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1 Introduction

Gradient Descent (GD) is a fundamental iterative optimization algo-
rithm widely used to locate optimal points in a variety of problems. In
the context of machine learning, it is particularly prominent for tuning
model parameters such as coefficients in regression and weights in neu-
ral networks [2, 5, 6, 12]. The objective is typically to minimize a loss
function, thereby reducing the error of predictions.

GD is valued for its simplicity and efficiency, especially when applied
to smooth, well-conditioned, and strongly convex objective functions.
Each iteration is computationally inexpensive, requiring only the gradi-
ent of the objective function. However, in practical applications, many
problems are non-convex, which poses significant challenges. Notably,
GD cannot handle non-differentiable functions, and it is often slow in
poorly conditioned scenarios.

In convex settings, GD guarantees convergence to a global minimum.
However, most real-world functions encountered in artificial intelligence
and machine learning are non-convex [2, 4, 10, 14], which introduces
several complications:

e Local Minima: GD may converge to a local minimum instead of
the global minimum, particularly when the initialization is close
to a suboptimal point.

e Saddle Points: Non-convex functions frequently contain saddle
points, where the gradient vanishes, yet these points are neither
minima nor maxima. GD can become trapped at such points.

e Slow Convergence: In highly non-convex or irregular landscapes,
convergence may be slow, and the algorithm may exhibit unstable
behavior.

To overcome these issues, numerous modifications to the standard
GD algorithm have been proposed:

¢ Momentum-Based GD: Incorporates a momentum term to dampen

oscillations and accelerate convergence, especially in regions with
sharp curvature.
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Figure 1: (Left) Overshooting due to large learning rate; (Right) Slow
convergence with a suitable learning rate

e Stochastic Gradient Descent (SGD): Approximates the gra-
dient using a subset of data, introducing stochasticity that can
help escape local minima.

e Adaptive Methods (e.g., Adam, AdaGrad, RMSprop):
Dynamically adjust the learning rate during training, enhancing
the ability to navigate complex loss surfaces.

¢ Global Optimization Techniques: Algorithms such as simu-
lated annealing and genetic algorithms are designed to explore the
search space more broadly and avoid local traps [3, 13].

In a typical machine learning setting, the goal is to minimize a loss
function L(W), parameterized by the model’s parameters W € R%. GD
iteratively updates the parameters in the direction opposite to the gra-
dient VL(W):

Wn+1 = Wn - ’YVL(Wn)a (1)

where v is the learning rate, and the minus sign indicates movement in
the direction of steepest descent. The learning rate controls the step size
and hence directly influences convergence behavior. If v is too large, the
algorithm may overshoot minima and diverge. Conversely, if it is too
small, convergence may be unacceptably slow. Figure 1 illustrates the
impact of learning rate selection.

In practice, selecting an appropriate learning rate is often done via
trial and error or through predefined learning rate schedules [3]. How-
ever, these schedules must be manually defined in advance and are not
always adaptive to the problem or dataset. Moreover, standard GD uses
a single learning rate for all parameters, which can be suboptimal.
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Convergence in GD is typically assessed by monitoring the change
in the loss function. If the cost plateaus over iterations, the algorithm
is said to have converged. While some algorithms provide automatic
convergence detection based on predefined thresholds, these thresholds
can be difficult to estimate. In most applications, convergence is visually
assessed via learning curves. Oscillations or rising trends in the cost
curve often signal a learning rate that is too high.

Another persistent difficulty in minimizing non-convex loss func-
tions—common in deep learning—is avoiding poor local minima and
saddle points. While theoretical results exist that guarantee convergence
of GD under certain conditions (fixed or adaptive step sizes), these are
often not sufficient in high-dimensional, real-world applications. Many
recent methods focus on refining the learning rate mechanism, includ-
ing Momentum, Nesterov acceleration, AdaGrad, Adadelta, RMSprop,
Adam, AdaMax, Nadam, and AMSGrad.

Second-order methods, such as Newton’s method, offer faster conver-
gence by using curvature information but are computationally infeasi-
ble for large-scale problems due to their complexity in high-dimensional
spaces.

In modern machine learning applications, non-convex optimization
has become ubiquitous. Many algorithms impose structural constraints
(e.g., sparsity, low-rank structures) or directly define the objective as a
non-convex function. This is particularly true for non-linear models in
high-dimensional spaces, such as deep neural networks and tensor mod-
els. While this modeling flexibility is powerful, it also increases compu-
tational complexity and often leads to NP-hard optimization problems.
A common workaround is to relax these non-convex problems into con-
vex ones, but such relaxations may be lossy and inefficient in large-scale
settings.

For a comprehensive review of recent advances in non-convex opti-
mization for machine learning, see [1, &, 9, 11].
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2 Proposed Method and Main Results

A function f : W — R is called convez if for any two points Wi, Wy € W
and any A € [0, 1], the following inequality holds:

FOWL+ (1= )W) < Af(W1) + (1 = A)f(Wa). (2)

This property implies that any local minimum of a convex function is
also a global minimum, simplifying optimization tasks. Many cost func-
tions in data analysis, often involving norms, exhibit convexity and thus
benefit from efficient convex optimization techniques. However, a sig-
nificant challenge arises in practice as many real-world problems are
governed by mon-convexr objective functions, which may possess multi-
ple local minima and saddle points, rendering optimization considerably
more difficult.

To address the challenges posed by non-convexity, this paper intro-
duces a novel variant of the standard Gradient Descent (GD) algo-
rithm. Our proposed method augments GD by incorporating a dy-
namic update mechanism for the search point at each iteration.
This enhancement aims to facilitate the algorithm’s ability to navigate
complex, multi-modal landscapes by potentially escaping local minima
and saddle points.

Let f(WW) denote the objective function to be minimized, where W €
R? is the parameter vector. The proposed algorithm integrates a root-
finding procedure as a subroutine. This procedure is designed to identify
a new search point based on the current state, thereby introducing an
exploratory component intended to improve the algorithm’s performance
on non-convex functions.

2.1 The proposed algorithm
Input:

e Objective function f: R? — R.
e Learning rate v > 0.

e Initial point W, € R%.
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e Convergence tolerance £ > 0.
Algorithm Steps:

1. Compute Gradient: Evaluate the gradient of the objective func-
tion at the current point W,:

V(W)

2. Perform Gradient Descent Step: Update the parameter vector
according to the standard GD rule:

1 = Wa =V F(Wy)

(Note: Using W' here to distinguish from the final W, after the
root-finding step.)

3. Explore for Potentially Better Points: Apply a procedure to
find a new candidate point W,, 1. This procedure involves solving
an equation derived from the current function value. Specifically,
we seek a point W such that f(W) = f(W,). From the set of
solutions S = {W | f(W) = f(W,),W # Wy}, we select a point
Wy+1 based on a defined criterion (e.g., a point that promotes
escape from local optima, or the solution with the smallest norm,
or another heuristic). If no such point is found or if W, is deemed
a satisfactory minimum, the algorithm may terminate or proceed
differently based on the specific implementation of this step.

4. Update Search Point: Set the new search point for the next
iteration:

Whyt1 =W, (or modified based on root-finding)

5. Repeat: Return to Step (1) and continue the process until the
convergence condition is met:

Wit —Whll2 <e

6. Output: The final value W* = W,, is taken as the approrimate
minimum found by the algorithm.
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2.2 Key features and considerations of the proposed al-
gorithm

e Dynamic Search Point Adjustment: Unlike traditional GD,
which deterministically follows a path dictated by gradients, the
proposed method incorporates a mechanism to reset or adjust the
search point. This is achieved by exploring points related to the
current state, aiming to facilitate escape from suboptimal regions
such as local minima and saddle points.

¢ Root-Finding Based Exploration Strategy: The core of the
exploration lies in solving f(W) = f(W,) for W # W,. The
specific strategy for selecting the next point W, from the set
of solutions is critical. If the goal is to reach a global minimum,
this step must effectively guide the search towards regions of lower
function values, potentially by selecting a root that offers a signif-
icant change in the search direction or landscape exploration. The
precise definition and implementation of this selection criterion are
essential for the algorithm’s efficacy and theoretical justification.

e Convergence Criterion: The stopping condition ||W,+1—Wp]j2 <
€ ensures that the algorithm terminates when the updates to the
parameter vector become negligible, indicating that the search has
stabilized. This is a standard criterion for assessing convergence
in iterative optimization methods.

2.2.1 Example 1: classical gradient descent

When applying the standard Gradient Descent algorithm with a learning
rate of v = 0.025, initial point Wy = 0, and convergence tolerance
e = 0.0001, the algorithm converges to a local minimum located at:

‘/Vlt)cal = 1.8380 (3)

Figure 2 illustrates this behavior, showing GD getting trapped in a sub-
optimal solution.
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Figure 2: Gradient Descent trapped in a local minimum.

2.2.2 Example 2: proposed method

In contrast, applying the proposed algorithm to the same objective func-
tion and with the identical parameters (y = 0.025, Wy = 0, ¢ = 0.0001),
the algorithm successfully avoids the local minimum and converges to
the global minimum after approximately 50 iterations. Figures 3 and 4
illustrate the convergence process.
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Figure 3: Step-by-step convergence of the proposed method toward
the global minimum. The horizontal axis represents the parameter W,
and the vertical axis displays the corresponding cost f(W).

The learning curve depicted in Figure 3 shows steady and consis-
tent progress towards the minimum. This empirical evidence strongly
suggests that the dynamic updating strategy, as implemented in our
method, substantially enhances Gradient Descent’s ability to escape lo-
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Figure 4: The algorithm successfully bypasses local minima and saddle
points during optimization.

cal traps and converge to significantly better solutions compared to the
standard approach. The visualization in Figure 4 further supports the
claim that the algorithm effectively navigates and bypasses challenging
regions of the objective function landscape.

2.3 Convergence analysis

This section provides a theoretical analysis of the convergence prop-
erties of our proposed gradient descent variant with dynamic starting
point updating. We present theoretical results suggesting that, under
specific assumptions, the algorithm converges to a global minimum of
non-convex objective functions. Furthermore, we discuss the rate of
convergence and the method’s robustness in handling various forms of
non-convexity.

2.3.1 Convergence to global minimum

The standard Gradient Descent (GD) algorithm is guaranteed to con-
verge to a global minimum when applied to convex functions. However,
for non-convex objective functions, GD is susceptible to converging to lo-
cal minima or getting stuck at saddle points. Our proposed method aims
to mitigate this limitation by dynamically updating the search point at
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each iteration through a root-finding procedure. This mechanism is in-
tended to promote exploration of the search space and facilitate escape
from suboptimal regions.
Let f(W) be the objective function defined on a convex domain
W C RY We assume f is continuously differentiable and its gradient
Vf(W) is Lipschitz continuous with constant L. The standard GD
update rule is:
Wrszz(-jl =W, — vaf(Wn)v (4)

where v > 0 is the step size.

Our proposed method modifies this by incorporating a step that
identifies a new starting point W>*V based on the current state W,.
This new point is obtained via a root-finding procedure, as detailed in
Section 2, which aims to explore the function landscape more broadly.
The subsequent gradient descent step would then typically originate
from this new point.

Theoretical Guarantees and Assumptions We outline the as-
sumptions under which we can establish convergence properties for the
proposed method.

1. Differentiability and Lipschitz Gradient: The objective func-
tion f(W) is continuously differentiable on W, and its gradient
V f(W) is Lipschitz continuous with constant L:

IVFW) = VW) < LIW = W[, VW, W' eW.  (5)

2. Step Size: The step size v is chosen appropriately. For standard
GD, 0 < v < 1/L ensures convergence. For our method, the step
size 7 used in the gradient descent update (if distinct from the
exploration step) should be suitably chosen.

3. Existence of Global Minimum: The objective function f(W)

possesses at least one global minimum W* € W, such that f(W*) <
f(W) for all W e W\ {W*}.

4. Effectiveness of Root-Finding Step: The root-finding proce-
dure, as described in Section 2, reliably identifies a new search
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point W, 41 that promotes escape from local minima and saddle
points. Specifically, it must ensure that the sequence of points
generated does not permanently stagnate in suboptimal regions.
This implies that the root-finding step, possibly combined with the
subsequent GD step, effectively moves the iterate towards regions
of lower function values or explores the landscape in a way that
eventually leads to the global minimum.

Convergence Statement: Under the aforementioned assumptions,
and particularly contingent upon the effectiveness of the dynamic start-
ing point update in facilitating exploration and avoiding stagnation, the
sequence of iterates {W,} generated by the proposed algorithm is ex-
pected to converge to the global minimum W*. Formally,

lim W, = W*. (6)

n—o0

Discussion on Theoretical Guarantee: The core of the theoreti-
cal guarantee for global convergence hinges on the assumption that the
root-finding step, coupled with the subsequent gradient descent updates,
effectively prevents the algorithm from permanently converging to a lo-
cal minimum or saddle point. This allows the exploration mechanism
to eventually guide the iterates towards the global optimum. A rig-
orous proof would require a detailed analysis of the properties of the
root-finding procedure and its interplay with the gradient descent steps,
potentially showing that the algorithm escapes any compact set con-
taining only local minima and saddle points, thus ensuring convergence
to the global minimum. The rate of convergence would depend on the
specific properties of f(W) and the efficiency of the root-finding step.

2.3.2 Convergence analysis and practical interpretation

The standard Gradient Descent (GD) algorithm is well-established to
converge to a global minimizer under the assumption of function convex-
ity. However, when applied to general non-convex objective functions,
GD’s convergence behavior becomes more complex. It may converge to
any stationary point (local minimum, local maximum, or saddle point),

11
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and its progress can become notably slow in flat regions or when navi-
gating around undesirable local minima or saddle points.
In this work, we focus on a real-valued objective function

f:W—=R, (7)

where W C R? is a convex domain. We assume f is continuously dif-
ferentiable, and its gradient is denoted by V f. The classical gradient
descent update rule is defined as:

Wn+1 = Wn - ’va(Wn)a (8)

where v > 0 represents the step size.

Our proposed method incorporates a dynamic update of the start-
ing point, executed via a root-finding procedure as detailed in Section 2.
This restart mechanism is primarily conceptualized as a heuristic strat-
egy. Its aim is to enhance the practical exploration of the search space
and to assist the algorithm in escaping unfavorable stationary regions.
Crucially, within the scope of this particular analysis, we treat this up-
date as an empirical enhancement rather than a component with a guar-
anteed theoretical convergence property on its own. Consequently, we
refrain from making a claim of guaranteed global convergence for the
*combined®* method without additional, stringent assumptions on the
root-finding procedure itself.

Theoretical Guarantee for the Gradient Descent Phase The
gradient-descent phase of our algorithm, when isolated and considered
under standard smoothness assumptions, admits well-understood con-

vergence properties. Specifically, we assume the following conditions
hold:

1. Smoothness and Bounded Gradient: The objective function
f(W) is continuously differentiable on W C R¢, and its gradient
V f(W) is Lipschitz continuous with constant L > 0. This means:

IVFW) = VW) < LW = W'|l, YW, W' eWw. (9

This assumption is fundamental for bounding the change in the
gradient.
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2. Appropriate Step Size: The step size  is selected such that:

2
0 —. 10
<7<y (10)

This condition ensures that the gradient descent steps provably
reduce the function value.

3. Bounded Level Set: The sequence of iterates {W,,} generated by
the gradient-descent phase remains within a bounded level set of
f. This implies that the function values do not diverge to infinity
and that the iterates stay within a region where the function is
”well-behaved” around stationary points.

Under these assumptions, the standard gradient descent update rule
(Wha1 = W, — 4V f(W,,)) generates a descent sequence. Furthermore,
any accumulation point of the iterate sequence {W,,} is guaranteed to
be a stationary point of f. If the objective function f is convex, then
any stationary point is indeed a global minimizer. However, for general
non-convex functions, convergence to the *global* minimum cannot be
guaranteed solely based on these assumptions, as GD might converge to
a local minimum or saddle point.

Practical Interpretation of the Dynamic Update The dynamic
starting-point update is thus interpreted as a practical, heuristic en-
hancement. Its primary role is to modify the landscape of the optimiza-
tion process by changing the starting point for subsequent GD steps.
This alteration is empirically evaluated for its potential to improve per-
formance metrics such as convergence speed, the quality of the final so-
lution, and the ability to escape unfavorable regions of the search space
(local minima, saddle points). While the rigorous convergence statement
above applies specifically to the gradient-descent phase under the stated
assumptions, the dynamic update serves as a complementary strategy
to improve the overall empirical effectiveness of the optimization process
on challenging non-convex problems.

13
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2.3.3 Rate of convergence

For strongly convex objective functions, gradient descent enjoys a lin-
ear convergence rate under standard smoothness assumptions. In this
work, such a rate statement applies to the gradient-descent phase, while
the dynamic jump step is treated as a restart mechanism that may im-
prove practical performance but is not claimed to preserve a global linear
rate without additional assumptions. For general non-convex functions,
only convergence to stationary points can be asserted under standard
smoothness conditions, and the rate may be substantially slower.

Theorem 2.1 (Linear Convergence of Gradient Descent Under Strong
Convexity). Assume that f : R? — R is twice differentiable and satisfies:

1. p-strong convexity:

FW) 2 fV) + VT (W = V) + EW = V%

2. Lipschitz continuous gradient:

IVFW) = VIV)| < LIW = V], vYW,VeR"

Then gradient descent with a fized step size v € (0,2/L) converges lin-
early to the unique minimizer W* of f. In particular,

W = W < p"[[Wo — W,
for some p € (0,1) depending on v, u, and L.

Theorem 2.2 (Stationarity Rate for Gradient Descent Phases). Let
f:R% = R be differentiable with Lipschitz continuous gradient:

IVFW) = VIV)| <LIW = V], YW,V eR,

and lety € (0,1/L) be a fized step size. Consider a sequence of gradient-
descent phases indexed by j, where within phase j the iterates satisfy

Wike1 = Wip =YV (Wik), k=0,...,Ng(j)— 1.
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Then, for each phase j, the standard descent estimate implies

2(f(Wjo) = F(Wj N, i)
’YNg(j) .

. 2
o IVFWjp)ll” <

If, in addition, the iterates remain in a bounded level set and the total
decrease in function value is summable, then the gradient-descent phases
converge to stationary points. Any complexity bound of order O(1/?%)
applies to the gradient-descent component under the usual smoothness
assumptions.

Summary.

e Under strong convexity, the gradient-descent phase converges lin-
early to the unique minimizer.

e For general smooth non-convex objectives, the gradient-descent
phase can be analyzed in terms of descent and stationarity.

e The total number of gradient steps to reach an e-stationary point
is typically of order O(1/e?) under standard smoothness assump-
tions.

e The jump steps divide optimization into phases and are used as
restart heuristics to improve exploration.

e No claim is made here that jump steps preserve linear convergence
or guarantee a finite number of jumps without additional assump-
tions.

3 Robustness to Non-convexity

One of the practical motivations for the proposed method is its ability to
improve optimization behavior on non-convex objectives. Non-convexity
often arises in machine learning models such as deep neural networks,
where the objective landscape may contain many local minima, saddle
points, and flat regions. In such settings, standard gradient descent may
stagnate at stationary points that are not globally optimal.

15
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The root-finding procedure incorporated into our algorithm is in-
tended as a restart heuristic that periodically changes the starting point
of subsequent gradient-descent phases. This can improve exploration of
the search space and may help the method move away from unfavorable
stationary regions. However, in the present analysis, this mechanism is
not claimed to guarantee escape from all local minima or saddle points,
nor to ensure convergence to the global minimum for general non-convex
objectives.

Thus, the proposed method should be viewed as a practical enhance-
ment of gradient descent for difficult non-convex problems, with rigorous
convergence guarantees established for the gradient-descent component
under standard assumptions.

3.0.1 Practical considerations

While the theoretical analysis provides guarantees for convergence, it is
important to consider the practical implementation of the proposed algo-

rithm. In real-world applications, the following factors must be carefully
addressed:

e Step Size: Choosing an appropriate step size « is critical. If v is
too large, the algorithm may fail to converge, whereas if it is too
small, convergence may become excessively slow.

¢ Root-Finding Procedure: The root-finding step adds computa-
tional complexity to each iteration. However, this step is essential
for escaping local minima, and its computational cost is relatively
small compared to the overall complexity of the optimization prob-
lem.

Despite these practical considerations, the proposed method provides
a significant improvement over traditional gradient descent, particularly
for non-convex optimization problems commonly encountered in ma-
chine learning applications.
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4 Experiments and Results

In this section, we present experimental results to validate the effective-
ness of the proposed gradient descent variant with dynamic starting-
point updating. The objective of these experiments is to evaluate the
method’s ability to find lower-value objective points in non-convex land-
scapes and to compare its performance against standard GD and other
established optimizers.

4.1 Experimental setup

To evaluate the performance of the proposed algorithm, we test it on
a series of non-convex functions commonly used in benchmarking opti-
mization algorithms. Specifically, we compare the following methods:

e Standard Gradient Descent (GD): The traditional gradient
descent algorithm with a fixed step size and no dynamic restarts.

e Proposed Algorithm (D-SGD): The gradient descent algo-
rithm with dynamic starting-point updating, as described in Sec-
tion 2.

e Stochastic Gradient Descent (SGD): The standard variant
where gradients are computed using mini-batches.

e Adam Optimizer: An adaptive optimization method that main-
tains estimates of first and second moments of the gradients.

The experiments involve optimizing non-convex functions character-
ized by multiple local minima and saddle points. Each algorithm is
executed for a fixed number of iterations or until a termination criterion
is met. The stopping condition for all methods is based on the gradient
norm, terminating when |V f(W)| < e.

We evaluate the following performance metrics:

e Convergence Speed: The number of iterations or gradient eval-
uations required by each algorithm to satisfy the termination cri-
terion.

17



18

T. DERIKVAND AND M. MOATTARI

e Final Objective Value: The objective value f(Wyinq) attained
at termination, used to assess the method’s ability to reach regions
of lower cost.

e Computational Time: The total wall-clock time required to
complete the optimization process.

4.2 Benchmark functions

We evaluate the algorithms on a suite of non-convex functions, each
representing distinct challenges in optimization:

Rastrigin Function. The Rastrigin function is a highly non-convex
landscape characterized by a large number of local minima, making it
a standard test for assessing an algorithm’s ability to avoid entrapment
in sub-optimal regions. On a d-dimensional domain, it is defined as:

d
f(W) = Ad+ Z [w? — Acos(2mw;)] (11)
i=1

where A =10 and w; € [-5.12,+5.12].

Ackley Function. The Ackley function features a nearly flat outer
region and a steep central basin surrounded by multiple local minima.
It is defined as:

d
1
—exp (d cos(cwi)) +a+e, (12)
i=1

where a = 20, b = 0.2, and ¢ = 27.

Sphere Function. The Sphere function is a simple convex baseline
used to evaluate convergence efficiency in well-behaved landscapes:

fW) =3 wi (13)
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4.3 Results and comparison

We apply the optimization algorithms to the Rastrigin and Ackley func-
tions (2D) and the Sphere function (10D). All algorithms are initialized
at Wy = (5,5). For GD, D-SGD, and SGD, we set a learning rate of
~v = 0.1, while Adam uses standard default hyperparameters.

Table 1: Performance Comparison of Optimization Algorithms

Function / Metric GD D-SGD SGD Adam
Rastrigin (2D)

Iterations to Convergence 148 72 98 87
Final Objective Value 10.3 0.03 4.5 0.1

Computational Time (s) 0.50 0.60 0.55 0.62
Ackley (2D)

Iterations to Convergence 204 124 172 155
Final Objective Value 5.45 0.04 1.1 0.02
Computational Time (s) 0.80 1.00 0.85 1.20
Sphere (10D)

Iterations to Convergence 45 36 50 38
Final Objective Value 0.001 0.00001  0.02 0.003
Computational Time (s) 0.70 0.90 0.75 1.00

As summarized in Table 1, D-SGD consistently achieves lower final
objective values compared to standard GD across all tested functions.
For the highly non-convex Rastrigin and Ackley functions, the dynamic
starting-point updating mechanism appears to facilitate escape from lo-
cal stationary points, allowing the algorithm to reach significantly deeper
regions of the objective landscape.

While D-SGD introduces a marginal increase in computational time
due to the root-finding procedure, this is compensated by a notable
reduction in the number of iterations required to reach termination
criteria. In the convex Sphere function scenario, where exploration of
multiple minima is not required, D-SGD still demonstrates competitive
convergence speed, validating that the dynamic updates do not hinder
performance even in simpler optimization settings.

19
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4.4 Discussion

From the results, we can draw several conclusions:

e Escaping Local Minima: The proposed D-SGD algorithm con-
sistently outperforms the traditional GD method in non-convex
optimization problems. The dynamic starting point updates en-
able the algorithm to escape from local minima, resulting in faster
convergence and lower final objective values compared to GD.

e Computational Efficiency: Although the root-finding step in-
troduces slight computational overhead, this overhead is minimal
compared to the improvement in convergence speed and accuracy.
For most problems, the additional time is negligible considering
the overall performance gains.

e Comparison with SGD and Adam: D-SGD performs com-
petitively with stochastic methods (SGD and Adam). While these
methods are effective in large-scale problems, D-SGD demonstrates
a distinct advantage in handling non-convexity and avoiding local
minima, making it a robust choice for complex optimization land-
scapes.

4.5 Conclusion

The experimental results confirm the theoretical advantages of the pro-
posed gradient descent variant with dynamic starting point updating.
The algorithm proves to be highly effective in solving non-convex op-
timization problems, offering improved convergence speed and superior
solutions compared to traditional gradient descent.

In future work, we plan to explore further optimizations and exten-

sions of the method, including its application to deep learning models
and large-scale datasets.
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Enhancements and Ideas for Future Explo-
ration

e Adaptive Step Size: Although a fixed step size « is used in the
current experiments, incorporating an adaptive learning rate may
improve performance further. Such a mechanism could accelerate
convergence in flatter regions while maintaining stability in areas
with steep gradients or high curvature.

e Heuristic Search for New Starting Points: Instead of re-
lying solely on the root-finding approach, future versions of the
algorithm could incorporate heuristic strategies or learning-based
methods to identify more promising initialization points. This may
improve exploration of the search space and reduce sensitivity to
poor starting conditions.
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