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Abstract. Let A and B be unital Banach algebras and M be a left
A-module and right B-module. We consider generalized derivations as-
sociate with Hochschild 2-cocycles on triangular Banach algebra T (re-
lated to A, B and M). We characterize this new version of generalized
derivations on triangular Banach algebras and we obtain some results
for ' — direct summands of Banach algebras.
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1. Introduction

Let A be a Banach algebra, and let X be a Banach A-bimodule. A
derivation is a linear map D : A — X such that

D(ab) =a-D(b) + D(a)-b (a,be A).

For x € X, set ad, :a— a-x—x-a, A — X. Then ad, is the inner
derivation induced by z.
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The linear space of bounded derivations from A into X denoted by
Z1(A, X) and the linear subspace of inner derivations denoted by N'(A, X).
We consider the quotient space H'(A, X) = Z1(A, X)/N'(A, X), called
the first Hochschild cohomology group of A with coefficients in X.

Let A be a Banach algebra, and let X be a Banach .A-bimodule. By
B"(A, X), we mean that the space of bounded n-linear maps form A"
into X. A 2-linear map v € B?(A, X) is called Hochschild 2-cocycle if
it satisfies in the following equation

a- V(ba C) - 7<ab7 C) + "}/(CL, bC) - 7(a7 b) -c=0,

for every a,b,c € A. The space of Hochschild 2-cocycles is a linear
subspace of B%(A, X), which denoted by Z?(A, X). Here in after we used
the word 2-cocycle instead Hochschild 2-cocycle. Let ¢ € A A, where
A(A) is the carrier space of A, then A 2-linear map v € B2(A, X) is
called point 2-cocycle at ¢ if it satisfies in the following equation

p(a)y(b, c) = v(ab, ¢) + v(a, bc) — v(a, b)p(c) = 0,
for every a,b,c € A. For given T' € B(A, X), we let
(1T (a,b) = a-T(b) — T(ab) + T(a) - b,

for every a,b € A and §' : B(A,X) — B?(A, X). Then the maps
{6'T: T € B(A, X)} is a linear subspace of Z2(A, X). These maps are
called 2-coboundaries. The collection of all 2-coboundaries is denoted by
N%(A, X).

An additive map D : A — X called generalized 2-cocycle derivation if
there exists a 2-cocycle v such that

D(zy) =z - D(y) + D(z) -y + (=, y) (1)

for every z,y € A. Similarly, an additive map D : A — X called
generalized 2-cocycle Jordan derivation if there exists a 2-cocycle ~ such
that

D(a*) =z D(z) + D(x) - y + v(, ) (2)

for every © € A. This definitions introduced by Nakajima in [5] and
he gave some examples for this new definition. In [3] authors considered
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this new notion for some algebras such as von-Neumann and they showed
that generalized Jordan derivation of this type from von-Neumann al-
gebras into themselves is a generalized derivation (under some condi-
tions). Similar result obtained by authors in [4] for triangular algebras.
An additive map D : A — X called generalized 2-coboundry derivation
if there exists a 2-coboundry &' such that

D(zy) =z - D(y) + D(x) -y + (6" F)(z,y), (3)

for every z,y € A and F € B(A,X). Let A and B be unital Banach
algebras with units e4 and eg, respectively. Suppose that M is a unital
Banach A, B-bimodule. We define the triangular Banach algebra

[ 4]

with the sum and product being giving by the usual 2 x 2 matrix oper-
ations and internal module actions. The norm on 7 is

a m
1 = tallact T+ o

The Banach algebra 7 as a Banach space is isomorphic to the ¢!-direct
sum of A, B and M. Forrest and Marcoux introduced and studied deriva-
tion of triangular Banach algebras in [1].

Let 7 be a triangular Banach algebras defined as above, and let v €
BT, T). Lety; : TxT — A,y :TxT — Mandy3:TxT — B
denote the coordinate functions associated to . That is

A (Ty, Th) = [ (T, 1) 72 (Th, T3) ] 7

v3(Th, 1)

for Ty,To € T. Let v : T x T — T be a 2-cocycle. The coordinate
function ~; is said to correspond to a 2-cocycle (2-coboundary) on A X
A if there exists a 2-cocycle (2-coboundary) 74 on A x A such that
v1(T1,T2) = Ta(a1,a2), where T; = [ i ﬂzz ], fori=1,2.

(2
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Similarly, s is said to correspond to a 2-cocycle (2-coboundary) on
B x B if there exists a 2-cocycle (2-coboundary) 73 on B x B such that
v3(T1, Tz) = 15(b1, b2).

Definition 1.1. Let v € B3(7,7), y1: T xT — A, %2 : T xT — M
and v3 : T x T — B denote the coordinate functions associated to
v. That s
71, Ty) v2(T1,T2)

(11, T2) |’

for T\, Ty € T. Let v € B*(T,T) be a 2-cocycle (2-coboundries). We

say that 1 corresponds to a 2-cocycle (2-coboundries) on A x A if there

exists a 2-cocycle (2-coboundries) T4 on A x A such that v (Th,T>) =
m;

Ta(a1,a2), where T; = { @ b ], fori=1,2.
7

(T, Ty) = [ Y1 (

Similarly, we say that 3 corresponds to a 2-cocycle (2-coboundries) on
B x B if there exists a 2-cocycle (2-coboundries) s on B x B such that
v3(T1,Ta) = 18(b1,ba). Second order cohomology of triangular Banach
algebras studied by Forrest and Marcoux in [2].

Lemma 1.2. Let v € B?(7,T) be a 2-cocycle. Then there are contin-
uwous corresponding 2-cocycles T4 and 73 on A x A and B x B, respec-
tively. Furthermore

1. 74(a,0) = 78(0,b) = Ta(e4,0) = 780,e5) = 7.4(0,0) = 75(0,0) = 0.
2. y2(e11, e11) = 0,792(e11,0) = 0.

3. 72(e22,€22) = 0.

4. Ta(a,eq) =0 and 74(eq,e4) =0.
5. m8(b,eg) = 0 and 75(ep,ep) = 0.

6. Y2(baa, e22) = 0 and y2(e11,a11) = 0.

0 0O O 0 0
€AO 76222[ 66]7622:[ b]’au:

{a 8] and for a € A,b € B.

where e11 =
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Proof. Define 74 : A x A — A and 73 : B x B — B as follows

. _al 0 a9 0
Ta(a1,a2) = eqy E 0| ) e

[0 0 0 0
TB(blabQ):eB’7< by ],[ by Des-

It is easy to check that 74 and 75 are 2-cocycle. Continuity of 74 and 73
is clear. Since 74 and 73 are 2-linear so (1) is clear. For the rest consider
the following

7([6,4 oHo o]):{weft,m 72(611,622)]7

0 €B TB(O7 68)

and

and

6117(611, 622) - 7(611, 622) + 7(€1la 0) - V(€117€11)622 =0.

Then,

{ TA(e4,0) 72(6117622()) ] N [ Ta(e4,0) 725‘21(16,662;; ]

+ 0 0

This follows that va(e11,€11) + 72(e11,0) = 0. From

{ Ta(e4;0) 72(e11,0) ] n [ 0 72(e1r,enn) ] _ 0

6117(611, 611) - 7(611, 611) + 7(611, 611) - 7(611, 611)611 =0,

we conclude that y2(ej1,e11) = 0. This implies that y2(e11,0) = 0. Sim-
ilarly, one can show that ~,(eg9, e22) = 0. From

ai1y(e1r,e1n) — y(air, e11) + (a1, e11) — y(ai1, e11)enn =0,

we conclude that 74(a,e4) = 0. Since a was arbitrary so 74(ea,e4) =
0. By the similar methods, we obtain the other cases. [
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Let 7 be a triangular Banach algebra and let X be a unital Banach
7 -bimodule, then we use these notations in this paper: X 4 = eq - X -
e, Xpp =ep-X-eg, Xap =€eq-X -eg,and Apy =eg- X -eq. f X
replaced by 7, we have X4 = A, X = B, X453 = M, and X4 = 0.

Lemma 1.3. Let X be a T-bimodule, § 4 : AXA — Xgu, 65 : BXB —
Xgp be 2-cocycles, and X 5 = 0. Then there exists a 2-cocycle mapping
from T x T into X.

Proof.Forevery[a1 77;1]’[@ WZQ } €T, defineD: TxT — X
1 2

by

p([ [ 1) = isonn + et

We claim that D is a 2-cocycle. Because for every

T, = [ @i ”Z ] ,(i=1,2,3), we have
1

T, - D(1T3,T3) — D(T115,T3) + D(Th, T513) — D(T1,T») - T3
= T1-(6a(az,a3) + 05(b2,b3)) — da(araz,az) — d5(b1be, b3)
+ da(a1,aza3) + dp(b1, babz) — (d.4(a1,a2) + 05(b1,b2)) - T3
= Ti-7(ea)da(az,a3) —04(araz,as) + d4(a1,a2a3) —da(ar,a2) -eq - T
+ Ti-7(ep)dp(bz, b3) — d5(b1b2, b3) + d5(b1, bab3) — 05(b1,b2) - ep - T3
= a1 -d4(az,a3) —da(ara2,a3) +da(ar,azaz) — (a1, az) - as
+ b1-65(b2,b3) — d5(b1b, b3) + 05(b1, babz) — 05(b1, b2) - b3
= 0.

This proves our claim. [J

Lemma 1.4. [2, Lemma 3.1] Let § 4 and dg be 2-coboundaries on A x A
and B x B, respectively. Then there exists a 2-coboundaries 6 on T x T
such that d1 corresponds to 6 4 and d9 corresponds to ép, where 61 and
0o are coordinate functions associated to .
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2. Characterization of GGeneralized 2-Cocycle
Derivations

In this section we prove main results of paper. We characterize general-
ized 2-cocycle derivations on triangular Banach algebras and by taking
M = 0 we consider generalized 2-cocycle derivations on A @1 B, where
A and B are Banach algebras.

Theorem 2.1. Let T be a triangular Banach algebra and A, B be unital
Banach algebras with units e4q and ep, respectively, and M be a uni-
tary Banach A, B-bimodule. Let D : T — T be a generalized 2-cocycle
derivation associate with v, then there exist element mp € M, corre-
sponding 2-cocycles T4 and 3 on A X A and B x B, respectively, and
mappings Dy : A — A, Dg: B — B and Tpg : M — M such that

FEHIREE!

9 D( a 8 ]) _ [ Da(a) amp +’y8(a11,en) ]

3. D( 0 ;;])Z[O —mD—’Yg(en,eﬂ)}

/ D( [0 0 ] ) _ [ 0 —mpb B;?é)en,bgg) }
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0 m 0 0 0 m 0 0
0 0 0
TM(m-b)_TM<m)'b+m‘DB(b)+72([ m},[ b])'

Furthermore, Dg: A — A and Dp : B — B are generalized 2-cocycle
derivations associate with 2-cocycles T4 and T, respectively.

Proof. Let v be the 2-cocycle related to D. Let ~1,7v2 and ~3 be the
coordinate functions associated to . By Lemma 1.2, there exists cor-
responding 2-cocycles 74 and 7g, respectively on A x A and B x B
(continuity of these maps do not need).

(1) Put e = [ A 8 } and let D(ej;) = [ b g ] Then by Lemma
1.2

D(e11) = Dlenen)=ennD(e11)+ D(err)err +y(err,en)

-
Cewsen) 0 ]
y3(e11,e11)

} n { Ta(easea) TB((()),O) ]

Set ¢ = mp, then
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(2)Puta11:|:a 8:|&nd611:|:€A S}LetD(an):[p 7qn:|’

then

D(au)

D(ajie11) = a11D(e11) + D(aq1)e1r + y(ai1, e11)

-
n [ vi(a11,e1r) e(air, enn) ]

’)’3(&11, 611)

- [P ‘m(;D ] + [ Ta(a, ea) 727(;26:81)1) ]

_ [p amD+'72(a117611):|
0 )

Therefore

Dlany = [ PA® a0 o) |

where D 4(a) = p.
A
(3) Set egg = [ 00 } and let D(eg2) = [ p (71“ . Then
B _
D(e2) = D(egear) = eanD(e22) + D(eaz)er + v(ea2, €22)
o o0 ][p & L[ [0 0
| es r r ]| es

[ 71(6227622) 72(6227622) ]
_|_
73(6227622)

_ [0 ¢ n 74(0,0)  v2(€22, €22)
I 2r TB(eR, ep)

_ o ¢

- 2r |-

Above relations follow that
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Then
0 = D(0) = D(er1e2) = e11D(e22) + D(ei11)ezn + y(e11, e22)
_ q’ 0 mp n 0 72(e11,e22)
0 0
_ | 0 mp+d +72(e11,€22) (1)
0 b
and

0 = D(0) = D(ex2e11) = e22D(e11) + D(e22)enn + y(e22, e11)
[ 0 72(e22,e11) ]

0
This follows that v2(e22, e11) = 0.Then we have ¢ = —mp —v2(e11, €22).
(4)Set€22:|:0 0:|,b22:|:0 O}andletD(bgg):[p q:|.
en b r

Then by Lemma 1.2 we have
D(ba) = D(baear) = baaD(ea2) + D(baa)ean + (a2, €22)

_[o o 0 —mp —2(e11,e22) P q 0 0

= +

i boo 0 r €B

71(b2z, €22)  7Y2(ba2, €22) ]
v3(b22, €22)

- [P ]

_ [0 4q

= | e

By 0 = D(0) = D(e11b22) we conclude that ¢ = —mpb — ya(e11, ba2). If
we set Dg(b) = r we obtain the desire.

(5) Set eq1 = ea 0 , €99 = 00 , M1y = 0 m and let
0 eB 0
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D(mi2) = { b z ] Then by Lemma 1.2 we have

D(mi2) = D(migez) = miaD(ea2) + D(miz)eas + y(mi2, e22)
_ [0 m 0 —mp — y2(e11,e22) + p q 0 0
| 0 0 r en
+ [ 71(77112,622) 72(7”12,622) ]
L 73(m12, 622)
_ [0 ¢ 74(0,0) y2(mi2,e22)
= +
I r 75(0,eR)
_ [0«
= ]
This shows that v2(m12,€22) = 0. On the other hand
D(mi2) = D(erymiz) = e11D(mi2) + D(e11)miz + y(e11, mi2)

el ]l

[ v(err,miz) ~a(err, miz) ]

I v3(e11, mi2)

_ [0 ¢ n Ta(ea,0) v2(e11,mi2)
0 75(0,0)

_ [0 g+ 72(e11,m12) ]

- . _

This implies that v2(e11,m12) = 0. Thus,

D(mu):[o g]

Now; set ¢ = Tar(m). Therefore the proof is complete.

(6)Leta11—[a 8} andmlg—[

0 m

0 ] Then by (2) and (5) we
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have

{0 TM(a'm)] D(a

0 11m12) = a1 D(ma2) + D(ai1)maz + y(ai1, mi2)

0 a- TM }Jr[o DA(C(L))-m]

’Ys(an, ’m12)

Y(a1,m2) a-Tpm(m )+DA(G)~m+72(a117m12)}

[ m(a11,m2) y2(a11,miz) }
{ 73(a117m12)

Thus, v1(a11, m12) = 0, v3(a11, mi2) = 0 and 7apq(a-m) = a - Tpq(m) +
D 4(a)-m+~2(a11, m12). By the similar method we can prove the case (7).

(7) Finally we show that D 4 is a generalized 2-cocycle derivation asso-

! /
ciative with 2-cocycle 74. Put a}; = [ a 8 ] and (ad')1; = [ aa 8 ]7
then
a 0 a 0 , , , ,
D( 0 0 ) = D(anajy) = ai1D(ay;) + D(ai1)ai; + (a1, ay,)
_ [a 0 Da(a’) a'mp + v2(a);,ein)
0 0
4 [ Da(a) amp +v2(a11,e11) a 0
0 0
+ [ TA(G,GI) 72(0/1170'/11)
TB(0,0)

aD() +'Dafa) + 7a(a,d) aa'mp +apa(ar;, en) +1alon, @) }
0

On the other hand we have

[ 8][4 8] - o[ 1]

{ D (aad’) aad'mp +’72(§(aa/)11,€11) ] '

Above relations follow that

D(aa’) = aDa(a") + a'D4(a) + Ta(a,d’),
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and

aya(aly, enn) + v2(ain, aiy) = 12(an1dly, enn).

Thus D 4 is generalized 2-cocycle derivation. The same way of D 4 proves
that Dpg is a generalized 2-cocycle derivation. [

Note 2.2. In the Theorem 2.1, if D : T — T is continuous and ~ €
Z%(T,T) then all obtained generalized derivations and 2-cocycles will
be continuous. From now on, we suppose that all maps (generalized
derivations, module mappings and 2-cocycles) are continuous.

Proposition 2.3. Let Dy : A — A and Dg : B — B be generalized
2-coclyes derivation associate with 2-cocycles T4 and 1B, Tespectively,
and let v 2 M — M be a linear map that satisfies in conditions (6)
and (7) of Theorem 2.1 such that

=[S wDel[* 710 2D
(2)

and

Ty (N T2) =2 (T Ty, To)+72 (T, TA o) =2 (T, Th )Ty = 7a(d, a1)-ma—m'-75(b1, ba),
(3)

/ /
forallle[a1 77;1]7%:[@2 752],T/:[a m]ET.
1 2

Then the map

s a generalized 2-cocycle derivation with associate 2-cocycle v =

TA 72
7B |

Proof. Clearly by (2.3) 7 is a 2-cocycle on T x T. Then for every T} =
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@ , A = 4z M2 € T, we have
bl bQ

T'D(T3) + D(T1) T + (11, 13)

_ [a mi ][ Dalaz) mam(ma) Da(ar) mm(mi) ][ a2 ma
- by } Dp(b2) }+ Dg(b1) } [ b }
. [ Tala1,a2) 2 (T1,T2) ]

i 75(b1, b2)

[ ayDa(ag) + Dalay)ag + 74(a1,a2) @y - Tamr(ma) +my - Dp(be) + Dy(ar) - mo
= +7m(my) - ba +7(T1, 1)
leB(bg) + Dg(bl)bz + TB(bl, bg)

As well as, together with cases (6) and (7) of Theorem 2.1 and (2.2) we
have

pnT) = b [ aay a -m%1+b2m1 by } )
|: DA(alag) TM(CL1 Mo +mq - bg) :|
Dg(b1bs)
alDA(aQ) + DA(al)aQ + TA(ahaz) ap TM(m2) +my- Dg(bz) + DA(CL]) "My
= +7p(ma) by +92(Th, Th)
b1 Ds(ba) + Dp(by )bz + 75(b1, bo)

Thus D is a generalized derivation associate with 2-cocycle v. [

If M =0, then triangular Banach algebra reformed to A @1 B with the
following sum and product

(a,b) + (@) = (a+a,b+b), and (a,b)(a', V') = (aa, bY),

for every (a,b),(a’,b') € A @1 B. It becomes a Banach algebra with
defined norm as |[|(a,b)|| = |lal]|la + ||b|lz. We set A = A @; B. Let
v e ZHAA), y1: A x A — A and v : A x A — B be the coordinate
functions associated to « that is

v((a1,b1), (az,b2)) = (v1((a1,b2), (a2, b2)), v2((a1, b2), (a2, b2))),

for all (ay,b1), (ag,b2) € A. If v1 corresponds to a 2-cocycle on A x A
then there exists a 2-cocycle 74 on Ax A such that v1((a1, b1), (a2, b2)) =
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Ta(a1,az). Similarly, if 2 corresponds to a 2-cocycle on B x B then there
exists a 2-cocycle 73 on B x B such that v ((a1,b1), (az, b2)) = 78(b1, b2).
We reduce the Lemma 1.2. into this Banach algebra as follows.

Lemma 2.4. Let v € B*(A,2). Then v is a 2-cocycle if and only if
there are 2-cocycles T4 and 13 on A X A and B x B, respectively, such
that v = (74, 78).

Proof. The case where v is a 2-cocycle existence of 74 and 75 are clear
by the same reasoning in Lemma 1.2. For converse, let 74 € Z2(A, A)
and 75 € Z%(B, B). We shall show that v = (74, 75) belongs to Z2(, ).
For every (ai,b1), (az,b2), (as,bs) € A,

(a1,b1)7((az2, b2), (a3, b3)) —

v((a1,b1)(az,b2), (as, b3))
+ ~((a1,b: )

) (
) (a2, b2)(as, b3))
— 7((a1,b1), (a2, b2))(as, bs)
= (a1,b1)v((az,b2), (a3, b3)) — v((a1az, b1b2), (a3, b3))
+ ~((a1,b1), (agas, babs))
v((a1,b1), (a2, b2))(as, bs)

1) (11 (a2, b2), (a3, b3)), v2((az, b2), (a3, b3)))
Y1((a1az, b2b2), (a3, b3)), v2((a1az, bab2), (a3, b3)))
Y1((a1,b1), (a2as, babs)), v2((a1, b1), (azas, babs)))

(

(
(
(
—  (m((a1,b1), (a2, b2)), v((a1, b1), (a2, b2)))(as, bs)
(
(
(

ai

a1, b1)(7a((az, a3)), 78((b2, b3))) — (Ta((ara2, az)), 78((b1b2, b3)))
Ta((a1,aza3)), 78((b1, b2b3))) — (1a((a1, a2)), 78((b1, b2)))(as, b3)
a174((az, az)) — 7a((araz, a3)), bia((b2, b3)) — 78((b1b2, b3)))
(Ta((a1, a2a3)) — 7a((a1, az))as, 78((b1, bab3)) — 78((b1, b2))bs3)

= 0.

+

+

Thus 7 is a 2-cocycle. [

Proposition 2.5. Let A = AP B, where A and B are Banach algebras.
If D : A — A is a generalized derivation associate with 2-cocycle v, then
there are generalized derivations D4 and Dg associate with 2-cocycles
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T4 and T, respectively, such that v = (T4,7B).

Proof. Define Dy : A — A by Da(a) = eaD((a,0))en for all a €
A. By Lemma 2.4, there are 2-cocycles 74 and 73 such that
'y((al,bl), (CLQ,bQ)) = (TA(al,az),TB(bl,bg)) for all (al,bl), (CLQ,bg) e .
Then

Dalaraz) = eaD((a1a2,0))es = eaD((a1,0)(az,0))eq
ea(ar,0)D((az,0))es + eaD((a1,0))(az,0)eq
eav((a1,0), (az,0))eq
ealar,0)D((az,0))es +eaD((a1,0))(az,0)eq
ea(Ta(ar, az),0)eq
= a1Da(az2) + Dalar)az + 74(a1, a2),

—+

—+

for every aj,as € A. Similarly, if we define Dg : B — B by Dp(b) =
esD((0,0))ep for all b € B, then by the same reasoning for proof of D 4,
Dp become a generalized derivation associate with 2-cocycle 75. U

Proposition 2.6. Let A = A &, B, where A and B are Banach alge-
bras. If D4 and Dg are generalized derivation associate with 2-cocycles
TA and 18, respectively, then D : A — A defined by D = (D4, Dp) is a
generalized derivation associate with 2-cocycle v = (T4, 7R).

Proof. By Lemma 2.4, v = (74, 73) is a 2-cocycle. Then

D((a1,b1)(az,b2)) = D((a1az2,b1bs)) = (Da(araz), Dp(b1bs2))
= (a1D4(a2) + Da(ar)as + 74(a1,az2),b1Dp(bas)
+ Dp(b1)ba + 18(b1,b2)),

and

(a1,01)D((az,b2)) + D((a1,b1))(az, b2) + v((a1,b1), (az, b2))
= (a1Dalaz),b1Dp(baz)) + (D 4(a1)az, Dp(b1)b2)
+  (14(ar,a2),78(b1,b2)),

for all (a1,b1), (ag,b2) € A. Thus, D is a generalized derivation associate
with 2-cocycle v. O
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