :
X → CB(X) be two mappings such that for some g ∈ G and r > 0,
the sequence {ϕn(r)} converges to zero, where ϕ is the function in g2.
Suppose that for some 0 ≤ a, b ≤ 1 with a+ b ≤ 1,

ad(x, Tx) + bd(y, Tx) ≤ d(x, y) or ad(y, Sy) + bd(x, Sy) ≤ d(x, y)

implies that

g (H(Tx, Sy), d(x, y), d(x, Tx), d(y, Sy), d(x, Sy), d(y, Tx)) ≤ 0. (1)

Then S and T have a common fixed point z and Tz = Sz.
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Proof. We divide the proof into four steps.

Step 1. Either infx∈X d(x, Tx) = 0 or infx∈X d(x, Sx) = 0.

Let α = infx∈X d(x, Tx) and β = infx∈X d(x, Sx). Without loss of
generality, we may assume that α ≤ β. Suppose that α > 0 and let
ϕ be the function in g2. Then the inequality ϕ(α) < α together with
continuity of ϕ imply that there is some ε > 0 such that ϕ(t) < α for
all t ∈ [α, α+ ε). Choose some x0 ∈ X with α ≤ d(x0, Tx0) < α+ ε and
find some x1 ∈ Tx0 such that α ≤ d(x0, x1) < α+ ε. Then

d(x1, Tx0) = 0, d(x0, Tx0) ≤ d(x0, x1) and a ≤ 1.

Hence

ad(x0, Tx0) + bd(x1, Tx0) = ad(x0, Tx0) ≤ d(x0, Tx0) ≤ d(x0, x1).

By our assumption, we have

g (H(Tx0, Sx1), d(x0, x1), d(x0, Tx0), d(x1, Sx1), d(x0, Sx1), d(x1, Tx0))

≤ 0.

Since

d(x0, Tx0) ≤ d(x0, x1) and d(x0, Sx1) ≤ max{d(x0, x1), d(x1, Sx1)},

by g1,
g(H(Tx0, Sx1), d(x0, x1), d(x0, x1), d(x1, Sx1),

max{d(x0, x1), d(x1, Sx1)}, 0) ≤ 0.

The above inequality and the fact that d(x1, Sx1) ≤ H(Tx0, Sx1) by
g2 imply that

H(Tx0, Sx1) ≤ ϕ(d(x0, x1)) < α.

Therefore
d(x1, Sx1) ≤ H(Tx0, Sx1) < α.

Hence β ≤ d(x1, Sx1) < α. This contradiction proves our claim.

Step 2. There is a Cauchy sequence {xn} in X such that

x2n−1 ∈ Tx2n−2 and x2n ∈ Sx2n−1 (n > 1).
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By step 1, we may assume that infx∈X d(x, Tx) = 0. Choose some x0 ∈
X with d(x0, Tx0) < r and select some x1 ∈ Tx0 such that d(x0, x1) < r.
Since ad(x0, Tx0) + bd(x1, Tx0) ≤ ad(x0, Tx0) ≤ d(x0, Tx0) ≤ d(x0, x1),
by our assumption

g (H(Tx0, Sx1), d(x0, x1), d(x0, Tx0), d(x1, Sx1), d(x0, Sx1), d(x1, Tx0))

≤ 0.

Since d(x1, Tx0) = 0, the inequalities

d(x0, Tx0) ≤ d(x0, x1) and d(x0, Sx1) ≤ max{d(x0, x1), d(x1, Sx1)}

together with g1 imply that

g (H(Tx0, Sx1), d(x0, x1), d(x0, x1), d(x1, Sx1),max{d(x0, x1), d(x1,

Sx1)}, 0) ≤ 0.

Put
w1 = H(Tx0, Sx1), u1 = d(x1, Sx1), v1 = d(x0, x1).

Then
g(w1, v1, v1, u1,max{u1, v1}, 0) ≤ 0 and u1 ≤ w1.

By g2, we obtain

d(x1, Sx1) ≤ H(Tx0, Sx1) ≤ ϕ(d(x0, x1)) < ϕ(r).

Choose ε1 > 0 such that d(x1, Sx1) + ε1 < ϕ(r). Hence there exists
x2 ∈ Sx1 such that d(x1, x2) ≤ d(x1, Sx1) + ε1 < ϕ(r). Then we have

d(x2, Sx1) = 0 and d(x1, Sx1) ≤ d(x1, x2).

Therefore

ad(x1, Sx1) + bd(x2, Sx1) ≤ ad(x1, Sx1) ≤ d(x1, Sx1) ≤ d(x1, x2).

By our assumption

g (H(Tx2, Sx1), d(x1, x2), d(x2, Tx2), d(x1, Sx1), d(x2, Sx1), d(x1, Tx2))

≤ 0.

Since
d(x2, Sx1) = 0, d(x1, Sx1) ≤ d(x1, x2)
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and
d(x1, Tx2) ≤ max{d(x1, x2), d(x2, Tx2)},

by g1, we obtain

g(w2, v2, u2, v2, 0,max{u2, v2}) ≤ 0 and u2 ≤ w2,

where
w2 = H(Tx2, Sx1), v2 = d(x1, x2), u2 = d(x2, Tx2).

By g2, w2 ≤ ϕ(v2). Therefore

d(x2, Tx2) ≤ H(Tx2, Sx1) ≤ ϕ(d(x1, x2)) < ϕ2(r).

Similarly, we can choose ε2 > 0 such that d(x2, Tx2) + ε2 < ϕ2(r). Then
select some x3 ∈ Tx2 with d(x2, x3) ≤ d(x2, Tx2) + ε2. Hence

d(x2, x3) ≤ d(x2, Tx2) + ε2 < ϕ2(r).

By continuing this procedure, we can inductively find a sequence {xn}
in X such that for each n ∈ N

d(x2n, Tx2n) ≤ ϕ(d(x2n, x2n−1)), d(x2n−1, Sx2n−1) ≤ ϕ(d(x2n−1, x2n−2)),

x2n−1 ∈ Tx2n−2, x2n ∈ Sx2n−1, and d(xn, xn+1) < ϕn(r).

Since limn→∞ d(xn, xn+1) = limn→∞ ϕ
n(r) = 0, the sequence {xn} is

Cauchy.

Step 3. There is z ∈ X such that z ∈ Tz or z ∈ Sz.

By the completeness of (X, d), z = limn→∞ xn exists. We claim that
for each n ∈ N either

ad(x2n, Tx2n) + bd(z, Tx2n) ≤ d(z, x2n)

or
ad(x2n+1, Sx2n+1) + bd(z, Sx2n+1) ≤ d(z, x2n+1).

Suppose that for some n ∈ N,

ad(x2n+1, Sx2n+1) + bd(z, Sx2n+1) > d(x2n+1, z)
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and

ad(x2n, Tx2n) + bd(z, Tx2n) > d(x2n, z).

By the ultrametric inequality,

d(x2n, x2n+1) ≤ max{d(x2n, z), d(x2n+1, z)}.

If max{d(x2n, z), d(x2n+1, z)} = d(x2n, z), since a+ b ≤ 1 we obtain

d(x2n, z) < ad(x2n, Tx2n) + bd(z, Tx2n)

≤ ad(x2n, x2n+1) + bd(z, x2n+1)

≤ ad(x2n, z) + bd(x2n, z) ≤ d(x2n, z).

If max{d(x2n, z), d(x2n+1, z)} = d(x2n+1, z), we have

d(x2n+1, Sx2n+1) ≤ d(x2n+1, x2n+2) ≤ ϕ(d(x2n, x2n+1))

< d(x2n, x2n+1) ≤ d(x2n+1, z)

and

d(z, Sx2n+1) ≤ max{d(x2n+1, z), d(x2n+1, Sx2n+1)} ≤ d(x2n+1, z).

Hence

d(x2n+1, z) < ad(x2n+1, Sx2n+1) + bd(z, Sx2n+1)

≤ (a+ b)d(x2n+1, z) ≤ d(x2n+1, z).

Since in each case, we get into a contradiction, our claim is proved.
Thus by assumption we have for each n ∈ N, either

g(H(Tx2n, Sz), d(x2n, z), d(x2n, Tx2n), d(z, Sz), d(x2n, Sz), d(z, Tx2n))

≤ 0

or

g(H(Tz, Sx2n+1), d(z, x2n+1), d(z, Tz), d(x2n+1, Sx2n+1), d(z, Sx2n+1),

d(x2n+1, T z)) ≤ 0.

Therefore, one of the following cases happens:
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(a) There exists a subsequence {xnj} ⊆ {xn} such that for all j ∈ N,

ad(x2nj , Tx2nj ) + bd(z, Tx2nj ) ≤ d(x2nj , z).

Therefore

g(H(Tx2nj , Sz), d(x2nj , z), d(x2nj , Tx2nj ), d(z, Sz), d(x2nj , Sz),

d(z, Tx2nj )) ≤ 0,

for all j > 1. We have

lim
j→∞

d(x2nj , Tx2nj ) ≤ lim
j→∞

d(x2nj , x2nj+1) = 0

and

lim
j→∞

d(x2nj , Sz) ≤ lim
j→∞

d(x2nj , z) + d(z, Sz) ≤ d(z, Sz).

Since limj→∞ d(z, Tx2nj ) ≤ limj→∞ d(z, x2nj+1) = 0, by g0,

g
(

lim inf
n→∞

H(Tx2nj , Sz), 0, 0, d(z, Sz), d(z, Sz), 0)
)
≤ 0.

Put w = lim infn→∞H(Tx2nj , Sz), u = d(z, Sz) and v = 0. Then

d(z, Sz) ≤ d(x2nj+1 , Sz) + d(x2nj+1 , z) ≤ H(Tx2nj , Sz) + d(x2nj+1, z).

Hence

u = d(z, Sz) ≤ lim inf
n→∞

H(Tx2nj , Sz) + lim
n→∞

d(x2nj+1, z) ≤ w + 0 = w.

By g2, w ≤ ϕ(0) = 0. By the above inequality, d(z, Sz) ≤ w. Hence
d(z, Sz) = 0. This means that z ∈ Sz.

(b) There exists a subsequence {xnk
} ⊆ {xn} such that for all k ∈ N

ad(x2nk+1, Sx2nk+1) + bd(z, Sx2nk+1) ≤ d(x2nk+1, z).
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In this case, by our assumption

g(H(Tz, Sx2nk+1), d(x2nk+1, z), d(z, Tz), d(x2nk+1, Sx2nk+1),

d(z, Sx2nk+1), d(x2nk+1, T z)) ≤ 0.

By a similar argument as was used in (a), we can show that

g
(

lim inf
n→∞

H(Tz, Sx2nk+1), 0, d(z, Tz), 0, 0, d(z, Tz)
)
≤ 0

and
d(z, Tz) ≤ lim inf

n→∞
H(Tz, Sx2nk+1).

By g2, lim infn→∞H(Tz, Sx2nk+1) ≤ ϕ(0) = 0. Therefore d(z, Tz) = 0.
This means that z ∈ Tz.

Step 4. z ∈ Tz or z ∈ Sz if and only if Tz = Sz.

Let z ∈ Tz, then ad(z, Tz)+bd(z, Tz) = 0 ≤ d(z, z). By our assumption,

g (H(Tz, Sz), d(z, z), d(z, Tz), d(z, Sz), d(z, Sz), d(z, Tz)) ≤ 0.

That is
g (H(Tz, Sz), 0, 0, d(z, Sz), d(z, Sz), 0) ≤ 0.

Let w = H(Tz, Sz), v = 0 and u = d(z, Sz). Then u ≤ w and
g(w, v, v, u,max{u, v}, 0) ≤ 0. By g2, H(Tz, Sz) ≤ ϕ(0) = 0. This
means that Tz = Sz. A similar argument shows that Tz = Sz if z ∈ Sz.

�

Corollary 3.3. Let (X, d) be a complete ultrametric space and let T be
mapping from X into CB(X). Suppose that there exists g ∈ G such that
ad(x, Tx) + bd(y, Tx) ≤ d(x, y) implies

g (H(Tx, Ty), d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)) ≤ 0

for all x, y ∈ X, where a, b ∈ [0, 1] and a + b ≤ 1. Moreover, assume
that limn→∞ ϕ

n(r) = 0 for some r > 0 , where ϕ is the function in g2.
Then there exists z ∈ X such that z ∈ Tz.

Proof. It is enough to take S = T in Theorem 3.2. �
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Definition 3.4. Let (X, d) be a metric space and T : X → 2X a multi-
valued mapping. Then T is called a multi-valued weakly Picard operator
if for all x ∈ X and all y ∈ Tx, there exists a sequence {xn} such that
x0 = x, x1 = y, xn+1 ∈ Txn for all n ∈ N and {xn} converges to a fixed
point of T .

We refer the reader to [17] and [18] for further information about
Picard and weakly Picard operators.

Corollary 3.5. Let (X, d) be a complete ultrametric space and let T be
mapping from X into CB(X). Suppose that there exists g ∈ G such that
ad(x, Tx) + bd(y, Tx) ≤ d(x, y) implies

g (H(Tx, Ty), d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)) ≤ 0

for all x, y ∈ X, where a, b ∈ [0, 1] and a+b ≤ 1. Moreover, assume that
limn→∞ ϕ

n(r) = 0 for all r > 0 , where ϕ is the function in g2. Then T
is a multi-valued weakly Picard operator.

Proof. Since the function ϕ satisfies

lim
n→∞

ϕn(t) = 0 for all t > 0,

by omitting step 1 of the proof of the Theorem 3.2 and mimicking the
rest of the proof, we can show that T is a multi-valued weakly Picard
operator. �

Corollary 3.6. Let (X, d) be a complete ultrametric space and T, S :
X → CB(X) be two mappings such that for some g ∈ G and r >
0, the sequence {ϕn(r)} converges to zero, where ϕ is the function in
g2. Suppose that d(x, Tx) ≤ d(x, y) or d(y, Sy) ≤ d(x, y) implies that
g (H(Tx, Sy), d(x, y), d(x, Tx), d(y, Sy), d(x, Sy), d(y, Tx)) ≤ 0. Then there
is z ∈ X such that z ∈ Tz = Sz.

Proof. Let a = 1 and b = 0 in Theorem 3.2. �

It is known that in an ultrametric space, every point inside a ball is
its center, i.e. if d(x, y) < r then B(x; r) = B(y; r).

In the next result, we use this property to prove a common fixed
point theorem for multi-valued mappings with restricted domain.
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Theorem 3.7. Let (X, d) be a complete ultrametric space, r > 0, x0 ∈
X and T, S : B(x0, r)→ CB(X). Let for some g ∈ G,

x, y ∈ B(x0, r) and ad(x, Tx) + bd(y, Tx) ≤ d(x, y) or
ad(y, Sy) + bd(x, Sy) ≤ d(x, y)

imply that

g (H(Tx, Sy), d(x, y), d(x, Tx), d(y, Sy), d(x, Sy), d(y, Tx)) ≤ 0, (2)

where a, b ∈ [0, 1] and a+ b ≤ 1. If for some x ∈ B(x0; r)

d(x, Tx) < r or d(x, Sx) < r

and limn→∞ ϕ
n(r) = 0, where ϕ is the function in g2. Then there is

z ∈ B(x0; r) such that z ∈ Tz = Sz.

Proof. Without loss of generality, we can assume that d(x, Tx) < r for
some x ∈ B(x0; r). Choose some x1 ∈ Tx such that d(x, x1) < r. Then
B(x; r) = B(x0; r) = B(x1; r) and

ad(x, Tx) + bd(x1, Tx) ≤ ad(x, Tx) ≤ d(x, Tx) ≤ d(x, x1).

By our assumption

g (H(Tx, Sx1), d(x, x1), d(x, Tx), d(x1, Sx1), d(x, Sx1), d(x1, Tx)) ≤ 0.

Put w1 = H(Tx, Sx1), u1 = d(x1, Sx1) and v1 = d(x, x1). Since

d(x1, Tx) = 0, d(x, Tx) ≤ d(x, x1) and
d(x, Sx1) ≤ max{d(x, x1), d(x1, Sx1)},

from g1 we obtain

g(w1, v1, v1, u1,max{u1, v1}, 0) ≤ 0 and u1 ≤ w1.

By g2, we have

d(x1, Sx1) ≤ H(Tx, Sx1) ≤ ϕ(d(x, x1)) < ϕ(r).

Choose some ε1 > 0 with d(x1, Sx1)+ ε1 < ϕ(r) and find some x2 ∈ Sx1
such that d(x1, x2) ≤ d(x1, Sx1) + ε1 < ϕ(r). Then B(x2; r) = B(x1; r).
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Thus x2 ∈ B(x0; r). Since ad(x1, Sx1) + bd(x2, Sx1) ≤ d(x1, x2), by our
assumption

g (H(Tx2, Sx1), d(x1, x2), d(x2, Tx2), d(x1, Sx1), d(x2, Sx1),

d(x1, Tx2)) ≤ 0.

From g1,

g(w2, v2, u2, v2, 0,max{u2, v2}) ≤ 0 and u2 ≤ w2,

where

w2 = H(Tx2, Sx1), v2 = d(x1, x2), u2 = d(x2, Tx2).

So that w2 ≤ ϕ(v2), by g2. That is, d(x2, Tx2) ≤ H(Tx2, Sx1) ≤
ϕ(d(x1, x2)) < ϕ2(r). Similarly, we can find some x3 ∈ Tx2 such that
d(x2, x3) < ϕ2(r). Hence B(x3; r) = B(x2; r). Therefore x3 ∈ B(x0, r).

Continuing this way, we get a sequence {xn} in B(x0, r) such that

x2n−1 ∈ Tx2n−2, x2n ∈ Sx2n−1 and d(xn, xn+1) < ϕn(r) (n > 1).

Since limn→∞ ϕ
n(r) = 0, the sequence {xn} is Cauchy. Hence there is

z ∈ B(x0, r) with xn → z. Since open balls are closed in an ultrametric
space, z ∈ B(x0; r).

Using the proofs of Step 3 and Step 4 in the proof of Theorem 3.2,
we can show that z ∈ Tz = Sz. �

Corollary 3.8. Let (X, d) be a complete ultrametric space and let T be
mapping from B(x0, r) into CB(X) for some x0 ∈ X and r > 0. Suppose
that there is g ∈ G such that ad(x, Tx)+ bd(y, Tx) ≤ d(x, y) implies that

g (H(Tx, Ty), d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)) ≤ 0,

for all x, y ∈ B(x0, r), where a, b ∈ [0, 1] and a+ b ≤ 1. If d(x, Tx) < r
for some x ∈ B(x0; r) and limn→∞ ϕ

n(r) = 0, then T has a fixed point.

Proof. Take S = T in Theorem 3.7. �
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4. Applications

In this section, we give some applications of our main theorem. We
show that our results in section 3, enable us to generalize and improve
some well-known fixed point theorems. We also present an example to
support our results.

In 2009, Moţ and Petruşel proved the following generalization of
Nadler’s fixed point theorem.

Theorem 4.1. [13, Theorem 6.6] Let (X, d) be a complete metric space
and let T be a mapping from X into CB(X). Assume that there exists
λ1, λ2, λ3 ∈ [0, 1) such that λ1 + λ2 + λ3 < 1 and 1−λ2−λ3

1+λ1
d(x, Tx) ≤

d(x, y) implies that

H(Tx, Ty) ≤ λ1d(x, y) + λ2d(x, Tx) + λ3d(y, Ty),

for all x, y ∈ X. Then T has a fixed point.

Recently, Gordji et al. proved the following theorem.

Theorem 4.2. [8, Theorem 2.1] Let (X, d) be a complete metric space,
and T be a map from X into CB(X) such that

H(Tx, Ty) ≤ λ1d(x, y)+λ2(d(x, Tx)+d(y, Ty))+λ3(d(x, Ty)+d(y, Tx))

for all x, y ∈ X, where λ1, λ2, λ3 ≥ 0 and λ1 + 2λ2 + 2λ3 < 1. Then, T
has a fixed point.

Theorem 3.2, enables us to prove the following results which are
simultaneous generalizations of the above results in ultrametric spaces.

Theorem 4.3. Let (X, d) be a complete ultrametric space and T, S :
X → CB(X) be such that ad(x, Tx)+bd(y, Tx) ≤ d(x, y) or ad(y, Sy)+
bd(x, Sy) ≤ d(x, y) implies that

H(Tx, Sy) ≤ λ1d(x, y)+λ2d(x, Tx)+λ3d(y, Sy)+λ4d(x, Sy)+λ5d(y, Tx),

where λi ≥ 0 for each 1 ≤ i ≤ 5 and
∑5

i=1 λi < 1 and a, b ∈ [0, 1], with
a+ b ≤ 1. Then there is z ∈ X such that z ∈ Tz = Sz.
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Proof. By Theorem 3.2, it is enough to prove that the function

g(t1, . . . , t6) = t1 −
6∑
i=2

λi−1ti, (ti ≥ 0, 1 ≤ i ≤ 6),

together with ϕ(t) =
(∑5

i=1 λi

)
t satisfies g0, g1 and g2. Clearly g0 and

g1 hold. Let 0 ≤ u ≤ w and g(w, v, v, u,max{u, v}, 0) ≤ 0. If u ≤ v,
then

w ≤ (λ1 + λ2)v + λ3u+ λ4 max{u, v}

≤
4∑
i=1

λiv ≤ ϕ(v).

If v < u, then w <
∑4

i=1 λiu ≤ u, which is a contradiction. Hence
in this case g2 holds. A similar proof shows that when u ≤ w and
g(w, v, u, v, 0,max{u, v}) ≤ 0, the relation w ≤ ϕ(v) holds. Hence g
satisfies g0, g1 and g2.

Corollary 4.4. Let (X, d) be a complete ultrametric space and T : X →
CB(X) be such that ad(x, Tx) + bd(y, Tx) ≤ d(x, y) implies that

H(Tx, Ty) ≤ λ1d(x, y)+λ2d(x, Tx)+λ3d(y, Ty)+λ4d(x, Ty)+λ5d(y, Tx)

where λi ≥ 0 for each 1 ≤ i ≤ 5 and
∑5

i=1 λi < 1 and a, b ∈ [0, 1], with
a+ b ≤ 1. Then T is a multi-valued weakly Picard operator.

Proof. Let ϕ(t) =
(∑5

i=1 λi

)
t. Since limn→∞ ϕ

n(t) = 0 for all t > 0,

the result follows from Corollary 3.5 and the proof of Theorem 4.3. �

Corollary 4.5. Let (X, d) be a complete ultrametric space and T, S
be self-mapping on X such that ad(x, Tx) + bd(y, Tx) ≤ d(x, y) or
ad(y, Sy) + bd(x, Sy) ≤ d(x, y) implies that

d(Tx, Sy) ≤ λ1d(x, y)+λ2d(x, Tx)+λ3d(y, Sy)+λ4d(x, Sy)+λ5d(y, Tx)

where λi ≥ 0 for each 1 ≤ i ≤ 5 and
∑5

i=1 λi < 1 and a, b ∈ [0, 1], with
a+ b ≤ 1. Then T and S have a unique common fixed point.
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Proof. By Theorem 4.3, T and S have a common fixed point. To prove
the uniqueness, suppose that z, z′ are common fixed points of T and S.
Then

ad(Tz, z) + bd(z′, T z) = bd(z′, z) ≤ d(z, z′).

If z 6= z′, by our assumption,

d(z, z′) = d(Tz, Sz′) ≤ λ1d(z, z′) + λ2d(z, Tz) + λ3d(z′, Sz′)

+ λ4d(z, Sz′) + λ5d(z′, T z) = (λ1 + λ4 + λ5) d(z, z′) < d(z, z′)

which is contradiction. Hence z = z′. �

The following example is due to Suzuki [19, Theorem 3]. This example
shows that Corollary 4.5 and hence Theorem 4.3 is not true in general
for complete metric spaces.

Example 4.6. Define a complete subset X of the Euclidean space R
as follows: X = {0, 1} ∪ {xn : n ∈ N ∪ {0}}, where xn = (14)(−3

4)n

for n ∈ N ∪ {0}. Define a mapping T on X by T0 = 1, T1 = x0 and
Txn = xn+1 for all n ∈ N ∪ {0}. Clearly, T does not have a fixed point.
However,

d(x, Tx) ≤ d(x, y) implies d(Tx, Ty) ≤ 3

4
d(x, y).

for all x, y ∈ X [19, Theorem 3].

The following example shows that Theorem 3.2 is a genuine gener-
alization of Theorem 1.1 in ultrametric spaces.

Example 4.7. Let X = {a, b, c, e} and d(a, c) = d(a, e) = d(b, c) =
d(b, e) = 1 and d(a, b) = d(c, e) = 3

4 . It is easy to verify that X is a
complete ultrametric space. Define T : X → CB(X) by T (a) = T (b) =
T (c) = {a} and T (e) = {b}. For r = 3

4 , we have η(r) = 4
7 . Since

η(r)d(c, T c) = 4
7 ≤

3
4 = d(c, e) and H(Tc, Te) = 3

4 >
9
16 = rd(c, e), T

does not satisfy in assumption in Theorem 1.1. We prove that

d(x, Tx) ≤ d(x, y) implies H(Tx, Ty) ≤ 3

4
d(x, y).
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for all x, y ∈ X. Since H(Ta, Tb) = H(Ta, Tc) = H(Tb, T c) = 0, we
have H(Tx, Ty) ≤ 3

4d(x, y) for x, y ∈ {a, b, c}. Also,

H(Ta, Te) =
3

4
≤ 3

4
=

3

4
d(a, e) , H(Tb, Te) =

3

4
≤ 3

4
=

3

4
d(b, e).

Note that d(e, Te) = 1 > 3
4 = d(c, e). We can apply Theorem 4.3 to

deduce existence of a fixed point for T . However, Theorem 1.1 can not
be used in this example.

� In 2009, Dhompongsa and Yingtaweesittikul proved the follow-
ing theorem.

Theorem 4.8. [6, Theorem 4.1] Let (X, d) be a complete metric space.
Suppose that r ∈ [0, 1) and T : X → CB(X) are such that

θ(r)d(x, Tx) ≤ d(x, y) implies

H(Tx, Ty) ≤ rmax{d(x, y), d(x, Tx), d(y, Ty)}

for all x, y ∈ X and the function x→ d(x, Tx) is lower semicontin-
uous, where θ : [0, 1)→ (12 , 1] is the function

θ(r) =


1 0 < r <

√
5−1
2

(1− r)r−2
√
5−1
2 ≤ r < 2−1/2

(1 + r)−1 2−1/2 ≤ r < 1.

Then T has a fixed point.

We give the following extension of Theorem 4.8 for ultrametric spaces.

Theorem 4.9. Let (X, d) be a complete ultrametric space and T, S :
X −→ CB(X). Assume that there is an increasing function ϕ : [0,∞)→
[0,∞) with ϕ(t) < t for each t > 0 and {ϕn(r)} converges to zero for
some r > 0. Suppose that

H(Tx, Sy) ≤ ϕ( max{d(x, y), d(x, Tx), d(y, Sy), d(x, Sy), d(y, Tx)})

provided that ad(x, Tx) + bd(y, Tx) ≤ d(x, y) or ad(y, Sy) + bd(x, Sy) ≤
d(x, y), where a, b ∈ [0, 1] with a + b ≤ 1. Then T, S have a common
fixed point.



A COMMON FIXED POINT THEOREM FOR ... 19

Proof. Define g : R6
+ → R+ by

g(t1, t2, t3, t4, t5, t6) = t1 − ϕ (max{t2, t3, t4, t5, t6}) .

We will show that g ∈ G. Clearly g0 and g1 hold. Let 0 ≤ u ≤ w and
g(w, v, v, u,max{u, v}, 0) ≤ 0. If u ≤ v, then

w ≤ ϕ (max{v, v, u,max{u, v}, 0})
≤ ϕ(v).

If v < u, then

w ≤ ϕ (max{v, v, u,max{u, v}, 0})
≤ ϕ(u) < u,

which is a contradiction. Hence in this case g2 holds. Similarly, if u ≤ w
and

g(w, v, u, v, 0,max{u, v}) ≤ 0,

one can show that w ≤ ϕ(v). Hence g ∈ G. From Theorem 3.2, the
result follows. �

Corollary 4.10. Let (X, d) be a complete ultrametric space and T, S :
X −→ CB(X). Assume that there is 0 ≤ r < 1 such that

H(Tx, Sy) ≤ rmax{d(x, y), d(x, Tx), d(y, Sy), d(x, Sy), d(y, Tx)}

provided that ad(x, Tx) + bd(y, Tx) ≤ d(x, y) or ad(y, Sy) + bd(x, Sy) ≤
d(x, y), where a, b ∈ [0, 1] such that a + b ≤ 1. Then T and S have a
common fixed point.

Proof. Take ϕ(t) = rt in Theorem 4.9. �

Corollary 4.11. Let (X, d) be a complete ultrametric space and T :
X −→ CB(X). Assume that there is 0 ≤ r < 1 such that

H(Tx, Ty) ≤ rmax{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}

provided that ad(x, Tx) + bd(y, Tx) ≤ d(x, y) , where a, b ∈ [0, 1] such
that a+ b ≤ 1. Then T is a multi-valued weakly Picard operator.
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Proof. Since limn→∞ ϕ
n(t) = limn→∞ r

nt = 0 for all t > 0, the result
follows from Corollary 3.5 and Corollary 4.10. �

Note that the above result is not true in general for complete metric
spaces. In fact, Suzuki proved the following theorem.

Theorem 4.12. [19, Theorem 3] Define a function θ as in Theorem
4.8. Then for each r ∈ [0, 1), there exist a complete metric space (X, d)
and a mapping T on X such that T does not have a fixed point and

θ(r)d(x, Tx) < d(x, y) implies d(Tx, Ty) ≤ rd(x, y),

for all x, y ∈ X.
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