Characterization of generalized derivations associate with Hochschild
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ABSTRACT. Let A and B be unital Banach algebras and M be a left A-module and right B-module.
We consider generalized derivations associate with Hochschild 2-cocycles on triangular Banach al-
gebra 7 (related to A, B and M). We characterize this new version of generalized derivations on

triangular Banach algebras and we obtain some results for £!-direct summands of Banach algebras.

1. Introduction

Let A be a Banach algebra, and let X be a Banach A-bimodule. A derivation is a linear map

D : A — X such that
D(ab) =a-D(b)+ D(a) - b (a,be A).

Forx € X,set ad, :a—a-z—2-a, A—> X. Then ad, is the inner derivation induced by z.

The linear space of bounded derivations from A into X denoted by Z!'(A, X) and the linear
subspace of inner derivations denoted by N!(A, X). We consider the quotient space H'(A, X) =
ZYHA, X)/N1(A, X), called the first Hochschild cohomology group of A with coefficients in X.

Let A be a Banach algebra, and let X be a Banach A-bimodule. By B"(A, X), we mean that the
space of bounded n-linear maps form A™ into X. A 2-linear map v € B?(A, X) is called Hochschild

2-cocycle if it satisfies in the following equation
a- ’Y(b7 C) - ’Y(ab7 C) + ’Y(av bC) - ’Y(av b) = Oa

for every a,b,c € A. The space of Hochschild 2-cocycles is a linear subspace of B%(A, X), which
denoted by Z2(A, X). Here in after we used the word 2-cocycle instead Hochschild 2-cocycle. Let
@ € A(A), where A(A) is the carrier space of A, then A 2-linear map v € B2(A, X) is called point

2-cocycle at  if it satisfies in the following equation
p(a)y(b, ) —y(ab, c) +v(a, bc) — y(a,b)p(c) = 0,
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for every a,b,c € A. For given T € B(A, X), we let
(6'T)(a,b) = a- T(b) — T(ab) + T(a) - b,

for every a,b € A and 6! : B(A,X) — B?(A, X). Then the maps {§'T : T € B(A, X)} is a linear
subspace of Z?(A, X). These maps are called 2-coboundaries. The collection of all 2-coboundaries is
denoted by N2(A, X).

An additive map D : A — X called generalized 2-cocycle derivation if there exists a 2-cocycle v
such that

D(zy) =2 - D(y) + D(z) -y + (2, y) (1.4)

for every z,y € A. Similarly, an additive map D : A — X called generalized Jordan derivation if

there exists a 2-cocycle «v such that
D(?) = D(x) + D(x) -y +7(,2) (1.5)

for every x € A. This definitions introduced by Nakajima in [5] and he gave some examples for this
new definition. In [3] authors considered this new notion for some algebras such as von-Neumann
and they showed that generalized Jordan derivation of this type from von-Neumann algebras into
themselves is a generalized derivation (under some conditions). Similar result obtained by authors in
[4] for triangular algebras.

An additive map D : A — X called generalized 2-coboundry derivation if there exists a 2-

coboundry ~ such that
D(zy) = - D(y) + D(x) -y + (vF)(2,y) (1.6)

for every x,y € A and F € B(A, X). Let A and B be unital Banach algebras with units e4 and eg,
respectively. Suppose that M is a unital Banach A, B-bimodule. We define triangular Banach algebra

T:[AM
B

)

with the sum and product being giving by the usual 2 x 2 matrix operations and internal module

actions. The norm on 7 is

a m
H l ) ] | = llalla+ l[mllam + 10l 5.
The Banach algebra 7 as a Banach space is isomorphic to the ¢'-direct sum of A,B and M.
Forrest and Marcoux introduced and studied derivation of triangular Banach algebras in [1].
Let 7 be a triangular Banach algebras defined as above, and let v € B2(T,7). Let v, : T x7T —
A, : T xXT — Mand v3: T x 7T — B denote the coordinate functions associated to . That is

1 (T1,T2)  yo(T1, T2)
v3(Th, T2)

)

7(T1,T2> =
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for Ty, To € T. Let v : 7 x T — T be a 2-cocycle. The coordinate function ~y; is said to correspond
to a 2-cocycle (2-coboundary) on A x A if there exists a 2-cocycle (2-coboundary) 7.4 on A x A such
a; m;
that v, (T1,T2) = Ta(a1,a2), where T; = | "

%

] ,fori=1,2.
Similarly, s is said to correspond to a 2-cocycle (2-coboundary) on B x B if there exists a 2-cocycle

(2-coboundary) 75 on B x B such that v3(T%,T2) = (b1, b2).

DEFINITION 1.1. Let v € BX(T,7), 1 : T xT — Ay : T xT — Mand3:7 xT — B
denote the coordinate functions associated to . That is

N (11, T2)  72(Th, Tz)

Y3(T1, 1)

for T1,Ty € T. Let v € B?(T,T) be a 2-cocycle (2-coboundries). We say that ; corresponds to a

7(T17 TQ) =

)

2-cocycle (2-coboundries) on A x A if there exists a 2-cocycle (2-coboundries) 74 on A x A such that
v1(T1,Ts) = Ta(a1,az), where T; = di T

%

],fori:l,z

Similarly, we say that 73 corresponds to a 2-cocycle (2-coboundries) on B x B if there exists a
2-cocycle (2-coboundries) 75 on B x B such that v3(T1, T2) = 78(b1, b2). Second order cohomology of

triangular Banach algebras studied by Forrest and Marcoux in [2].

LEMMA 1.2. Lety € B*(T,T) be a 2-cocycle . Then there are continuous corresponding 2-cocycles
on Ax A and B x B.

PROOF. Define 74 : A x A— A and 75 : B x B — B as follows

[ ay 0 ag 0
TA(a17a2) = €AY 0 ’ 0 €A,

[0 0 0 0
(b1, b2) = ey ( 1 , l 1) eB.
b by

It is easy to check that 74 and 73 are 2-cocycle. Continuity of 74 and 753 is clear. [

and

LEMMA 1.3. Lety € B>(T,T) be a 2-cocycle. Then there are corresponding 2-cocycles T4 and 75
on Ax A and B x B, respectively. Furthermore

1 TA(CL,O) = TB(():b) = TA(@A,O) = TB(O,(ﬁB) = TA(():O) = TB(Ovo) = 0.
2(e11,e11) = 0,72(e11,0) = 0.

2(e22,€22) = 0.

(a,eq) =0 and T4(ea,e4) = 0.
5(b,eg) =0 and t5(ep,ep) = 0.
Y2(ba2, €22) = 0 and y2(e11,a11) = 0.

0 0 0 0 0 0
whereeu:[eA 0]7622:l . 1,()22:[ b]’all:[a OlandforaeA,beB.

v
~

=

)
)
)
)
)
)

A~~~ o~~~
=~
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Proor. Existing of 74 and 75 clear by Lemma . Since 74 and 75 are 2-linear so (1) is clear.

For the rest consider the following

7([6,4 0]7[0 O]):lTA(eA,O) va(e11, €22)

B 75(0,e5)
and
6117(611, 622) - ’7(6117622) + ’7(61170) - 7(611, 611)622 =0.

Then,

Talea,0) 7elern,ea2) | | Talea,0) ~2(e1r,e22) n Talea,0) 72(e11,0) n 0 ~v2(e11,e11) —0
0 TB(O,elg) 0 0 '

This follows that vya(e11,e11) + ¥2(e11,0) = 0. From
611’7(611, 611) - 7(6117611) + 7(611, 611) - 7(611, 611)611 =0,

we conclude that vs(e11,e11) = 0. This implies that v2(ej;,0) = 0. Similarly, one can show that

Y2 (€22,€92) = 0. From

CL11’Y(€117 611) - ’7(a11,€11) + 'y(au,en) - ’Y(an, 811)611 =0,

we conclude that 74(a,e4) = 0. Since a was arbitrary so 74(ea,e4) = 0. By the similar methods, we

obtain the other cases. O

Let 7 be a triangular Banach algebra and let X’ be a unital Banach 7-bimodule, then we use these
notations in this paper: Xg4 =eq-X-es, Xgg=ep-X-ep, Xap =eq-X-eg, and Xgg =ep-X-e4.
If X replaced by 7, we have Xq4 = A, X = B, Xa5 = M, and X4 = 0.

LEMMA 1.4. Let X be a T-bimodule, 04 : A X A —> Xqu, 0 : Bx B — Xgp be 2-cocycles, and
Xap = 0. Then there exists a 2-cocycle mapping from T x T into X.

PRrROOF. F‘oreveryla:l 77;1 1’[a2 7722 ] €T,define D:7 x7T — X by
1 2

o[ )
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We claim that D is a 2-cocycle. Because for every Ty = a“ nZi Ty = @2 nzz ,T5 =
[ 4 s ] € 7, we have
b3
T, - D(T5,T3) — D(IhT»,T5) + D(Th, T2T3) — D(T1,T5) - T3
= T -(04(az,a3) + 0p(be,b3)) — d.a(aras,az) — dp(b1ba, bs)
+d4(a1,aza3) + 6p(b1,b2b3) — (0.4(a1,az) + 0p(b1,b2)) - T
= Ty -7(ea)dalaz,as) —da(araz,as) + da(ar,aza3) — da(ar,az) eq-Ts
+T1 - 7(es)dp (b2, b3) — 0p(b1b2, b3) + 65(b1,b2bs) — d5(b1,b2) e - T3
= a1-64(az,a3) —da(araz,a3) +da(a1,aza3) — da(ar,az) - a3
+b1 - 95(ba, b3) — 05(b1b2, b3) + d5(b1, babs) — dp(b1,b2) - b3
= 0.
This proves our claim. O

LEMMA 1.5. [2] Lemma 3.1] Let 64 and 05 be 2-coboundaries on A x A and B x B, respectively.
Then there exists a 2-coboundaries 6 on T x T such that 81 corresponds to § 4 and do corresponds to

ép, where 61 and do are coordinate functions associated to 6.

2. Characterization of generalized 2-cocycle derivations

In this section we prove main results of paper. We characterize generalized 2-cocycle derivations
on triangular Banach algebras and by taking M = 0 we consider generalized 2-cocycle derivations on
A @1 B, where A and B are Banach algebras.

THEOREM 2.1. Let 7 be a triangular Banach algebra and A,B be unital Banach algebras with
units e and ep, respectively, and M be a unitary Banach A, B-bimodule. Let D : T — T be a
generalized 2-cocycle derivation associate with ~y, then there exist element mp € M, corresponding
2-cocycles T4 and T3 on A X A and B x B, respectively, and mappings Dq: A — A, Dg: B — B
and Ty 0 M — M such that

=TT )
2 D( a 8 ): D(a) amDJr’y;(all,en)].
@ (| ° 6‘;]):[0 —MDﬂ;(emeﬂ.

(

[ 0 0 1 ) [ 0 —me—’yg(ell,bgg)
Dg(b)
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wo(| " ])-| " ]

RN m])—o,fys([

(7)71([0 m],lo 2‘|)0,’73([0 ?],lo 2])Oand

oD

Furthermore, Dy : A — A and Dp : B — B are generalized 2-cocycle derivations associate

Tm(m - b) = Tpm(m) - b+ m - Dp(b) + 72(

with 2-cocycles T4 and T, respectively.

PROOF. Let v be the 2-cocycle related to D. Let 1,72 and 3 be the coordinate functions
associated to v. By Lemma there exists corresponding 2-cocycles 74 and 73, respectively on

A x A and B x B (continuity of these maps do not need).

0
oA and let D(ej;) = P91 Then by Lemma

0 r
D(en) = D(€11611) = 611D(€11) + D(€11)€11 + 7(6117 611)

_ fea 0] ¢ P q eq 0 N yi(er1,ern) 0
L r 0 v3(er, e11)

0 r
_ (2 ¢ N Ta(ea,ea) 0
0 75(0,0)

_ |2 q]

(].) Put €11 =

+

0

Above relations follow that

D(en):[o g]

Set ¢ = mp, then

D(€11>: [ 0 7’7’;D ] .
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0 0
(2)Puta11:la O]anden:[GA Ol.LetD(an):[p z],then

D(a11) = Dl(aiienn) = annD(err) + D(ar1)err +v(air,en)
RIS I
0 0 T 0

71((111,611) ’Yz(an,en)]

’Y3(a11,€11)

+

Ta(a,eq) 7v2(ai1,enn)
7'3(07 0)

_ [p amD+72(0117611)]
0 .

Therefore

D(ay;) = l D 4(a) amD-l-’Y(Q)(an,eu) 1 |

where D 4(a) = p.

0 O d
(3) Set eq3 = [ ] and let D(egs) = l P91 Then
en T
D(€22) = D(€22622) = 622D(622) + D(€22)€22 + 7(6227 622)
_ 0 0 p | P q 0 0 n 71(e22,€22)  Y2(e22,€22)
L eB r r eB V3(ea2, €22)
_ [0 ¢ n 74(0,0)  72(e22,e22)
2r T5(es,en)
_Jo o«
N 2r |

Above relations follow that

Then
0 = D(er1e22) = e11D(ea2) + D(eq1)eas + v(e11, €22)

= l ] [ 0 mp ] + l 0 72(e11,e22) ]
0 0

_ [ 0 mp+¢ +v2(e11,€2) 1
0
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and
0 = D(0)= D(eze11) = eanD(e11) + D(e22)err + y(e22,€11)
_ 0 72(e22,€11)
0 )
This follows that y2(ea2,e11) = 0.Then we have ¢ = —mp — ya(e11, €a2).
0 O 0 0
(4) Set egn = l , bag = b ] and let D(bys) = l b4 ] Then by Lemmawe
€en r

have

D(bs2)

D(bagesn) = baaD(e22) + D(baz)eas + Y(bag, €22)

0 0 0 —mp —Ye(e11,e22) L Poa 0 0
boo 0 r en

71 (b22, 622) Y2 (5227 622)
v3(ba2, €22)

+

0 ¢q 1 n l 74(0,0)  7y2(bao, €22) 1

r TB(baeB)
"]

By 0 = D(0) = D(e11be2) we conclude that ¢ = —mpb — va(e11,ba2). If we set Dp(b) = r we

obtain the desire.

BySeten=| A U lem=|" " [mo=|" " | andiet Dmy) = | P ¢
0 eB 0 T

. Then

by Lemma |1.3| we have

D(m12) = D(m12€22) = m12D(€22) + D(m12)€22 + ’Y(mu, 622)

0 m 0 —mp —12(e11,e22) L P e 0 0
0 0 r en

71 (m12, 622) 72(m12, 622) ]

+
’Y3(m12, 622)

0 ¢

r

. [Oj].

_|_

74(0,0)  ~2(mi2,e22)
75(0,ep)
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This shows that v2(m12,€22) = 0. On the other hand

D(m12) = D(611m12) = 611D(m12) + D(ell)m12 + 7(6117m12)

el

’71(6117 m12) 72(611, m12) 1

’Y3(€11,m12)

+

0 ¢q
0

N Ta(ea,0) v2(e1r,miz)
TB(0,0)

[ 0 g+ m2(e11,mi2) ]
0 )

This implies that y5(eq11, m12) = 0. Thus,

D(mlg)

Bl

Now; set ¢ = 7ps(m). Therefore proof is complete.

0
(6) Let a1 = l “

and mis = [ 0 T(;L ] then by (2) and (5) we have

= D(a11mi2) = a11D(mi2) + D(a11)maz + (@11, mi2)

0 7m(a-m)
0

0 a-7m(m) N 0 Dy(a)-m
0 0

+ 71(a117m12) 72(a11,m12)
v3(a11, mi2)
[ yi(ai,miz)  a-1am(m) + Da(a) - m+ v2(ar1, mi2) 1

’73(6111, m12)

Thus, v1(ai11,m12) =0, y3(a11,mi2) = 0 and 7aq(a-m) = a - Ta(m) + Da(a) - m + y2(ai1, mi2).

By the similar method we can prove the case (7).
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Finally we show that D 4 is a generalized 2-cocycle derivation associative with 2-cocycle 74. Put

"0 "0
a’llla O]and(aa’)n[aa O},then

D(l " ] l " ]) = D(andyy) = anD(ay;) + D(ai)ay; +v(ai, aiq)

a o] [Dw) a'mDm(aal,en)]
0 0

Dy(a) amp +72(a11,e11) a 0
0

I -TA(CLGI) 72(a117a/11)
TB(Ovo)

aD(a')+a'Da(a) +7a(a,a’) ad'mp + avya(aly, e11) + y2(a11, alq)
0

On the other hand we have

a 0 a 0 aa’ 0
o[ 5 - 0)

[ Dy(ad’) ad’mp + v2((aa’)11,e11) ] .
0

Above relations follow that
Dy(aa’) = aDa(a') +a’'Dala) + Tala,d’),
and
avz(aty, e1n) +v2(a11, aiy) = v2(anayy, enn).
Thus D 4 is generalized 2-cocycle derivation. The same way of D 4 proves that Dy is a generalized

2-cocycle derivation. O

NoOTE 2.2. In the Theorem if D:7 — 7T is continuous and v € Z2(7,7) then all obtained
generalized derivations and 2-cocycles will be continuous. From now on, we suppose that all maps

(generalized derivations, module mappings and 2-cocycles) are continuous.

ProroOSITION 2.3. Let Dy : A — A and Dy : B — B be generalized 2-coclyes derivation

associate with 2-cocycles T4 and T, respectively, and let Tor : M — M be a linear map that satisfies

in conditions (6) and (7) of Theorem [2.1] such that
0 mq 0 O ) (2.2)
0 ] by |/ '

a; O 0 m
72(T1,T2)=72([ ! 0],[ 02

)+

|
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and

T’y (T To) — Yo (T'Ty, T) + 72 (T, Th To) — o (T", T1)To = Ta(d’,a1) - mg —m' - 75(b1, b2),  (2.3)

!/ /
for all Ty = am Ty = 4z T2 T = « m € 7. Then the map
b1 bo b
D( a m )_ Dy(a) Tam(m)
b |/ Ds(b) |’
. . — . . TA 72
s a generalized 2-cocycle derivation with associate 2-cocycle v = l
™8
. apr ma
ProOOF. Clearly by 1) v is a 2-cocycle on 7 x 7. Then for every 17 = b Ty =
1
[ 4z M2 € 7T, we have
by |

T\D(Ts) + D(Th )T 4 (T4, T)

_ ar My Da(az) Trm(ma) n Da(ar) 7Tam(ma) az Mo
b D (by) Ds(by) by
Ta(ar,a2) y2(T1,Ts)

+

TB(blvbQ)
a1Da(a2) + Dalar)as + 7a(a1,a2) a1 - Tam(me) +my - Dp(be) + Da(ar) - ma

= +7pm(ma) - by + v2(Th, T2)

b1 Dg(b2) + Dp(b1)bs + 75(b1, b2)

As well as, together with cases (6) and (7) of Theorem [2.1]and (2.2)) we have

D(TlTQ) = D( [ ajaz ap - mzb—zﬂh . b2 ] )
102

_ [ Dy(araz) 7Taq(ar - mg +my - ba)
Dp(b1bs)

a1D 4(a2) + Da(ar)as + 7a(a1,a2)  ai - Ta(ma) +my - Dp(be) + D a(ar) - mo
= +7am(ma) - by + 72 (Th, T2)
b1 Dp(b2) + Dp(b1)bs + T8(b1, b2)

Thus D is a generalized derivation associate with 2-cocycle 7. (I

If M = 0, then triangular Banach algebra reformed to A @ B with the following sum and product

(a,b) + (a’,V') = (a+a,b+ V), and (a,b)(a’, V") = (aa,bd’),
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for every (a,b),(d’,b’) € A @1 B. It become a Banach algebra with defined norm as ||(a,b)| =
lalla + [|blls- We set 2 = A @ B. Let v € Z2(2A,A), 71 : A x A — A and v, : A x A — B be the
coordinate functions associated to -y that is

Y((a1,b1), (az,b2)) = (71 ((a1, b2), (a2, b)), v2((a1, b2), (az,b2))),

for all (ay,b1), (ag,bs) € A. If ;1 corresponds to a 2-cocycle on A x A then there exists a 2-cocycle 74
on A x A such that v, ((a1,b1), (a2,b2)) = 74(a1,az). Similarly, if v corresponds to a 2-cocycle on
B x B then there exists a 2-cocycle 75 on B x B such that v1((a1,b1), (a2, b2)) = 75(b1, ba). We reduce
the Lemma into this Banach algebra as follows.

LEMMA 2.4. Let v € B%(,2). Then v is a 2-cocycle if and only if there are 2-cocycles T4 and
8 on A X A and B x B, respectively, such that v = (14,75).

PROOF. The case where 7 is a 2-cocycle existence of 74 and 75 are clear by the same reasoning
in Lemma For converse, let 74 € Z%(A, A) and 75 € Z?(B, B). We shall show that v = (74, 75)
belongs to Z2(2A,2A). For every (a1,b1), (az,b2), (az,b3) € 2,
(a1,b1)7((az,b2), (a3, b3)) = v((a1, b1)(az, b2), (a3, bs)) + v((a1, b1), (az, b2)(as, b3))
—7((a1,b1), (a2, b2))(as, bs)
= (a1,b1)7((a2,b2), (a3, b3)) — v((araz, bibz), (a3, bs)) + v((a1,b1), (azas, babs))
—v((a1,b1), (az, b2))(as, bs)
= (a1,01)(((az,b2), (a3, b3)),72((az, b2), (a3, b3)))
—(n((araz, bab2), (as, bs)), v2((araz, bab2), (as, bs)))
+(71((a1,b1), (azasz, babs)), v2((a1, b1), (azas, b2bs)))
—(711((a1,b1), (az,b2)), v((a1, b1), (az, b2)))(as, bs)
= (a1,01)(1a((a2, a3)), 78((b2, b3))) — (1a((ara2, az)), 78((b1b2, b3)))
+(74((a1, a2a3)), 78((b1, b2b3))) — (Ta((a1, az2)), 78((b1, b2)))(as, bs)
= (a17a((a2,a3)) — 7a((a1a2,a3)), bi75((b2, b3)) — T8((b1b2, b3)))
+(1a((a1, a2a3)) — 7a((a1,a2))as, 78((b1, b2b3)) — 75((b1,b2))b3)
= 0.
Thus 7 is a 2-cocycle. |
PROPOSITION 2.5. Let A = A @1 B, where A and B are Banach algebras. If D : A — A is a

generalized derivation associate with 2-cocycle v, then there are generalized derivation D4 and Dpg

associate with 2-cocycles T4 and T, respectively, such that v = (7.4,78).

PROOF. Define Dy : A — Aby D4(a) = eaD((a,0))e for all a € A. By Lemma[2.4] there are
2-cocycles 74 and 75 such that v((a1, b1), (a2,b2)) = (7a(a1,a2), 78(b1,b2)) for all (a1,b1), (az,b2) € .
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Then
Da(araz) = eaD((ara2,0))ea = eaD((a1,0)(az,0))ea
= ea(a1,0)D((az,0))ea +eaD((a1,0))(az,0)en + eav((a1,0), (az,0))ea
= exla1,0)D((az,0))es + eaD((a1,0))(az,0)es + ea(Ta(a,az),0)eq
= a1Da(az) + Dalar)az + 7a(a1, az),
for every as,as € A. Similarly, if we define D : B — B by Dg(b) = egD((0,b))ep for all b € B, then

by the same reasoning for proof of D 4, Dg become a generalized derivation associate with 2-cocycle

TB- U

PROPOSITION 2.6. Let A = A @y B, where A and B are Banach algebras. If D and Dp are
generalized derivation associate with 2-cocycles T4 and Tg, respectively, then D : A — A defined by

D = (D4, Dg) is a generalized derivation associate with 2-cocycle v = (T4, 7TB).
PRrROOF. By Lemma v = (7.4,7g8) is a 2-cocycle. Then

D((a1,b1)(az,b2)) = D((araz,b1b2)) = (Da(a1az), Dp(b1bs))
(a1DA(a2) + DA(al)ag + TA(al,ag), leB(baz) + DB(bl)bg + 7’3(1)17 bg)),

and

(a1,b1)D((az,b2)) + D((a1,b1))(az, b2) +((a1,b1), (az,b2))
= (a1Da(az),b1Dp(baz)) + (Da(a1)az, Dp(b1)ba) + (Ta(a1,az2), 75(b1,b2)),

for all (a1,b1), (as,be) € A. Thus, D is a generalized derivation associate with 2-cocycle . O
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