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Abstract. In conventional data envelopment analysis (DEA), it is
typically assumed that inputs and outputs are homogeneous and that
decision-making units (DMUs) remain present throughout all time pe-
riods. However, such assumptions are often violated in real-world ap-
plications. This study introduces a new network DEA framework that
enables the evaluation of nonhomogeneous DMUs over multiple time
periods, in which changes in the type and number of outputs, as well as
the entry and exit of DMUs across different periods, are explicitly incor-
porated into the model.In the proposed approach, outputs are first clas-
sified into homogeneous subgroups, and the efficiency of each subgroup
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within the nonhomogeneous network is then computed. This allows the
overall efficiency of each DMU to be calculated as a weighted average
of the corresponding subnetwork efficiencies. Based on a numerical ex-
ample and a real case study in the banking industry, the results reveal
substantial differences between the efficiency scores obtained under the
nonhomogeneous framework and those produced by traditional homo-
geneous DEA models.Overall, the findings indicate that the proposed
model, owing to its high flexibility, provides a more realistic and accu-
rate representation of DMU performance in multi-period environments.

AMS Subject Classification: 90C08; 90B50; 62P20.
Keywords and Phrases: Multi-period efficiency evaluation, Data En-
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1 Introduction

Evaluating the performance of organizations operating in dynamic and
complex environments has become an increasingly important issue for
both researchers and managers. Since its introduction by Charnes,
Cooper, and Rhodes [(], Data Envelopment Analysis (DEA) has been
widely recognized as a powerful and flexible tool for measuring relative
efficiency. Despite its extensive development, traditional DEA models
are built upon the assumption that all decision-making units (DMUs)
are homogeneous and operate under a common production technology.
These assumptions mainly include the homogeneity of inputs and out-
puts across DMUs and the continuous presence of all DMUs throughout
the entire time horizon. Such assumptions impose significant limita-
tions on the applicability of conventional DEA models in real-world
settings. In practice, particularly in sectors such as banking, service
industries, and production networks, DMUs often operate under non-
homogeneous conditions. The composition, type, and even the number
of outputs may vary across units or over time. These differences are
typically driven by technological changes, regulatory reforms, macroeco-
nomic policies, or strategic organizational decisions. Moreover, the entry
of new units into the system and the exit of existing ones in subsequent
periods (temporal heterogeneity) is a common phenomenon in such en-
vironments. Recent studies indicate that ignoring output heterogene-
ity and temporal heterogeneity can lead to biased efficiency estimates
and, consequently, misleading managerial implications. As a result, ad-
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dressing heterogeneity has become one of the main research directions
in DEA. Early studies in this area identified the limitations imposed
by the homogeneity assumption and proposed preliminary conceptual
frameworks to mitigate its effects. Subsequently, researchers developed
various approaches for evaluating nonhomogeneous units, including out-
put grouping, handling missing data, and related techniques. Although
these efforts yielded notable advances, most of them remained confined
to single-period analyses and were unable to capture the temporal dy-
namics inherent in real-world systems. In parallel, the development of
Network DEA (NDEA) as an extension of classical DEA enabled the
analysis of complex systems with multi-stage, parallel, or hybrid struc-
tures. This approach has proven particularly effective in modeling real
production processes that involve internal interactions among different
stages. However, most existing NDEA models still assume homogeneous
network structures and a stable set of DMUs, which limits their appli-
cability in environments characterized by nonhomogeneous or evolving
internal structures (Kao, [21]; Yan,[31]). In recent years, researchers
have also turned their attention to heterogeneity in network structures.
These studies acknowledge that DMUs may differ not only in terms of
outputs, but also with respect to the number of stages, the types of
internal components, and the nature of interconnections among them.
While such approaches represent an important step toward enhancing
model realism, they have largely remained restricted to single-period
settings. Conversely, multi-period DEA models have been developed
to analyze efficiency changes over time, enabling intertemporal compar-
isons and long-term performance evaluation. Nevertheless, these models
typically maintain the assumptions of output homogeneity and a fixed
set of DMUs, and thus do not account for changes in output composition
or the entry and exit of units (An & Min, [1]). Accordingly, although
nonhomogeneous DEA, network DEA, and multi-period DEA have each
been developed independently, an integrated framework capable of si-
multaneously modeling output heterogeneity, network structures, and
multi-period dynamics in the presence of DMU entry and exit remains
largely unexplored in the literature. This gap is particularly critical in
industries such as banking and services, where product portfolios and
institutional participation change continuously over time. To address
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this gap, the present study proposes a novel multi-period network DEA
framework for evaluating the efficiency of nonhomogeneous DMUs over
time. In this framework, both output heterogeneity and temporal het-
erogeneity (defined as changes in the presence or absence of DMUs across
periods) are explicitly considered. The proposed model allows for varia-
tions in the type and number of outputs across different periods, as well
as the entry and exit of DMUs. To this end, outputs are first classified
into homogeneous subsets, and the efficiency of each subset is evalu-
ated within its corresponding sub-network. Subsequently, the overall
efficiency of each DMU is computed through a weighted aggregation of
sub-network efficiencies. The proposed framework has several key ad-
vantages over existing approaches. First, it provides an integrated model
that simultaneously addresses output heterogeneity, network structures,
multi-period dynamic analysis, and the entry and exit of DMUs. Second,
by preserving the network structure of the units, it offers a more real-
istic representation of complex production processes. Third, the model
enables decision-makers to identify the strengths and weaknesses of the
units in relation to specific output categories across all time periods.
The efficiency of the proposed framework has been evaluated through
a numerical example and an empirical study in the banking industry.
The results indicate significant differences between the efficiency scores
obtained from the proposed model and traditional homogeneous DEA
models, clearly highlighting the importance of explicitly considering het-
erogeneity in efficiency analysis. The structure of the rest of the article
is organized as follows: First, the next section reviews the related liter-
ature. The third section is dedicated to presenting and explaining the
main research problem. In the fourth section, the proposed framework
and models are introduced. The fifth section provides a real-world ex-
ample to demonstrate the application of the presented models. Finally,
the article concludes with a summary of the findings and suggestions for
future research.

2 Literature Review

Data Envelopment Analysis (DEA) has been widely recognized as a
powerful tool for evaluating the performance and efficiency of decision-
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making units (DMUs). This method was first introduced by Charnes,
Cooper, and Rhodes [0] for a set of homogeneous DMUs operating un-
der a common technology, and since then, numerous studies have been
conducted in this field (Panwar et al. [29], Kyrgiakos et al. [22], and
Hosseinzadeh Lotfi et al. [18]).

A fundamental assumption in classical DEA models is the homogene-
ity of DMUs in terms of input—output structure and production tech-
nology; that is, all DMUs are assumed to use the same set of inputs
to produce similar outputs. However, in real-world applications, this
assumption often does not hold. Temporal, spatial, technical, and en-
vironmental differences among DMUs give rise to heterogeneity (Haas
& Murphy[16]). Consequently, the investigation and management of
heterogeneity in DEA have become major research themes in recent
years. With the growing application of DEA to real-world problems,
researchers gradually became aware of the limitations imposed by the
homogeneity assumption and identified heterogeneity as a key challenge
in efficiency evaluation. Dyson et al. [12] were among the first to sys-
tematically examine the consequences of violating the homogeneity as-
sumption in DEA, demonstrating that ignoring heterogeneity can lead
to misleading efficiency scores and rankings. Subsequently, Castelli et al.
[5] showed that in many organizations, DMUs consist of sub-units with
different structures and performance characteristics, rendering homoge-
neous DEA models inappropriate. Cook et al. [3, 9], focusing on output
heterogeneity, proposed a framework in which DMUs are classified into
homogeneous subgroups based on their output production patterns, and
efficiency is evaluated separately within each subgroup. This approach
has formed the basis for many subsequent studies on nonhomogeneous
DEA. Continuing along this research stream, Li et al. [24] and Lin et
al. [25] extended these models under the assumption of variable returns
to scale (VRS) and employed directional distance functions to introduce
greater flexibility in evaluating nonhomogeneous DMUs. At the same
time, Chen et al. [7] addressed the issue of input instability and pro-
posed methods for handling DMUs with variable inputs. Nevertheless,
many of these models still face limitations in situations where inputs
are non-separable or when the analysis is confined to a single time pe-
riod. In addition to output heterogeneity, part of the literature has
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focused on heterogeneity on the input side. Li et al. [23] examined
settings in which DMUs utilize non-homogeneous inputs, while Zhu et
al. [34] extended the concept of cross-efficiency evaluation to nonhomo-
geneous units. Chen et al. [7] incorporated heterogeneity arising from
fluctuations in input values into the analysis and proposed a DEA-based
framework to address this type of uncertainty. These studies indicate
that heterogeneity may stem from multiple sources and is not limited to
outputs alone.

On the other hand, heterogeneity may arise not only at the DMU level
but also within their internal structures. This observation has led to the
development of Network Data Envelopment Analysis (Network DEA).
As an extension of traditional DEA, Network DEA enables the evalua-
tion of systems with multi-stage, series, parallel, and hybrid structures
[20, 33]. In this context, Huang et al. [19] proposed nonhomogeneous
two-stage models for evaluating hotel efficiency, and Du et al. [11] in-
corporated heterogeneity into parallel network structures. Subsequent
studies such as Singh and Ranjan [30], Barat et al. [3, 1], and Yan et al.
[31] further developed NDEA models for DMUs with nonhomogeneous,
dynamic internal structures and undesirable outputs. Despite the sub-
stantial expansion of DEA and NDEA models to address heterogeneity,
most of these studies are static in nature and rely on data from a single
time period. In many practical applications, however, performance eval-
uation requires multi-period analysis. To meet this need, multi-period
DEA models have been developed (Ahn and Min, [1]). Kao and Liu
[21] measured DMU efficiency in each period as well as over the entire
time horizon, while Hajiagha et al. [17] employed Chebyshev inequality
bounds for multi-period efficiency evaluation. More recent studies, in-
cluding Esmailzadeh and Matin [13], Giinaydin et al. [15], Moghaddas
et al. [20], Asadi et al. [2], and Gazori-Nishabouri et al. [14], have inves-
tigated network, dynamic, and feedback structures within multi-period
DEA frameworks.

Nevertheless, a major limitation of most existing multi-period DEA
models is their neglect of DMU heterogeneity over time. In practice, the
composition of DMUs, the set of outputs, and even production condi-
tions may change across periods. To address this gap, very recent studies
have explicitly focused on temporal heterogeneity. Dastani et al. [10]
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developed a multi-period DEA approach that incorporates output het-
erogeneity over time into DMU efficiency analysis, demonstrating that
ignoring this type of heterogeneity can lead to biased performance esti-
mates. Zotti [35] employed a Conditional DEA framework to incorporate
regional heterogeneity into the efficiency analysis of schools, highlight-
ing the importance of environmental and structural factors. Moreover,
Mohsenirad and Triantis [27] proposed a comprehensive methodological
framework for testing and identifying heterogeneity in DEA, which can
serve as a foundation for the development of more advanced models in
this area.

Despite these advances, a comprehensive model that simultaneously ac-
counts for output heterogeneity and temporal heterogeneity within a
multi-period framework has not yet been fully developed. This gap is
particularly critical in settings where DMUs may exit or enter the system
in certain periods, or where the set of outputs changes over time. Ac-
cordingly, the present study aims to fill this research gap by developing
a model for evaluating the multi-period efficiency of nonhomogeneous
DMUs. The proposed model incorporates heterogeneity in both outputs
and time periods, enabling a more realistic assessment of DMU perfor-
mance in dynamic and complex environments. This approach represents
a meaningful step toward enhancing the analytical capabilities of DEA
and expanding its applicability to real-world problems.

3 Description of the research problem

To illustrate the problem under investigation, we first present a hypo-
thetical example. Suppose that three automobile manufacturers (DMU1,
DMU9, DMU3) are evaluated over four time periods. The inputs re-
main homogeneous throughout all periods, whereas the type and compo-
sition of outputs may vary across different periods. Moreover, over time
and due to technological advancements, some production lines may be
eliminated or reconstructed,or new production lines may be introduced
into the manufacturing process.

Numerical example: Suppose Iran Khodro has three production units
in different cities, comprising five nonhomogeneous outputs and two ho-
mogeneous inputs.
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x1: steel consumption (tons)

x9: labor hours (thousand hours)

y1: Peugeot 207 production

yo: Samand production

y3: Dena production

y4: Rana production

y5: Tara production

These five outputs are all passenger cars belonging to the same industry,
but they represent product variety. In Table 1, this scenario is illustrated
for three companies (DMU's) with different production lines, homoge-
neous inputs, and nonhomogeneous outputs over four time periods.
Nonhomogeneous in output: The companies do not necessarily produce
all models in every period, or they may introduce new products. For
example, DMU; does not produce the Dena in periods ¢; and t5 but
starts its production in 3, while the Samand remains unproduced. In
t4, the production of the 207 ceases, whereas other models continue to
be manufactured. Changes in unit presence over time: DMUj3 becomes
active and starts production from period 5. DMUs has no output in #4
due to production line renovation.

Table 1: Homogeneous inputs and nonhomogeneous outputs over sev-
eral time periods

Time Homogeneous Outputs of DMU; Outputs of DMUy  Outputs of DMU3

1 X1, T2 Y1, Y2, Y4, Y5 Y1, Y3, Y4, Y5 -

to 1, X2 Y1,Y2, Y4, Ys Y1,Y3, Y4, Y5 Y3,Y4, Y5

t3 x1,T2 Y1, Y3, Y4, Ys Y3, Y4, Ys Y2, Y3, Y4, Y5
ty 1, X2 Y2,9Y3, Y4, Y5 - Y3, Y4, Y5

In this scenario, DM U,, DMU,, and DMUj are the three companies
under investigation in the automotive manufacturing plant. In addition,
x1 and xo are the homogeneous inputs of the plant, whereas y1, yo, ys,
Y4, and ys represent the nonhomogeneous outputs of the companies in
each period.

In Table 1, we can observe that in the first year of operation, DM U1
and DMU, are active. In the second and third years, all DMUs are
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active. In the fourth year, DMU; and DM U3 are active (in production).
In addition, DMUs may not produce the same outputs during their
periods of activity. For example, DM U produces outputs y1, y2, y4, and
y5 in the first and second periods, but in the next period, output ys is
not produced; instead, output s is introduced into the production cycle.
In period t4, output g7 is not produced, but output yo is reintroduced
into the production cycle. Similarly, DMUs, which produces products
Y1, ¥3,Y4, and y5 in the first and second periods, produces products
Y3, Y4, and ys in the third period. Even the production of a production
line may not change throughout the evaluation periods. In the fourth
column of Table 1, we observe the nonhomogeneous outputs of DMU 5
in periods to, t3, and t4.

So as to calculate the efficiency of each DMU, (each company in its
production line) over all periods of operation, we first categorize the
DMU : s (the j™ Decision Making unit at time ¢ ) on the basis of their
outputs independent of their periods of operation, according to Cook et.
al [8]. This means that DMU ;: s with the same outputs are grouped
into p DMU groups Ny, p = A,B,C,...,. Thus, DMUj: s are cate-
gorized into P distinct groups. In the provided example, the number
of DMU j: s is 10, which are categorized (based on their outputs) into
four distinct subgroups named N4, Ng, No and Np. For instance, N4
includes DM U1 and DMU 2 because they produce products y1, yo, Y4,
and y5. Meanwhile, DMUy2, DMU41, and DMU s in other Np pro-
duce products y1, ys,y4, and y5. Similarly, instances follow this pattern.
Therefore, the number of categories in this example is four, and each
subgroup uses similar inputs.

Definition 3.1. (Temporalv Nonhomogeneity). Temporal nonhomo-
geneity refers to the variation in the composition of DMUs and their
operational status across different time periods. Specifically, the set
of DMUs and their levels of activity are not constant over time. Some
DMUs may enter or exit the system in certain periods, leading to changes
in the number of operating units. For example, a new DMU may be in-
troduced in a later period (e.g., DMUj is absent in period ¢; but becomes
operational from period t9 onward). Similarly, a DMU may be inactive
in a particular period (e.g., DMUjy produces no output in period ¢4 due
to a temporary shutdown or production line reconstruction), effectively

9
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rendering it non-operational during that interval. Consequently, the set
of active DMUs may differ from one period to another.

Definition 3.2. (Definition of N}). N, denotes the set of all DMU
that produce identical outputs and therefore belong to category p, where
p=AB,C,.... In fact, the DMUs are partitioned according to their
output types, and any DMU;: with the same output is placed in the
same group.

Table 2: Production Outputs in Each Group

Outputs
Groups/ Y1 y2 Y3 Yya

Y5
Na v v o o- v v
Ng v - v v Y
Nc - v v v Vv
Np - - v v Y

Now, we analyze the overall scenario and survey the situation shown
in Table 2. In this scenario, a group of production lines from automotive
industry companies produce a specific set of products at different times,
but not all products are produced at all times and in all the production
lines. In this example, the automotive industry companies are divided
into 4 exclusive and mutually exclusive groups ( P = 4 ) based on output
(according to production lines). The groups are named N4, Np, N¢
and Np respectively. The group N4 includes DMU1 and DMU 2.
The group Np includes DMUg2, DMUy and DMU 3. The group N¢
includes DM U433 and DMU 4 and group Np includes DMUga, DMU 53
and DMU3z2. (In some cases, the symbol j* € N, is used to represent
DMU ji € Np).

In Data Envelopment Analysis (DEA), it is sometimes necessary to
divide outputs into distinct and exclusive categories. This classification
helps to identify the strengths and weaknesses of DMUs in the produc-
tion of each type of output; with this categorization, the performance of
DMUs in each category can be analyzed separately.
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Definition 3.3. (Definition of Rj). The set Ry denotes a subset
of outputs whose members are generated by exactly the same set of
DMUj+ units, that is, they share an identical DMU+ production profile.
Accordingly, Ry represents a group of homogeneous outputs produced
by a common subset of decision-making units DMU ..

According to Definition 3.3, if two outputs r1 and ro belong to Ry, then
their corresponding production profiles coincide. Hence, if output ry is
produced by the DMUj: units in groups N4 and Np, then output ry is
also produced by precisely the same groups of DMUj:, namely N4 and
Np.

Each set Ry is defined to be maximal with respect to this property; that
is, there exists no output r in Ry whose DMU;: production profile is
identical to that of the members of Ry.

It follows that, for a given collection of DMUj: production profiles, there
exist K distinct output subsets. Let y, denote the outputs contained
in Ry. Based on the categorization framework proposed by Cook et al.
(2013), the outputs in the illustrative example are partitioned as follows:

Re, k=1,2,....K
Ri={1}, Ry={2}, Ry=1{3}, Ry={4,5)

Subsequently, the DMUj: units are classified according to the output
subgroups they generate. For example, those units producing output
subgroups R1, Ro, and Ry are assigned to group N 4. In this illustrative
case, Ry contains output y;, Ro contains output y,, and R4 contains
outputs y, and y;. The inputs of each DMUj: are therefore allocated
across the production activities associated with Rj, Ro, and Ry4.

A separate DEA model is subsequently formulated and solved for each
output subgroup using the corresponding inputs and outputs. This pro-
cedure enables an accurate assessment of the performance of the unit
under evaluation within each output subgroup.

Definition 3.4 (Definition of Ly,). Let Lp, denote the collection
of output subgroups Ry associated with category N,, such that these

subgroups comprise all outputs generated by the decision-making units
DMUj+ belonging to N,,.

11
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For instance, according to the above table, we have:

Ly, ={Ri,R2,Rs}, Ln,={Ri1,Rs, Rs},

Ly, ={R2,R3,Rs4}, Ln, ={Rs3, R4}

Definition 3.5 (Definition L;). For each decision-making unit DMUj¢,
let L; denote the set of all output subsets produced by DMU : through-
out all evaluation periods in which it is active.

For example, over their respective active periods,

Ly = {Ri1,R3, R4}, Ls={Ra, R3, R4}.

Definition 3.6 (Definition Mg, ). Let Mg, denote the set of all cate-
gories N, that produce output subgroup Ri. Equivalently, it represents
the collection of all categories that include Rx as a member of their
associated output set.

M, = { Np|Rc € Ly}

For example, the hypothetical sets corresponding to Mg, and Mg,
are defined as follows:

Mg, = {Na,N}, Mg, ={Na,Nc}

Definition 3.7 (Definition of M3 ). Let M7  represent the set of
all categories Npo in which the decision-making unit DMU, produces
output Rx over multiple evaluation periods.

M]%K - {NPO

ot € Npo for Npo € MRK}

For example, MI2%3 = {Np, Np} entails the categories that include
DMU,5 at different time periods and produce the output R3. Np and
Np, thus M = {Np,Np}.

In this study, based on Figure 1, each decision-making unit (DMU,)
is regarded as a target network throughout its operating periods. The
components inside the networks are referred to as “sub-networks” (sub).
In the o' network (DMU,), the subs consist of all Npo that produce
output Rj. In other words, the subs include those clusters (Npo) that
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contain output Ry in the of" network.Accordingly, in the o network,
the clusters Npo that contain output R; are defined as the first sub-
network. Similarly, the clusters that generate outputs Ra, (Rs,andRy)
are defined as the second, third, and fourth sub-networks, respectively.
Each Npo may belong to several subs. Therefore, based on the above
classification, we have:

R4

DMU, DMU, DMU;
2
M} o x Mg
QiR pXiqt R iR, pXiz ! L
> — > N [ ] 1
t=1,2 p=A,B >R
Na, Ng 1 =12, p=B
M} M2
e iR, pXigt -

AR, pXi1! g R
t=1.2,4|, p=A TR 1
=124, p=A, Na Ne =3 Jp=C Ne

X1t Xiat Xj3t
—> —>
i=1.2 i=1,2 i=1,2
M3
2 R
Mg, Mg, XiRspX[3t 2
QiR ,pXiizt R3
OiR{pXi1t R T
R > H—» 3
> > > t=2,3,4 p=C,D Ne N
=1,23p=BjD | N Np R
t=3,4 p=B,C N, Ne 4
ML M3 3
ity R iR, pfKi3t MR4
iR pX}at N | R iR, pXigt
A 4 R H—»
> ] 1 4
t=1,2,3,4 Nz Nc t=1,2,3, p=B,I} Ng, Np t=2,3,4 p=C,D Ne N
P=A,B,C e

Figure 1: Structure of DMUs

As shown in Figure 1, we are dealing with parallel and independent
networks that include various types of subs, and these subs are not nec-
essarily homogeneous. In addition, the outputs of these networks are
also nonhomogeneous. This means that the networks are pairwise non-
homogeneous, parallel and independent.

Moreover, the internal structure of the networks is also nonhomoge-
neous, meaning that the number of subs and the number of (V) s in
each sub are not the same. In other words, the networks are not only
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nonhomogeneous when compared with each other, but also have inter-
nal nonhomogeneity. Therefore, we generalize the concept of parallel
networks in the presence of nonhomogeneity in a more comprehensive
and complex manner, such that, the networks have an internally non-
homogeneous structure with homogeneous inputs and nonhomogeneous
outputs. In considering the existing non-homogeneity in the networks,
how can we calculate the efficiency of DMUs during their activity pe-
riods? In the next section, this issue will be examined and answered.
In this paper, by generalizing the idea of Cook et al. [3], a method is
presented to evaluate the performance changes of DMUs with homoge-
neous inputs and nonhomogeneous outputs over multiple time periods.
Given that, in practice, units may change over time and produce nonho-
mogeneous outputs, using a method that can evaluate units under these
conditions is of great importance.

In this study, the internal structure of the network is used as an im-
portant element to get a better understanding of nonhomogeneity and
to provide an appropriate method for evaluating DMUs with homoge-
neous inputs and nonhomogeneous outputs over different time periods.
The internal structure of the network also investigates nonhomogeneity
from other perspectives. In this study, nonhomogeneity is examined in
two areas:

1) nonhomogeneity between different time periods
2) nonhomogeneity in output.

Both factors lead to nonhomogeneity in the network of DMUs. This
paper presents a method for evaluating the efficiency of DMUs in non-
homogeneous networks, which can be used and generalized for analyzing
and optimizing the performance of units under various conditions.

4 Evaluation of nonhomogeneous units in out-
put and over multiple time periods

We examine the problem in general terms. To evaluate units with non-
homogeneous outputs over multiple time periods, we consider a set of
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n (DMUs) across T different time periods, where each unit has m ho-
mogeneous inputs in all periods and different outputs. Our goal is to
calculate the efficiency of these DMUs. For this purpose, we use the
method presented in the works of Cook et al. [8] and Brat et.al [?], and
calculate the efficiency of the DMUs in three stages. In the first stage,
we determine the contribution of inputs to the production of output sub-
groups in all periods in such a way that the total efficiency of the unit
under evaluation is maximized. In the second stage, we calculate the
efficiency of the output subgroups for the network related to the eval-
uated DMU,. In the third stage, we calculate the overall efficiency of
the DMU, throughout its entire operational period using the weighted
average of the efficiency of the output subgroups (subs) of the network
obtained in the second stage.

In summary, the proposed method for calculating the efficiency of
DMUs over multiple time periods consists of three steps:
Stage One: In this stage, Computing the share of inputs in the produc-
tion of output subgroups for the evaluated DMU, across all periods
and relevant categories.
Stage Two: The efficiency of each output subgroup (network sub-
efficiency) of the evaluated DMU, (for the output subgroups belonging
to Lo) is calculated.
Stage Three: In this stage, for the decision-making unit DMU,, the
overall efficiency score is calculated using the weighted average of the
efficiencies of the output subgroups (subs), i.e., Mg, obtained in Stage
2. In other words, the final efficiency is constructed as a convex combi-
nation of the efficiencies of the output subgroups, where each subgroup
contributes to the calculation with a specific weight. These weights can
be assigned according to the importance or role of the corresponding
variables. The flowchart of the proposed approach is as follows:
Flowchart Stage 1: Classification of DMU;: and calculation of
input shares
This flowchart illustrates how DMUs are classified across all periods
based on their output patterns, and how the share of each input in
producing each output category is determined.

Start:
Step 1: First, all DMUs in all periods are read. Inputs are homoge-
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neous, while outputs are nonhomogeneous.

Step 2: Determination of output subgroups Ry In this step, the set of
outputs is classified according to the “production profile”: Outputs that
are consistently produced by the same set of DMUs are grouped into
the same subgroup Ry.

For example, y4 and y5 are always produced together by the same DMU s
Therefore, Ry = y4,y5. This classification is necessary to avoid compar-
ing outputs that are not produced in certain periods.

Step 3: Formation of the set S (the list of all DMUs across all peri-
ods): This set includes all DMU ji; each DMU in each period is con-
sidered a separate member. Step 4:Formation of classification sets
N,, p=A,B,...

Objective of this step: To classify DMU ;+ solely based on the types of
outputs they produce.

Procedure:

1. A DMU j: is selected from S.

2. Its outputs are extracted.

3. A defined output pattern is identified, and a set IV, is created for this
pattern.

4. Any other DMU ;: with the same output pattern is added to Nj,.

5. DMU j+ with identical patterns are removed from S.

6. This process continues until S is empty.

Step 5: Solving the DEA model to calculate Y Rep At this stage, Model
(4) is executed. The output of this model is ojp , (the share of input
i in producing output Ry within the category N,). This step allocates
inputs among different outputs in a way that maximizes the efficiency of
the evaluated DMU. End of Flowchart 1. A complete table of o values
for all DMU s is obtained (Table 7-4).

Flowchart 2: Calculation of Output Subgroup Efficiencies
and Overall Efficiency (This flowchart covers the second
and third stages of the method.)

Start

Step 1: Identify the effective inputs for each output subgroup using the
values obtained from the previous stage.

Step 2: Construct the sets Mg, and My, -
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Mp, : Includes all categories (V) that generate output Rj.

MfF, : Includes only those categories in which the DMU under evalua-
tion is present and that generate output Ry(Ny).

Step 3: Calculate the efficiency of DMU ¢ based on each output sub-
group. For every output subgroup Rpan independent CCR model is
solved, and the value €k, 1s obtained. This value indicates how effi-
ciently DMU o has performed within output subgroup Ry across all its
active periods.

Step 4: Determine the weight of each output subgroup Wg

These weights represent the relative importance of the corresponding
output subgroups.

Step 5: Compute the overall efficiency of DMU .

The final efficiency €© is obtained as a weighted average of the efficien-
cies of the output subgroups.

End.
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v
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Let’s examine the problem in general terms. In general, each DMU can
be considered a network, over its entire period of activity, using homo-
geneous inputs but producing nonhomogeneous outputs. The DMUs
are divided into p exclusive groups across all time periods (based on
the explanations in the previous section), denoted by N,. Each input
is distributed among the produced output subgroups. The input share
for an output that is not produced is considered as zero, meaning that,
the inputs are not used for producing output subgroups that are not
generated. In addition, in this study, it is assumed that all inputs are
separable across all periods.

DMU,
o
Mg,
C(iRKlpn Kot
»
Lt Npo . Rkl
o'eN o b
[Py
0
Npﬁl € Mg, s
o
Msz
Xjot RiRy, p° Xic
S e N_ o - ,
loteNpe Picy >Ry
1 Pk,
=ik 4
Npgz € MRKQ
. !
] ' 1
- 1 1
° 1
0
MRks
ARy, p° Xiot
Npe > Rig
ofeNyo , ks
kg
o
Npgs (= MRKS

Figure 2: Structure of DMU, with Nonhomogeneous Outputs across
Different Time Periods

The situation depicted in Figure 2 shows that each network has as
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many subgroups as there are output subgroups, throughout its entire
period of activity (in Figure 2, it is assumed that DMU, has S output
subgroups, and therefore, it has S subs). The members of the subs are
the categories (Npy ) that include DMU,+ with the output subgroup
Ryg. Figure 3 shows the structure DMUj. It can be stated that in this
study, we propose an approach in which the network performance is ob-
tained from the weighted average of its sub-networks. In the following,
the details of the proposed approach are presented, and each of the three

stages is explained.
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NONHOMOGENEOUS OUTPUTS IN DIFFERENT TIME
DMU,
MZ,
iR, B2 X2t
"""""""""" > Ng S N
2%, 2%eNg
MZ,
NB ............................ > R3
MZ,
Uip,B2 Xjats Qip,p2 X;
.............. S T—— ND, Nﬁ‘ > R4

2%, 22eN,,
21,22, 23eN,,

Figure 3: Structure of DM U9 with Nonhomogeneous Outputs across
Different Time Periods

4.1 Proposed Approach

As stated, the goal is to determine the overall efficiency of DMUs. On
the basis of this, DMUs are categorized independently for the period
on the basis of their outputs across all periods. Then, the input shares
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in the production of the outputs are determined; and a separate DEA
model is executed for each output subgroup to obtain the efficiency of
the output subgroups. The overall efficiency of each DMU is obtained
using a convex combination of the efficiencies of the output subgroups,
across all periods of activity. To achieve this goal, the details of the
proposed approach are as follows:

Step 1: Calculating the Share of Inputs in Output Produc-
tion

In this step, for each network (DMU, under evaluation) or to be as-
sessed, we determine the part of its inputs for each time period, that
should be allocated to each of the output subgroups in the relevant and
specific categories like Npo (categories including DMU ). This share
is denoted by a;g,pe. The goal of this resource allocation for output
production is to select the best value of o that maximizes the network’s
efficiency. These shares are calculated by considering the cumulative
efficiency of DMU, under evaluation as a convex combination of the
cumulative efficiencies of the output subgroups Ry related to the subs

(M)

To calculate the efficiency rate of each network, we use a convex
combination of the efficiencies of the output subgroups Ry across all
periods of the DMU activity, under evaluation. In this method, we
first calculate the input shares in output production. For this purpose,
we use an input-oriented radial prediction model that assumes constant
returns to scale (CRS), which can be generalized to variable returns to
scale (VRS). The following model, based on Data Envelopment Analysis
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(DEA), expresses this idea.

o 2 o po reRy
ZNP GMRK Z te N Z eR,. UrYrot

max g Wz
Ri€Lo ENpoeM%K 2 oteNpo 2i VikiRypo Tiot

ZNpeMgK theNp ZreRk UrYpjt

Y. Wi <1, Vj

K j . . s : ..
RyreL; ZNPGMIJ?,K theNp Zl ViQiRy,pTijt

Z Z Z UpYyjt — Z Z Z’UiOéiRkpiL'ijt <0, Vj,RpelL;

NPEM{%K jteN, reRy NPEMzzK JteEN, i

Z Z UrYpjt — Z Zviamkpxijt <0, Vj, Ry € Lj, Np S Mlj';ZK

J*EN, rERy JtEN, i

Z UrYpjt — ZviaiRkpxijt <0, VJt S Np, Ry € Lj,p

reRy 7

Z aipgp =1, Vi,p=AB,...,P
RkGLNp

QiRkgp < QiRrgp < biryp Vi,Rp € Lnp, p=A,B,..., P
Ur Uiy O Ry p >0 VZ? Rk’7p7 r

(1)

Model (1) is feasible. To prove this, the coefficients u, and v; can be
chosen as u, = 0,Vr and v; = 1,Vi, respectively. Additionally, the
coefficients «;p,, are selected such that both Ryn, QiRkp = 1 and
QiRgp < OuRp < bir,p are satisfied. These two conditions create
a bounded and convex feasible region, and as long as the upper and
lower bounds do not conflict with the normalization constraint, at least
one feasible value for a;g,, will exist. Therefore, the feasible region of
aiR,p is non-empty, and the existence of a feasible solution and the well-
definedness of the model are guaranteed. In particular, a simple choice
to prove the feasibility of the model can be given as follows:

1
QR — 75—
thvgp |LNp|

Vi,Ri € Ln,,p=A,B,...,P
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In this case, we have:

1

iRyp < [ < biRyp
r

Where bir,, =1, ajg,p = 0.

In Model (1), N, includes all DMUs that generate the same output,
and Mg, denotes the subset of N}, (including the unit under evaluation)
consisting of categories that produce output Rg.

Furthermore, v; represents the weight of input variable 7, and o;g,po
denotes the share of input ¢ allocated to each output subgroup Rx with
in category p for the DMU under evaluation o at time ¢. The total
allocated shares must sum to one, which is enforced through the corre-
sponding constraint in Model (1). The term ;g po;,¢ represents the
amount of input i consumed by output subgroup Ry in period t for
the DMU under evaluation. Finally, u, denotes the output weights,
which are variable in the above fractional model. The outputs Ry pro-
duced over all operating periods of DMU; belong to the set L;. The
parameters a;g,pandb;r,, are the lower and upper bounds for a;g,, ,
respectively.

In this section, weights denoted as W}%K are introduced, which are as-
signed to the output subgroup Ry in the unit under evaluation (in the
network in question). Different weights can be defined to represent the
importance of the output subgroups. To define various weights for il-
lustrating the importance of output subgroups, we can use different ap-
proaches. One approach can be fundamentally based on the significance
and share of the inputs consumed by each output subgroup. For exam-
ple, an output subgroup that consumes the largest share of inputs can
receive a higher weight. This approach can be logically sound from an
accounting perspective, as the ratio of inputs allocated to each output
subgroup can indicate the importance of that subgroup within the entire
unit or system.

Another approach to defining the importance of output subgroups
can be based on the proportion of total output produced by each sub-
group. In other words, a subgroup that generates the highest value or
output for the unit under evaluation can receive a higher weight. This
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approach can be logically sound from an economic or valuation perspec-
tive, as a subgroup that creates the most value for the unit indicates its
importance within the entire unit. The weights (w$, ) are actually used
to calculate the overall efficiency rate. The method of assigning weights
in this study is as follows: The ratio of inputs consumed by the output
subgroup Ry for the unit under evaluation (network o), across all pe-
riods that have output Ry to the total inputs consumed for all output
subgroups of the unit under evaluation (network o), across all periods is
calculated.

ZNPDEMI%K ZoteNPo > ViQiRypoTigt

B 2 RicLo ZNpoeMng D oteNpo Di ViCtiRypo Tt

W5, (2)

In model (1):

1. First Constraint: The coefficients should be set such that, the
output-to-input ratio does not exceed one.

2. Second constraint: The output-to-input ratio for each output sub-
group, across all time periods and the corresponding categories,
must not exceed one.

3. Third constraint: The output-to-input ratio for each output sub-
group, within each category and across all time periods, must be

less than or equal to one.

4. Fourth Constraint: The output-to-input ratio for each DMU
should not exceed one.

5. Fifth Constraint: The total allocated share of inputs, in each cat-
egory, must equal one.

6. Final Constraint: Sets an upper and lower bound for the variable
.

Model (1) is a nonlinear model. However, with the following transfor-
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mations, model (1) can be linearized.

Z OéiRkpzl = U; Z QiRp = Ui

RkELNp RkeLNp
Vi QiRyp = ZiRyps E ZiRep = Vi (3)
RkELNp

1
fzwi pr = Uz f, ’yiRkp:fZiRkpa Vi = fu;
i Vilij

To calculate the input shares of subs in output production, we use the
following linear model by eliminating redundant constraints:

max y D D D bt

RkELD Npo EM}%K OtGNpo TERk.

s.t
DD D D i =1

RkELo NPOEM]%K OtGNpo 7

Z :u’l‘y'rjt - Z’yiRkpxijt < 07 vjta Rk € L]vp (4)
reRy 7

Z Virgp = Vi Vi,p=A,B,...,P
RkELNp
197: aiRkp S ’Y’L‘Rkp S 197, biRkp Vl, Rk S LNP7p
trs Uiy Yirgp =€ Vi, p, 7, By,

From the linear model (4), the corresponding values of « for each DMU,
in all time periods and categories can be obtained. Inputs are not used
for output subgroups that are not produced, meaning that, if the output
subgroups are not produced, the corresponding value of « is defined as
zero (o = 0).

Step 2: Calculating the Efficiency Scores of Output Sub-
groups

After determining the « values for each DMU, across all time periods,
the optimal shares of inputs corresponding to each output subgroup of
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the unit under evaluation are calculated as follows:

B = Qg et (5)
ViR po
o7
Here, the CCR model is used for each output subgroup in all periods
for the subs (M7 ) of the network under evaluation; and the network
efficiencies are calculated on the basis of the weighted average of the
output Ry subgroups of the subs. In fact, the following model is used
to calculate the efficiency of each output subgroup, of the subs, of the
network under evaluation.

. * —
Where: AR, po =

o ZOtGNPO ZTGRkO HrYrot
€R,, = Max g w

° ~ k0
NPOEM]O{ o ZOtENpo El ’lgixiot
k

s.t

theNp ZreRko HrYpjt
Z ij ~ kO )
theNp Zz ﬁixijt

¥ j for M,  #0
NpeMj;ckO

D jteN, 2oreR,o Mrrjt . A
Lot L <1 gor M 0 Ny M, (0
JEEN) Lui V1t

2reR,o HrYrjt
~ k0
Zi ﬁixijt
pr Vi > € Vi, r

<1, Vj'e€Npfor Npe M} p=1,..P

In considering the importance of the subgroups based on output Rpo
across all periods, we can regard these values as weights wpo. From
an accounting perspective, an appropriate method for selecting weights,
is to consider the ratio of inputs consumed by DMU, units within
category Npo for producing the output subgroup Ryo relative to all
categories that, produce output Rgo in the network under evaluation.
Therefore, the greater the share of resources allocated to the output
subgroups within the categories, the higher the weight that the output
subgroup receives. Given that, our model is input-oriented, for sim-
plicity, we apply the first perspective, which is based on the ratio of
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cumulative inputs consumed by the DMU ,+ units within category Npo
the defined weight is as follows, mathematically:

~k0
ZOtENPO Z’L ﬁixiot

ZNPOGMI%W ZOtENPO Zz ﬁil‘iot

'wpo

(7)

In this definition, ) ;. Npo > ﬁii“foot represents the inputs consumed by
DMU, under evaluation (network) to produce the subgroup of outputs
R0 over all periods in category Npo.

Moreover, >y, ¢ Mg, D oteNpo i 19@;“; denotes the total inputs con-

sumed across all periods to produce the output subgroup R0 by DMU,
in all categories in which the output R0 is present.

Given the defined weights, the model can be rewritten as follows, which
allows computing the efficiency of each output subgroup across all peri-
ods for the unit under evaluation. Model (8) calculates the efficiency of
the output subgroup Ry for DMU,.

Z ZOtENPD ZrERko HrYrot

max — 10
NPOGMI%]CO ZNPOGMI%;CO ZOtENPD ZZ ﬂimiot

Z thENp ZreRko :u'f'yT‘jt
) kO
ZNPEM}]%W 2 jteNp 2 ﬁzmijt
D iten, 2o L Yy it . .
J1teNp TGRkO rdry S 1 \v/]’ fOT' M‘] # @7 NP c M] (8)
X jren, L Vidly o e
JPEND ? ij
> R, o MrYrjt
S T 4 it e Np for Np € Mg
Zz’ 7915’51 K
pr Vi > € Vi, r

vj for M #0,
NpeMy, ,

The objective of Model (8) is to maximize the ratio of the output sub-
group Rpo to the allocated inputs across all periods. At this stage,
the inputs have already been distributed among the subgroups (in the
preceding models), and now only the output-to-input ratio for each sub-
group over all periods is evaluated. This model is solved only for those
DMUs that produce the output Rjo.
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The first constraint states that, for each DMU producing Rjo0, the
weighted amount of this output must not exceed the sum of its weighted
inputs.

The second constraint specifies that the weighted ratio of Rio to the
total weighted inputs must not exceed one not only at the level of all
units, but also within each group in which R o appears.

The final constraint indicates that, for all DMU,_: that produces this
output, the ratio of the output subgroup Rjo to the total inputs must
be at most equal to one.

By applying an appropriate variable transformation, the nonlinear
Model (8) is converted into the linear Model (9), which computes the
efficiency of the output subgroup Rjo over all periods (i.e., the efficiency
of the output subgroups R0 for the unit o throughout its entire activity
periods):

max Z Z Z HrYrot

Npo EM]%ko OtENpo T‘ERkO

s.t

Sy Yoo

NpOGMI%kO OtENpo 7

SO Y e XX Y020 v for b, £0

NpeMy, , 7' €Np r€R0 NpeMp, , J'ENp @
(9)
e . ; ;
Z Z Yyt — Z Zﬁixfjt <0 Vj for Ml]“?ko #+(, Np e M]ko

jteN, r€R o JteEN, i

10 )
Z P, Yt — Zz?imfjt <0 Vit € Np for Np € MRko
i

re€R,;o
pr 0 > € Vi, r

The model aims to maximize the total outputs belonging to the output
subgroup Rjo for the DMU under evaluation.

The first constraint is a normalization condition that ensures the
total weighted inputs of the DMU being assessed equal 1.

The second constraint compares DMUs that have the output Rjo;
the weighted output of each DMU must not exceed its weighted input.
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This requirement represents the input—output efficiency condition for
the output subgroup R,o.

In the third constraint, for each set Np, the sum of weighted out-
puts for each subgroup Rjo must be less than or equal to the sum of
the weighted inputs corresponding to that subgroup, which includes the
DMU jis.

The fourth constraint states that for each DMU ¢, the total weighted
outputs (i.e., outputs multiplied by their weights) for each subgroup R0
in each set Np must not exceed the total weighted inputs corresponding
to that subgroup. In this constraint, u, represents the output weights
and V; represents the input weights. Finally, by removing redundant
constraints, the simplified form of the model is obtained.

max Z Z Z HrYrot

Npo GM%ko OtENpo T‘ERkQ
s.t

YooY Yot = (10)

NPOGMI%ko OtENpo )
~ kO -t
ST ey =Y 05 <0 W' € Np for Np € Mp,,
'r’ERko 1
pr 0 > € Vi, r

Model (10) obtains the efficiency of the output subgroup R0 for DMU,
at all times when it produces the output R;o.

Step 3: Calculation of Overall Efficiency e®

In this step, we calculate the overall efficiency of the network, using
the weighted average of the efficiency rates of the output subgroups,
obtained from step two, according to Cook et.al [3].

O __ o o
e = ZBRKwRK
Ry

Where e}, is the efficiency of the output subgroup Ry for DMU,, and
wf, - 1s the logical weight (importance) of that subgroup. The overall
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efficiency is constructed from the combination of the efficiencies of the
output subgroups; therefore, each output subgroup contributes to the
final performance

Theorem 4.1. A necessary and sufficient condition for a DMU to be
efficient is that all of its output subgroups under evaluation are efficient.

Proof.

Necessity Condition: If a Decision Making Unit (DMU) is efficient, it
means that none of its output subgroups has an efficiency level below
the optimal value. This is because the objective function value in the
model is the weighted sum of the outputs of all subgroups:

Z = max Z Z Z LorYrot

Npo GM%K oteNpo r€ERy,

Now, suppose there exists an output subgroup whose efficiency is less
than the optimal value (i.e., less than one). In that case, we can write:

Z HrYrot — Zvifﬁ)ot <0

TERko 7

Under such circumstances, it becomes possible to increase the output
of that subgroup or improve its output-to-input ratio while keeping the
inputs fixed. This implies that there exists unused potential to enhance
the overall efficiency of the DMU, which contradicts the initial assump-
tion that the DMU is fully efficient. Therefore, the efficiency of a DMU
requires that all of its output subgroups be efficient as well.

Sufficient Condition: Now suppose that all output subgroups are effi-
cient, meaning that no subgroup of their outputs has an efficiency score
less than one. If every output subgroup is efficient, then the value of the
objective function reaches 1.

~k
Z HrYrot = Z Vit
rERy A

This means that there is no possibility of improvement or optimization
in any of the output subgroups. In other words, the weighted output of
each subgroup is exactly equal to the weighted input of that subgroup.
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Thus, it is neither less nor improvable; that is, the subgroup is efficient.
Now, we sum these equalities over all subgroups:

2. D dmue= ) DD iy

NPOEMIOQK ot€ENpo rERy NPOEM}O%K oteNpo 1

That is, the total weighted outputs of all subgroups equal the total
weighted inputs of all subgroups. Now we use the normalization con-

straint:
S OY Sudt =1

NPDGMﬁK OtENpo %

Hence, the DMU is efficient. [l

One of the most important advantages of the method proposed in this
study is its ability to evaluate nonhomogeneous decision-making units
within a multi-period setting. This feature enables a more precise anal-
ysis of performance in line with periodic fluctuations and organizational
behavioral changes, thereby providing a more comprehensive picture of
unit efficiency.The use of nonhomogeneous outputs across different time
periods is beneficial in a variety of applications. For example, in produc-
tion planning, analyzing outputs over multiple time intervals helps better
understand changes in demand and market needs, leading to more op-
timal production decisions. In general, incorporating nonhomogeneous
outputs across different time periods in fields such as banking, industry,
and other organizations can contribute effectively to risk management,
performance evaluation, and the improvement of operational processes.
To validate the proposed method, a real-world case from the banking
industry is examined in the following section, shedding light on the prac-
tical and applicable aspects of this approach.

5 Practical Example

In this section, the efficiency of 20 branches of a commercial bank in Iran
is evaluated over four consecutive years, from 2019 to 2022, using the
approach introduced in the previous section. The inputs and outputs
considered in the analysis are as follows:

x1: Administrative expenses
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2o Personnel expenses

y1: Qarz-al-Hasan loans

yo: Partnership loans

y3: Number of bank cheque payments

ya: Demand deposit accounts

y5: Short-term deposit accounts

This bank has two inputs, ; and x2, which are homogeneous across all
periods. However, the outputs y1, ¥2, ¥3, ¥4 and y5 are nonhomogeneous.
The heterogeneity in outputs arises from the fact that certain branches
do not offer some services during particular time periods. For example,
some branches may not issue loans in a given period, while others may
introduce new loan products. Moreover, heterogeneity also exists across
time periods—meaning that one or more branches may not be active
during certain years. This may occur when new branches are established
or when some branches are merged. The data for these 20 branches are
presented in Table 3.
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Table 3: Input and Output Information for 20 Bank Branches Under
Study Across Four Periods

DMUs Periods Input [ Outputs
DMU Year T ) Y1 Y2 Y3 Y4 Y5
n=1 2019 0.886 0.633 - 0312 0478 0.144 0.152
2020 0.770 0.743 - - 0.469 0.028 0.092
2021 0.162 0.303 - - 0.37 0.103 0.375
2022 0.672  0.997 - - 0457 0.031 0.175
n=2 2019 0.469  0.400 - - 0472 0.128 0.362
2020 0.253 0.437 - - 0.154 0.031 0.034
2021 0.359 0.383 - - 0.88 0.274 0.106
2022 0.320 0.387 - - 0.035 0.028 0.156
n=3 2019 0.469 0.400 - - 0.02 0.029 0.267
2020 - - - - - - -
2021 0.514 0.310 0.001 - 0162 0.029 0.171
2022 0.378 0.317 0.068 - 1 0961 0.078
n=4 2019 0.305 0.217 0.023 - 0.053 0.03 0.201
2020 0.401 0.515 0.004 0.132 - 0.002 0.017
2021 0.471 0.505 - - 0.076 0.029 0.288
2022 0.251 0.164 0.002 0.202 - 0.005 0.056
n=>5 2019 0.442  0.309 - 0609 0450 0.151 0.187
2020 - - - - - - -
2021 0.898 0.647 - 0483 0.534 0.03 0.231
2022 0.543 0.55 - 0127 0.313 0.005 0.044
n=6 2019 0.222 0.245 - - 0.142 0.03 0.043
2020 0.09 0.318 - 0313 0.617 0.121 0.242
2021 0.459 0.363 0.002 - 0.05 0.017 0.062
2022 - - - - - - -
n="7 2019 0.773  0.728 - 0.11 0.327 0.004 0.063
2020 0.680 0.877 - 0145 0.013 0.017 0.14
2021 0.552 0.629 - 0363 0.342 0.029 0.184
n==8 2019 0.331 0.304 0.001 0.193 - 0.004 0.05
2020 - - - - - - -
2021 0.072 0.301 0.001 - 0.026 0.003 0.024
2022 0.222 0.234 - - 0.103 0.016 0.196
n=9 2019 0.199 0.555 - - 0.167 0.031 0.032
2020 0.997 0.484 0.023 0.447 - 0.002 0.024
2021 0.633 0.553 0.002 - 0.03 0.028 0.076
2022 - - - - - - -
n=10 2019 0.651 0.570 0.008 0.044 0.004 0.072

2020 0.327  0.400 - 0357 0.049 0.028 0.264
2021 0.241 0.440 0.008 1 - 0.016 0.122
2022 - - - - - - -
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As shown in Table 3, the outputs—as well as the bank branches
(DMU s)—exhibit significant heterogeneity. Therefore, applying tradi-
tional models for efficiency evaluation does not yield reliable results.
Under such conditions, it is necessary to employ the approach proposed
in this study. Accordingly, the three steps described in the previous
section are implemented sequentially. In the first step, consistent with
the initial phase of the proposed method, the contribution of each input
to the production of the outputs is determined. Based on the grouping
structure presented in Table 2, and by solving model (4), the optimal
values ajp p are computed for all output subgroups of each DMU
within the categories N,, where p = A, B,C,D. The linear program-
ming models are solved using GAMS software, and the results obtained
from running model (4) are reported by subgroup in Tables 4-7.

Table 4: oy , Values resulting from model (4)— Ny

DMU;: X1 X1 X1 X1 X2 X2 X2 X2
K=1 K=2 K=3 K=4 K=1 K=2 K=3 K=4

42 0.1 0.677 - 0.223 0.1 0.8 - 0.1
44 0.1 0.677 - 0.223 0.1 0.8 - 0.1
8! 0.1 0.677 - 0.223 0.1 0.8 - 0.1
92 0.378 0.1 - 0.522 0.1 0.8 - 0.1
103 0.1 0.335 - 0.565 0.1 0.8 - 0.1
112 0.1 0.1 - 0.8 0.1 0.8 - 0.1
114 0.1 0.1 - 0.8 0.1 0.8 - 0.1
141 0.1 0.568 - 0.322 0.1 0.8 - 0.1
191 0.165 0.1 - 0.735 0.1 0.8 - 0.1
192 0.165 0.1 - 0.735 0.1 0.8 - 0.1
193 0.165 0.1 - 0.735 0.1 0.8 - 0.1
194 0.165 0.1 - 0.735 0.1 0.8 - 0.1

20* 0.333 0.333 - 0.333 0.208 0.692 - 0.1
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Table 5: oy , Values resulting from model (4)— Np
DMU;. X1 X1 X1 X1 X2 X2 X2 X2
K=1 K=2 K=3 K=4 K=1 K=2 K=3 K=4
12 - 0.8 0.1 0.1 - 0.214 0.686 0.1
72 - 0.8 0.1 0.1 - 0.412 0.285 0.303
73 - 0.8 0.1 0.1 - 0.412 0.285 0.303
74 - 0.8 0.1 0.1 - 0.412 0.285 0.303
51 - 0.8 0.1 0.1 - 0.444 0.456 0.1
53 - 0.8 0.1 0.1 - 0.444 0.456 0.1
54 - 0.8 0.1 0.1 - 0.444 0.456 0.1
62 - 0.8 0.1 0.1 - 0.213 0.515 0.272
102 - 0.8 0.1 0.1 - 0.657 0.1 0.243
113 - 0.8 0.1 0.1 - 0.596 0.105 0.229
121 - 0.8 0.1 0.1 - 0.632 0.1 0.268
124 - 0.8 0.1 0.1 - 0.632 0.1 0.268
133 - 0.8 0.1 0.1 - 0.294 0.128 0.578
143 - 0.543 0.1 0.357 - 033 0.1 0.57
144 - 0.543 0.1 0.357 - 0.33 0.1 0.57
152 - 0.8 0.1 0.1 - 0.321 0.305 0.374
162 - 0.671 0.229 0.1 - 0.317 0.1 0.583
164 - 0.671 0.229 0.1 - 0.317 0.1 0.583
172 - 0.8 0.1 0.1 - 0.270 0.1 0.63
174 - 0.8 0.1 0.1 - 0.270 0.1 0.63
183 - 0.1 0.1 0.8 - 0.1 0.1 0.8
20! - 0.333 0.333 0.333 - 0.8 0.1 0.1
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Table 6: oy , Values resulting from model (4)— N¢

DMU;: X1 X1 X1 X1 X2 X2 X2 X2
K=1 K=2 K=3 K=4 K=1 K=2 K=3 K=4
12 - 0.9 0.1 - - 0.1 0.9
13 - - 0.9 0.1 - - 0.1 0.9
14 - - 0.9 0.1 - - 0.1 0.9
21 - - 0.1 0.9 - - 0.709 0.291
22 - - 0.1 0.9 - - 0.709  0.291
23 - - 0.1 0.9 - - 0.709  0.291
24 - - 0.1 0.9 - - 0.709  0.291
3! - - 0.1 0.9 - - 0.1 0.9
43 - - 0.1 0.9 - - 0.1 0.9
6! - - 0.1 0.9 - - 0.58  0.42
g4 - - 0.1 0.9 - - 0.1 0.9
9! - - 0.1 0.9 - - 0.115 0.885
11! - - 0.1 0.9 - - 0.118 0.882
134 - - 0.1 0.9 - - 0.1 0.9
163 - - 0.1 0.9 - - 0.1 0.9
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Table 7: oy , Values resulting from model (4)— Np

DMU;: X1 X1 X1 X1 X2 X2 X2 X2
K=1 K=2 K=3 K=4 K=1 K=2 K=3 K=4

33 0.1 - 0.1 0.8 0.1 - 0.1 0.8
34 0.1 - 0.1 0.8 0.1 - 0.1 0.8
4! 0.1 - 0.1 0.8 0.697 - 0.1 0.203
63 0.1 - 0.8 0.1 0.1 - 0.488 0.412
83 0.1 - 0.1 0.8 0.697 - 0.1 0.203
93 0.1 - 0.8 0.1 0.469 - 0.134 0.397
10! 0.1 - 0.8 0.1 0.474 - 0.108 0.417
123 0.1 - 0.8 0.1 0.461 - 0.1 0.439
132 0.1 - 0.147 0.753 0.571 - 0.128 0.329
15! 0.1 - 0.611 0.289 0.396 - 0.1 0.504
153 0.1 - 0.611 0.289 0.396 - 0.1 0.504
173 0.1 - 0.1 0.8 0.697 - 0.1 0.203
182 0.189 - 0.1 0.711 0.8 - 0.1 0.1
184 0.189 - 0.1 0.711 0.8 - 0.1 0.1
203 0.333 - 0.333 0.333 0.8 - 0.1 0.1

Tables 4 through 7 present the optimal values of a;p . which are the
results obtained from solving model (4) for the four categories NoNpN¢
and Np . As previously explained, these coefficients represent the rel-
ative contribution of each input to the production of the outputs as-
sociated with subgroup Rx within each set Np. Therefore, numerical
variations in a;“Rk » directly reflect the structural differences among out-
put groups as well as the behavioral heterogeneity of the decision-making
units over the study period.

In each of these tables, the columns correspond to different input—output
combinations (for the two inputs X; and X5 and the four output sub-
groups k = 1,...,4), while each row represents a specific decision-
making unit in a specific period. For example, the notation 203 refers to
Branch 20 of the bank in the third year (i.e., 2021). The symbol “-” indi-
cates that the corresponding input does not contribute to the production
of that output subgroup. For instance, in Table 3, DMUg in the third
year (2021) has no output in subgroup Rpg; therefore, no input is con-
sidered for its production. Moreover, a larger value of o Ry p indicates
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a higher contribution of the input to the production of the correspond-
ing output subgroup, whereas a smaller value of o, ,, signifies lower
dependence of that subgroup on the given input.The present approach
is fundamentally different from the method proposed by Cook et al. [3].
First, it examines output heterogeneity across multiple time periods; sec-
ond, it accounts for the behavioral heterogeneity of the decision-making
units throughout the study horizon.

Next, the second stage—mamely, the computation of the corresponding
weights and the efficiency scores of the output subgroups for the bank
branches—is carried out. For this purpose, Equation (2) is applied.
The results obtained from implementing Equation (2) are presented in
Table 8 below.

Table 8: W]%kj Values resulting from model (2)

DMU K=1 K=2 K=3 K=4
1 - 0.113 0.559 0.32
2 - - 0.449 0.551
3 0.073 - 0.1 0.827
4 0.108 0.345 0.053 0.494
5 - 0.45 0.45 0.1
6 0.044 0.078 0.52 0.358
7 - 0.508 0.24 0.253
8 0.184 0.322 0.056 0.439
9 0.195 0.237 0.094 0.475
10 0.218 0.431 0.084 0.266
11 0.051 0.59 0.052 0.307
12 0.163 0.413 0.108 0.316
13 0.188 0.07 0.112 0.631
14 0.042 0.505 0.058 0.395
15 0.257 0.105 0.225 0.414
16 - 0.295 0.132 0.573
17 0.178 0.233 0.1 0.49
18 0.228 0.031 0.1 0.641
19 0.101 0.784 - 0.114
20 0.34 0.474 0.085 0.101
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In this table, the weights of the output subgroups for the bank
branches are calculated across the entire period of their operation. For
some output subgroups, no value of Wg —is reported. The reason is
that the corresponding branch does not produce that specific output
subgroup. In the third step of the proposed approach, the overall ef-
ficiency of the banking network is computed by taking the weighted
average of the efficiency scores of the output subgroups over the four-
year time horizon. The results of calculating the efficiency scores for
each subgroup, as well as the final overall efficiency, are presented in
Table 9.

Table 9: Subunit scores (e®) and overall efficiency scores
DMU K=1 K=2 K=3 K=4 Overall Score

1 - 0.47 0.043 0.192 0.14

2 - - 0.249 0.196 0.22

3 0.263 - 0.393 0.193 0.218
4 0.047 0.15 0.034 0.163 0.14

5 - 0.378 0.207 0.547 0.318
6 0.014 1 0.074 0.233 0.201
7 - 0.141 0.106 0.174 0.141
8 0.003 0.184 0.152 0.171 0.143
9 0.019 0.398 0.045 0.035 0.119
10 0.019 0.623 0.029 0.298 0.355
11 0.37 0.506 0.391 0.303 0.431
12 0.014 0.128 0.049 0.13 0.101
13 0.0002 1 0.047 0.063 0.115
14 1 0.156 0.056 0.171 0.191
15 0.003 0.47 0.07 0.132 0.12

16 - 0.415 0.157 0.299 0.314
17 0.019 0.232 0.029 0.086 0.102
18 0.15 0.661 0.085 0.255 0.226
19 0.058 0.472 - 0.066 0.384
20 0.776 0.111 0.008 0.155 0.333

In Table 9, for example, the overall efficiency of DMU; is obtained
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using the formula:

@ = Ze"RKw%K (11)
Ry,

For this purpose, the weights obtained in Table 8 were multiplied by the
efficiency of the corresponding output subgroups obtained in Table 9
and finally aggregated.

e =0.47 x 0.113 4 0.043 x 0.559 + 0.192 x 0.32
=0.14 (12)

Table 9 clearly demonstrates that the proposed method is capable not
only of estimating the efficiency score of each output subgroup indepen-
dently, but also of providing an aggregated index of overall performance.
According to the findings, Branch 14 achieves the highest efficiency in
the first output subgroup; Branches 6 and 13 perform best in the second
subgroup; and Branches 3 and 5 attain the highest efficiency levels in the
third and fourth subgroups, respectively. The overall efficiency scores
are reported in the sixth column of Table 9. As shown, Branch 11 ex-
hibits the best four-year performance, whereas Branch 12 demonstrates
the weakest performance. Furthermore, based on the result of Theorem
(4-1), none of the branches can be considered fully efficient, since no
branch is simultaneously efficient across all output subgroups.The main
advantage of this study lies in its ability to incorporate two types of
heterogeneity simultaneously: first, heterogeneity in outputs, and sec-
ond, heterogeneity across time periods. In the existing data envelop-
ment analysis (DEA) literature, prior research has generally followed
two separate directions: some studies have focused on output hetero-
geneity without accounting for temporal dynamics and changes in unit
participation, while others have extended multi-period approaches but
assumed homogeneous decision-making units, overlooking variations in
outputs as well as the entry and exit of units.

In contrast, the present study:

e enables the entry and exit of decision-making units across different
periods—an aspect largely overlooked in previous research;

e provides a more accurate understanding of the production mecha-
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nism by employing a nonhomogeneous network structure and par-
allel sub-networks;

e allows not only for the computation of overall efficiency but also
for the independent evaluation of the efficiency of output sub-
networks, thereby deepening managerial analysis;

e from an applied perspective, is suitable for performance assessment
in real-world systems such as banking networks, manufacturing
industries, and dynamic operational environments.

Overall, this study bridges the gap between research on heterogene-
ity and multi-period analyses and offers a comprehensive and practical
framework—representing a notable advancement in the data envelop-
ment analysis literature.

6 Conclusion and Suggestions

This study proposes a novel network-based data envelopment analy-
sis (DEA) framework that enables the efficiency evaluation of decision-
making units (DMUs) operating in environments characterized by out-
put heterogeneity and temporal discontinuity. While most existing mod-
els have addressed these challenges separately, the proposed approach
integrates both dimensions simultaneously, thereby providing a more
comprehensive and realistic representation of unit performance.One of
the main strengths of the model lies in its network structure and the
decomposition of outputs into independent subnetworks, which allows
efficiency analysis not only at the overall system level but also at the
level of its constituent components. This feature facilitates a deeper
understanding of the internal operational mechanisms and offers a valu-
able analytical tool for managers and decision-makers. The empirical
application of the model to real banking sector data indicates that both
the efficiency scores and the ranking patterns of the units differ substan-
tially from those obtained using conventional methods, highlighting the
model’s ability to capture the inherent complexities of real-world oper-
ational processes.Overall, the findings demonstrate that the proposed
framework effectively fills an existing gap in the efficiency analysis liter-
ature, particularly in dynamic and multi-period environments, and can
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serve as a flexible and reliable analytical tool. Owing to its general for-
mulation, the model is not confined to a specific industry and can be
applied across various sectors facing heterogeneity and temporal varia-
tion.

Despite these contributions, several avenues for future research remain
open. These include extending the model to settings in which inputs
are also nonhomogeneous or time-dependent, as well as developing the
framework to accommodate undesirable outputs alongside desirable ones.
Moreover, incorporating non-radial approaches or directional distance
functions may lead to a more precise identification of inefficiency sources.
Investigating more complex network structures, such as series—parallel
configurations, and conducting comparative empirical studies between
the proposed model and machine learning— or artificial intelligence—based
methods could also provide promising directions for future research.
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