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Abstract. We establish boundedness criteria for products of composi-
tion and differentiation operators acting from weighted Bergman space
A, o, (D?) on the bidisk into the weighted Bergman space A% (D) on the
unit disk. We then derive sufficient conditions on the symbol functions
to guarantee the boundedness of composition-differentiation operators
acting from the Hardy space H?(D?) on the bidisk into the Hardy space
H?(D) on the unit disk.
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1 Introduction

Let D = {z € C: |z| < 1} denote the open unit disk. For a > —1, the
weighted Bergman space A2(ID) consists of analytic functions f on the
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open unit disk that are square-integrable in the sense that

/ F(2)PdAa(z) <
D

dAu(z) = (a+1)(1 = |2)7dA(z), dA(z) = %dm dy.

where

Equipped with the inner product

- / F(2)g(2)dAa(2),
D

A2 (D) is a Hilbert space, and the associated norm is given by

£z = #0072 = ([ 17 PdAu())

It is well known that for every w € D, the evaluation functional ¢,, :
A2 (D) — C defined by ¢, (f) = f(w) is bounded. This implies that the
weighted Bergman space A2(DD) is a reproducing kernel Hilbert space;
that is, for every w € D, there exists a unique function K& € A2(D)
such that

f(w) = (f,K2) = /D f(2)Ka(2)dAa(z) for all f € AZ(D).

The function ]

(1 _ @Z)OHQ
is called the Bergman kernel function.

Let D? = DxD denote the bidisk in C?, and let a1, o be two numbers
in the interval (—1,00). In this paper we consider the Bergman space

A%, ., (D?) consisting of all analytic functions f(z1, z2) on D? satisfying

Ky(z) =

1915, pomy = [, 171, 22) Py (1) a2) < o
1,02 D2

The inner product in this space is given by

0= [ 11 205l 20 A (21)d A (2).
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If a; = ay = a, the space A2 ,,(D?) is denoted by A2(D?); and if
a1 = ag = 0, the space is simply denoted by A%(D?). Indeed, the space
A% ., (D?) generalizes the classical weighted and un-weighted Bergman
spaces on the bidisk. It is easy to see that Agﬂ,o@ (D?) is a reproducing

kernel Hilbert space whose kernel is given by

1 1
K22 (z) = . )
W () (1 —wyz1)* 2 (1 — Wazp)2t?
where w = (w1, ws) and z = (21, 22) are elements in D2, For basic

information on the theory of Bergman spaces we refer the reader to the
books [6] and [10].

The Hardy space H?(D) consists of analytic functions f on the unit
disk satisfying

12 = sup J/|f<r<n2dnm<><:oo,
Oo<r<1JT

where T = {z € C: |z] = 1} denotes the unit circle, and dm represents
the normalized arc-length measure on T. A fundamental property of
this space is that if f € H?, then the radial limit of f exists almost
everywhere on T; this means that for almost every ¢ € T we have (see

[5], or [6]):
f(¢) = lim f(r¢),

r—1

and

Hﬂhm=prW%%mm=Avmwwo

0<r<1

The Hardy space H?(DD) is a Hilbert space whose reproducing kernel is
given by

K.(w) = ! , (z,w) eDxD.

)

The Hardy space on bidisk, H?(ID?), consists of all holomorphic functions
f in the bidisk for which

W%ma=ﬂm/LWOWWO<m
0<r<1JT2
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where
dm(¢1)dm(Ca)

am(¢) = TS,

¢ = (C1,¢2),

is the normalized measure on T?. As in one-dimensional case, for each
f € H?(D?) the radial limit

f(¢) = lim f(r¢)

r—1-

exists for almost every ¢ € T?, and
ey = sup [ 1 Rdm(©) = [ 17(0)Pdm()

We now consider two analytic self-maps ¢,1 : D — D on the unit
disk, and a holomorphic mapping

d:D — D?

defined by
O(2) = (go(z),w(z)), z e D.

For o and 8 bigger than —1, we define the composition operator
Co : AL(D?) — A3(D)
by the relation

Co(f)(2) = (f o @)(2) = f(p(2), ¥(2)).

In the complex plane, it is a classical result that for any analytic self-
map ¢ : D — D, the composition operator C,, : A% (D) — AZ%(D) defined
by C,(f) = f o is bounded. It is also known that this operator is
bounded on the Hardy space H?(D) (see, for instance [5]). There are
plenty of research articles on the study of composition operators in one-
dimensional case; see for instance [7], [9], and [12]. As for composition
operators acting on spaces defined on subsets of C", we refer the reader
to [15] and [16].

Another operator closely related to C, is the differentiation operator
D, defined by

Dw(f):flo@-
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In contrast to C,, the differentiation operator D, can be unbounded
for some symbol functions . This operator was recently studied by
several authors where its boundedness, compactness, spectral property,
and Hilbert-Schmidtness were discussed (see for instance, [2, 3, 1], [3],
[11], [13, 14].

In this paper we consider

Eq;:AZ

1,02

(D*) — AZ(D)

defined by
(Eof)(2) = (Rf o ®)(2), z€D,
where Rf denotes the radial derivative of f. We Recall that for a holo-

morphic function f in the unit ball of C2, the radial derivative of f is
defined by

of

= Zl
8z1

(z) + zzﬁ(z), 2z = (21, 29).

R(2) o

Radial derivative plays a prominent role in the development of the theory

of analytic functions in several complex variables [17]. Thus, for & =
(p,0) : D —=D? feAZ ,,(D?), and z € D we have

(Eaf)(z) = (Rf 0 ®)(z)

= A (2. 0E) RS (P 0). ()

In this paper, we search for sufficient conditions to ensure that Fg is
bounded. We prove that if ¢ and 9 satisfy some boundedness criteria,
then Fg is bounded. More precisely, we show that Eg : A2 ,(D?*) —
A%(]D)) is bounded provided that max{||¢||so, |#||lcc} < 1, or alterna-
tively, if ||¢p9||loc < 1 and the operators D, and D, are bounded (see
Theorem 2.2 and Theorem 2.4). We then take up similar problem on
the Hardy space, and prove that Eg : H?(D?) — H?(D) is bounded pro-
vided that the symbol functions satisfy similar criteria (see Theorems
3.3 and 3.4).
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2 Boundedness On Bergman Space
We first investigate the composition-differentiation operator

o A2, 0n(D?) = AZ(D)
defined through the holomorphic mapping ® = (i, 1) : D — D?, where
o and 9 are analytic self-maps of the unit disk. Our results state that
how the boundedness of ¢ and 1 affect the boundedness of Eg in various
function spaces.

Theorem 2.1. Let ® = (p, ) where ¢ and ¥ are analytic self- maps
of the open unit disk satisfying ||pv]le < 1. Then Cp : A2 ,(D?) —
A%(ID)) is bounded.

Proof. See [3, Theorem 2.3]. O

Theorem 2.2. Let ® = (¢,v) : D — D? where ¢ and v are analytic
self maps of the open unit disk satisfying max{||¢||co, [|¥]lcc} < 1. Then
c A2 (D?) — A%(]D)) is bounded.

ai,0

Proof. Choose a number o satisfying

max{|glloo, [[¢]lec} < o < 1.

For F(z1,2) € A2, . (D?) we write

ai,0

21722 Zzl ) = Zngn<zl), (2)
n=0

where F,’s are in A2 (D), and G,,’s are in A2 (D). A computation shows
that

IFIB o Zkal WFalZs o Zm NGalZs o

where
n!I'(a+2)

ko) = Ftat )

=0,1,2,-- .



BOUNDEDNESS THEOREMS FOR ...

To estimate ||E¢FH?4%(D) we note that

(PoF)(2) = <>§i ((2),8(2)) + 92 e (921, ()

=¢(2) Z ne" T (2) F($(2)) + 9(2) Z n" " (2) G (2))-
n=0 n=0

Thus, by using the inequality
|2+ w|* <2(z* + [wf’), zweC,

and (3) we write
/|E¢F\ dAs(z /\anp 2)(CyFo)(2)
- an(zxapan)@) dAs(2)
<2/ )ZW )(CyFa)( )( dAs(z) (4
+2 [ );nw%z)(c@Gn)(z)fdAB(z). )

We now use the Cauchy-Schwartz inequality and |||l < o to get

> eome)] < (3 e

(Z miCF )

or equivalently,

2n

0 2 0
\Zn@ ACFE| €30 1TSS ko ICy B
n=1 %1 n=1
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Thus, an estimation for (4) is obtained:

Q/H)’inson(Z)(CwF )(= )] dAg(z)
n=1

e}

1 (0)|CFu(2) Pd A (2)
<280, (@) ICylPIF I3, oo,

where

2 n2o? 1 ~n2T(n+a1+2) o,
Sai(0) = Z ko, (n) N oy +2) Z o

n=1 n=1

n!

is a constant depending on «; and o. As for the convergence of the
above series we put

n?T(n+ ai +2) 520
n!

Up = )

and use I'(x 4+ 1) = 2I'(z) (for x positive) to get

ungt _ (A0t +3) 5 (n+Dntar+2) ,

= o = ,
U, n?T(n+ oy +2) n?
and eventually,
u
lim L — 6% < 1.
n—00 Uy

Using a similar argument, we obtain the following upper bound for (5):

= n 2 2 2
2 | |32 n" (@) (CoGa)(2)] dAs(2) < 280 @IC P IF I, o)
n=1
Finally, we have
/D [BoFPdAs(2) < 2(Sar () ICu 2 + Sz (ICHIP ) IF I 02,

which proves that Eg : A2 (D?) — A%(D) is bounded. O

aq,002
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In the following theorem, we replace the assumption

max{|gfloo; [[¢[lc} <1

with the weaker assumption ||¢9||cc < 1. We further assume that the
differentiation operators D, and Dy, are bounded. To compare these two
assumptions, we note that if max{||¢||ec, [|]|ec} < 1, then |9~ < 1.
On the other hand, for p(2) = 2, 1(z) = %, we have § = [|p¥[l < 1
bt mac{[| ]l [[¥lloc} = 1.

Lemma 2.3. Let ¢, be analytic self-maps of the open unit disk that
satisfy the assumption |||l < 0 < 1. Then there exists a measurable
partition {Q1,Qa} of the open unit disk such that |p(z)| < \/o for z € Q,
and [Y(2)| < /o, for z € Qa.

Proof. See [I, Lemma 2.1] where this lemma was proved for n > 2.
O

Theorem 2.4. Let ® = (¢,v) : D — D? where ¢ and v are analytic
self-maps of the open unit disk satisfying ||o¥||cc < 1. Assume further
that the operators Dy, : A2 (D) — A%(ID)) and Dy : A% (D) — A%(ID))
are bounded. Then Eg : A2 (D?) — A% 5(D) is bounded.

ai,0

Proof. Let us consider F(z1,2) € A?

aq, ag(

21,22 E Zl

where F,,’s are functions in A2 (D). It now follows that

2), and write

171, o = Z 128138, @ 1Fls o Z b )| Fall% o
To prove the theorem, we need to estimate HE<1>F 122 (D)’ We first note
5
that for F € A2 . (D?), we have

(BaF)(2) = (RF)(p(2),(2))
= Pl2) g (), U(3)) + () g (9(2),612)

o0

2) Y ne" (2 Fa(y(2)) +19(2) Y @"(2)F(1(2)). (6)
n=0

n=0
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Thus, using the subsets 2}, 7 = 1,2, introduced in Lemma 2.3 we have
1BoF (%2 ) = / |EoF|?dAg +/ |EsF|*dAg (7)
B 91 Q2
For the first term on the right-hand side of (7), we use (6) to write
|EaF|?dAg =
971
)
from which we obtain
/ |Es F|*dAp(2) /
1951
=),

It now follows from the Cauchy-Schwartz inequality that

S g (CuFE) + () Y () DuF () 045 (0),

n=1

Zw DNCFE)| ddsz) (8)

> DFIE)| s ©

n=1

\Zw 2)(CuFn) (= >]

( k o)) (ka NCuB ()"

In particular, for z € 1 we have |p(z)| < /o in accordance with Lemma
2.3, so that

\Zw C¢F><>\2 ) Zkal nICyF (),
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from which we obtain the following upper bound for (8):

'y

S ng" () (Cy ) >\ dAg(z)
n=1
/ka 0)|C Fr(2)2d A5 (2)

N ka NCIP 1Pl @)
041

- 2sm<a>||c¢u ||F\\Agl,a2(ma>,

where o
n“o"
San (U) = ; ko, (n)
As for (9) we note that
‘ZSD 2)(DyFn)( )‘ <
> /2 (& /
(X @) (X bk miDeFuaR)
n=1 "% n=1

In particular, for z € Q,

‘ZSD 2)(DyF)(2)

from which we obtain

12

2

D?)

= 2ta1(a)HD¢H ||Fuigl,a2®2),
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where
n

tay(0) = Y

=1 R (n)

Thus,
/Q BaF2dAs < 2(50,(0)ICyl1> + 1y (@) Dyl?) I FI3s. ey (10)
1

Next, we use the same pattern to estimate the second term in (7). This
time, we use the expansion

F(zlazQ) = ZZan(zl)?
n=0

where Gy,’s are functions in A2 (D). It turns out that

o3}

| 1BsPPaAs < 2(50, @)Ll + ta @D IR,y (11
2

Finally, it follows from (7), (10), and (11) that Eg : A2, (D?) — A%(]D))
is bounded, and

1Ea[* < 2(sa; (0)|ClI*+ 50 ()1 Co I +ta, ()| DslI*+ay ()| Do) -

O

3 Boundedness On Hardy Space

In the following theorem, we replace the target space of Fg to the Hardy
space. The following theorem is a consequence of the statements proved
in the previous section.

Theorem 3.1. Let ® = (¢,v) : D — D? where ¢ and v are analytic
self-maps of the open unit disk satisfying max{||¢llco, [|¥]lcc} < 1. Then
Eg : H*(D?) — A%(D) is bounded.
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Proof. We first observe that H?(D?) C A?(D?) and
IF 1222y < 122y

To see this, we write

oo
F(z,w) = Z 2" W".

m,n=0
A computation shows that
2 m,n 2 2
1Flewn = 2 Gy = 2 lomnl” = ¥l
m,n=0 m,n=0

On the other hand, we have seen in Theorem 2.2 that there is a constant
C depending on ¢, 1, and o such that for each F € H?(D?) we have

IBoF |2y < ClFIeme) < CIFlF2p2),
which completes the proof. O

Theorem 3.2. Let ® = (¢,v) : D — D? where ¢ and v are analytic
self-maps of the open unit disk satisfying ||o¥||cc < 1. If the operators
Dy, Dy, : A%(D) — A%(D) are bounded, then Eg : H*(D?) — A%(D) is
bounded.

Proof. It follows from Theorem 2.4 (for ay = ag = f = 0) that
Eg : A%2(D?) — A%(D) is bounded. Thus there is a constant C' > 0 such
that for each F € H?(D?) C A%(D?),

IBoF %2y < ClFI2me) < ClIFG2me)-
This proves the theorem. O
Theorem 3.3. Let ® = (¢,v) : D — D? where ¢ and v are analytic

self-maps of the open unit disk satisfying max{||¢|lec, [|¥]lcc} < 1. Then
Eg : H*(D?) — H?(D) is bounded.

13
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Proof. Let max{[|¢|co, [[¥]|oc} < 0 < 1. For F(z1,29) € H*(D?) we
write

oo o0
_ n
7 —
F(z1,22) Z 29) Z 25 G (21
n=0

where F,’s and G,’s are functions in H?(ID). It follows that

1 172 ey ZHF 2y = D Gl 2w
n=0
To estimate ||E¢FH%12(D), we use (3) to write
/ |Eg F|2dm
T
oo . 9
/ ‘ZW DCuFa)(z) + > n (z)(qun)(z)‘ dm(2),
n=1
from which we obtain
/|E¢F\ dm < 2/‘271@ 2)(CyFr) (2 )‘ dm(z) (12)
2
+2 /T \an(z)(@eﬂ)(z)‘ dm(z).  (13)
n=1
Since ||¢]|oo < o, it follows that
A\ 1/2 0 1/2
\Zw D(CoFa)(2)| < (Zn% ) (Y IR
n=1

or equivalently,

‘ chp 2)(CyFn)( ’ ZnQ 2n Z |CyFn(2))?.

n=1
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Thus, (12) is bounded by
i 2
2 [ |32 ng")(CuF))| dm(:)
n=1

<2 nPo" / D |CyFu(z)Pdm(2)
n=1 T n=1

o+ ot 2 12
< QWHCN 1 52 2y -

Using a similar argument, we obtain the following upper bound for (13):
o
2 o? + ot
2/T ’ Zn¢"(z)(C¢Gn)(Z)‘ dm(z) < QWHC@HQHF”%%D%-
n=1
Finally, we have

0_2 +O’4
180 F ) < 27— g5 (10l + 1C ) I1F e o),

which proves the boundedness of Fg : H?(D?) — H*(D). O

Theorem 3.4. Let ® = (¢,v) : D — D? where ¢ and v are analytic
self-maps of the open unit disk satisfying ||o¥||cc < 1. Assume further
that the operators D, and Dy acting on H*(D) are bounded. Then
Eg : H*(D?) — H?(D) is bounded.

Proof. By modifying the proof of Lemma 2.3 we can find a measurable
partition {I';, s} of the unit circle T such that

lo(¢)| < Vo, for almost every ¢ € Ty,

[¥(¢)] < /o, for almost every ¢ € I's.
For F(z,w) € H*(D?), we write

F(z,w) = Z 2"Fp(w) = Zw”Gn(z).
n=0 n=0
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Therefore,

oo
11322 Z 1Enl ey = D 1Gullirzm)- (14)
n=0
Let o satisfy
[etlloe = sup [p(2)¥(2)] <o <1,
zeD
and write

|BoF 3 = [ |EaFPdme+ [ |EyPPim. (15)
Fl F2

Using (6), we obtain

"(CF)(Q| dm()

/ |EsF|*dm < 2
INT

Zso "(DE)O| dm(©). (16)

n=1

/n

As for the first term on the right-hand side of (16), we use (14) and the
boundedness of Cy, to get the following upper bound:

2,

3 g0 () O am(0

n=1
<2/ Zn2|cp |2”Z|CwF ) 2dm(¢)

1n1

gzzn%—n /T z_:ly(cwn)(o!zdm(@‘)

o+ o2
= QWHCM HF”H2 D2)-
An upper bound for the second term on the right-hand side of (16) is
obtained in a similar manner:

"Dy F) ()| dm(¢) < 230" S IDulPIFI?

20
1—

1Dy I F 32 p2)-
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Thus,

+ o2
EsF|2d <2<‘770 2
[ Enrtam < 2(FETSICuE + 5

1Dy 1) I F 12 ey-

o
—0
Likewise, we can prove that

o —|—02 g
[BoF2dm < 2( 3= Col? + o= D2 1 F Iz 02)

Iy (1 - 0)3

and eventually,

20(1+0)
(1-0)3

20
(Il + 1D %) 1 F 2 -

|BaF s < (IC 12 + ICy ) I F 2

—+

Thus,

20
(ICI7 + 1CyIIP) + =——=(IIDe|I* + IDylI*),

1—0

20(1+0)

Esl? < 2222177
L

which proves the boundedness of Fg : H?(D?) — H*(D). O
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