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Abstract. Introducing an appropriate concept of fuzzy metric
spaces has been investigated by many authors from different point
of views. In this paper by using the idea of intuitionistic fuzzy
metric spaces we will introduce an intuitionistic fuzzy metric on
the space of nonempty compact subsets of a given intuitionistic
fuzzy metric space.
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1. Introduction

Zadeh in [8] defined a fuzzy set A in X as a function with domain X and
values in [0,1]. Following the concept of fuzzy sets, fuzzy metric spaces
have been introduced by Kramosil and Michalek ([4]). Many authors
have introduced the concept of fuzzy metric spaces in different ways
([2,3,4]). George and Veeramani [2] Modified the notion of fuzzy metric
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spaces with help of continuous t-norm. They also have obtained a Haus-
dorff topology for fuzzy metric spaces. In 1983,Atanassov [1] introduced
and studied the concept of intuitionistic fuzzy sets as a generalization of
fuzzy sets. Here we review the definition of intuitionistic fuzzy metric
spaces ([6]). Then we give a notion for the Hausdorff intuitionistic fuzzy
metric of a given intuitionistic fuzzy metric space on the set of its non-
empty compact subsets. In fact it it is a generalization of the Hausdorff

fuzzy metric on compact sets ([7]).

2. Preliminaries

First of all we recall some concepts and results that will be required in

the sequel.

Definition 2.1. ([6]) A binary operation = :[0,1] x [0,1] — [0,1] s
continuous t-norm if *x is satisfying the following conditions:

(1) = is commutative and associative,

(2) = is continuous,

(3) axl=a forall a€|0,1],

(4) axb<cxd whenever a <c and b<d, and a,b,c,d € [0,1].

Definition 2.2. ([6]) A binary operation < :[0,1] x [0,1] — [0,1] s
continuous t-conorm if  is satisfying the following conditions:

$ is commutative and associative,

O is continuous,

)

)

) a0 =a forall a€l0,1],

) ab < e{d whenever a < ¢ and b<d and a,b,c,d € [0,1].

(
(
(
(4

Definition 2.3. ([6]) A 5-tupple (X,M,N,*,{) is said to be an

intuitionistic fuzzy metric space if X is an arbitrary set, * is continuous t-
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norm, < is a continuous t-conorm and M,N are fuzzy sets on X?x (0, c0)
satisfying the following conditions for all x,y,z € X, s,t >0,

(1) M(z,y,t) + N(z,y,t) <1,
(2) M(x,y,t) >0,
(3) M(z,y,t) =1 if and only if x =y,
(4) M(:Baya t) = M(y,m,t),
(5) M(xz,y,t)* M(y,z,8) < M(xz,z,t+ s),
(6) M(z,y,-) :(0,00) — [0,1] is continuous,
(7) N(z,y,t) > 0,
(8) N(x,y,t) =0 if and only if x =y,
(9) N(z,y,t) = N(y, z,1),
(10) N(z,y,t)ON(y,2z,8) = N(z,2,t + s),
(11) N(z,y,-) : (0,00) — [0,1] is continuous.

(M, N) is called intuitionistic fuzzy metric on X. The functions M (z,y,t)
and N(z,y,t) denote the degree of nearness and the degree of non-
nearness between x and y with respect to t, respectively.

Following [2], ordered triple (X, M, ) is a fuzzy metric space such
that X is a set, # is a continuous t-norm and M is a fuzzy set of X2 x
(0, 00) satisfying the conditions (2)-(6) of definition 2.3.

Every fuzzy metric space (X, M, ) is an intuitionistic fuzzy metric
space by defining z{Qy =1 — ((1 —z) x (1 —y)) for all z,y € X ([5]).
Example 2.4. Typical examples of continuous t—norm and con—
tinuous t-conorm are as follows:
a*b=ab, a*xb=min(a,b), adb=min(a+0b,1), adb= mazx(a,b).
Remark 2.5. In intuitionistic fuzzy metric space X, M(xz,y,-) is
non-decreasing and N (z,y,-) is non-increasing for all z,y € X.

Park J.H. [6] proved that every intuitionistic fuzzy metric (M, N)
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on X is Hausdorff and generates a first countable and Hausdroff topol-
ogy T(m,n) on X which has a base the family of open sets of the form
{B(z,r,t) :x€ X,re(0,1),t > 0}.

A sequence {z,} in X converges to z if and only if M(z,,z,t) — 1

and N(z,,z,t) — 0 as n — oo for each t > 0.

3. Main Results

Denote K(X) the set of nonempty closed and bounded subsets of (X7 n))-
Let (X, M,N,%,{) be an intuitionistic fuzzy metric space. For all
A,B € K(X) and t > 0 define functions Hy; and Hy on (K(X))? x
(0,00) by

HM(A,B,t)zmin{ nf M(a,B,t), inf M(A,b,t)}

hoA
Hy(A, B,t) = max { sup N(a,B,t),sup N(A,b,t)}.
acA beB

Rodrigues-Lopez and Romaguera [7] have proved that the function
H)ys is a metric on K(X) where (X, M, %) is a fuzzy metric space. Here
we want to prove the following theorem.
Theorem3.1. Let (X,M,N,*,<{) be an intuitionistic fuzzy met-
ric space. Then (K(X), Hyr, Hy,*, <) is an intuitionistic fuzzy metric
space.

To prove the theorem we shall prove some lemmas and propositions.
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Definition 3.2. Let A be a nonempty subset of an intuitionistic

fuzzy metric (X, M, N,*,$). Forz € X ,t >0, let

M(z, A t) = sup M(z,a,t)
acA
N(z,A,t) = inf N(z,a,t).
acA
Proposition 3.3. Let (X,M,N,x,<{) be an intuitionistic fuzzy
metric space. Then M and N are continuous functions on X? x (0, 00).
Proof. Let {(:ﬂn,yn,tn)} be a sequence in X? x (0,00) that con-
verges to (xg,y0,%0). So there is a subsequence {(mnk,y,,k,tnk)} such
that {M(wnk,ynk,tnk)} and {N(mnk,ynk,tnk)} converge to some points.
The sequence {t¢,, } converges to ty > 0, then for 0 < ¢ < %1 there is
ng € N such that |tg —t,,| < e for all n > ng. Since M is non-decreasing

and N is non-increasing then

g £
ﬁjf(xnkvynk;tnk) 2 M($nk,$0? 5) * M(x()ry()jto - 28) * ﬂlf(yﬂu Yny.s 5)

and

N(Zng s Ynyr tny) < N(2n,, To, %)ON(x(J!st to — 2e)ON (Yo, Yny.» %)-
Also

M (zo, Yo, to + 2€) = M (x0, Tn,, %) * M(Znys Yngs tny ) * M (Yny Yo, %)

and

£ I
N(mﬁay[)at{] + 25) “-<-. N(m{]axnka §)<>N(xnk1ynk}tnk)oN(ynkay{]a 5)1
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for all n = ng. Therefore,

(1) 11;?1 M (Znys Yngr tny) = 1% M (20,90, t0 — 2€) * 1

(2) liin N(Zng Yng» tny,) < 0O N (20, Yo, to — 2€)O0

and

(3) M(xo,y0,t0 +2¢) = 1% li'{-n Mz, Ynyy tny) * lzli;rcn M(Zp, Ynys tny)

(4) N(zo,y0,t0 + 2¢) < 0§ li}CnN(Inkaynmtnk)OU = ]i}an(mnmynkatnk)

From ((1),(3)), ((2).(4)), continuity of ¢t —— M(z,y,t) and ¢t —

N(z,y,t), we have

M (o, o, to) = lim M (zk, Yn,., tnsc)
and

N(z0,y0,t0) = lillcn N(Zng, Yng tnge)-
This completes the proof. [J

Lemma 3.3. Let (X,M,N,*,{) be an intuitionistic fuzzy met-
ric space. Then for each v € X and A € K(X), the functions t —
N(z,A,t) and t — M (z, A,t) are continuous on (0, 00).

Proof. Remember that N(z, A,t) = cirelﬁl N(z,a,t) and M(x, A, t) =
SUEM(:C, a,t). Also by definition 2.3, the functions N(z,y,-)and M(zx,y,)
:,ie continuous on (0,00). So t — N(z,a,t) is upper semi continuous
and t — M(z,y,t) is lower semicontinuous on (0,00). On the other
hand, for fix to > 0, let {t,} C (0,00) be a sequence converges to to.
By continuity of the functions y —— M(z,y,t), y — N(z,y,t) and

compactness of A, there exist ay;,ay € A such that in}f:1 N(z,a,t) =
ae
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N(z,an,t) and sup M(z,a,t) = M(z,ap,t). Hence for each n € N
acA

there is ay, and apg, in A such that N(z, A,t,) = N(z,an,,t,) and

M(z, A, t,) = M(xz,an,,tn). So there exist subsequences {aNnk} and

{a Mﬂk} such that they converge to ay, and ays, in A, respectively.

Thus by proposition 3.3,
li;n N(z,an,, tn,) = N(z,an,,1)

and

l]{n M(ﬁ, a.jl,{"_k s tnk) = M(ma a'Mo ) t)

Hence
liylgn N(z, Aty ) = N(z,an,,t) = N(z, A,t)

lillgn M(z, A t,,) = M(z,an,,t) < M(z, A, t).

Therefore t — N(z, A, t) is lower semicontinuous and t —— M (z, A, t)
is upper semicontinuous. [J
Proposition 3.5. Let (X,M,N,%,{) be an intuitionistic fuzzy

metric space. Then for each A, B € K(X) the functions

t — sup N(a, B, t) (1)
acA
t+— inf M(a, B,?) (2)

are continuous on (0,00).
proof. By continuity of the functions ¢ +—— N(a,B,t) and t+—
M(a, B,t) on (0,00), the function ¢t — sup N (a, B, t) is lower semicon-

acA
tinuous and t —— inf; M (a, B,t) is upper semicontinuous.
ac
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To prove that (1) is upper semicontinuous, let to > 0 and let {¢,,} be
a sequence of positive real numbers that converges to tg. Then there is

an, € A such that

sup N(&,B,t{)) - N(aNsBstU) (3)
acA

In fact, if @ = sup N(a, B, tp), then there is a sequence {a,} in A such
acA
that

1
a<N(an,B,tn)+£. (4)
By compactness of A, there is a subsequence {a,,} of {a,} that con-
verges to some point ay, € A in (X, N, ). By proposition 3.3,

H;Icn N (an,,b,tg) = N(an,,b, to)

for an arbitrary b € B. So by taking limit on k of relation (4), we have
a < N(an,,b,to) for all b € B. This proves the equality in (1).

Similarly the relation
inf M(a, B,ty) = M(an,, B, to)
acA

holds for some ayr, € A. On the other hand, there is by, € B such that
N(an,,bn,,to) = N(an,, B,to). Thus by continuity of N on X2 x (0, ),

]1’16‘1’1 N(ank,an,tnk) = N(QNO, bNm to).

So for € > 0, there is kg € N such that

N(aNo,bNo,t[)) >+ N(aNkabNg:tﬂk)
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for all £ = k. Then for all k = kg we have

itelg N(a,B,to) = N(an,,bng,to) > €+ N(an,,bng,tn,)
=¢e+supN(a, B, ty,)
acA
This implies that the function ¢t —— sug;l N(a, B, ty,) is upper semicon-
tinuous on (0, c0). By the same methO{:iEthe function t — ;gg M(a, B,t)
is lower semicontinuous and the proof is complete. []
Now we are ready to prove the theorem.

Proof of Theorem 3.1.
Let A,B,C € K(X) and s,t > 0. There exist ay, € A and by, € B

such that

sup N(a,B,t) = N(an,, B,t),
acA

and

sup N(A,b,t) = N(A,bn,,t).
beB

Thus Hx(A, B,t) > 0. Similarly Hy(A,B,t) > 0. If A = B then
Hy(A,B,t) =0 and Hy (A, B,t) = 1. Also Hy(A, B,t) = Hy(B, A, t)
and Hy (A, B,t) = Hy (B, A,t). Now we shall prove that Hy; and Hy
are satisfied to the conditions (5) and (10) of definition 2.3. First of all
note that for a € A ,N(a, B,t) = N(a,bn,,t) for some by, € B. Now

for each ¢ € C we have

N(a,C,t+s) < N(a,c,t +5) < N(a,bng, t)ON(bng, ¢, 8).
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By continuity of {) we have,
N(a,C,t+s) < N(a,bn,,t)ON(bn,, C,s).

Hence

sup N(a,C,t+s) < supN(a,B,t) < sup(bn,,C, s)
€A

acA acA a
< sup N(a, B,t) { sup(b,C, s).
acA beB

Similarly we have
sup N(A, ¢, + 5) < sup N(4,b,) + 5up N(B, c,5).
ceC beB ceC

Therefore

HN(A, C,t + S) g HN(A,B,t)OHN(B,C}S).

By the same method

Hpy (A, Cot+s) > Hu(A, B,t) x Hy (B, C, s).

Clearly Hp (A, B,t) + Hy(A,b,t) < 1. If not, put Hpy (A, B,t) =
M (ag,bo,t) and Hy(A,B,t) = N(ai,by,t) for some ap,a; € A and
bo, by € B. Then

M(ay,b1,t) = M(ag,bo,t) > 1 — N(ay,bi,t),

or

M(al,bl,t) +N(a1,b1}t) >1,
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a contraction. Finally by proposition 3.5, we deduce that the functions

t—— Hy (A, B,t) and t — Hy (A, B,t) are continuous on (0, 00). [
The intuitionistic fuzzy metric (Hys, Hy,*,<») will be called the

Hausdorff intuitionistic fuzzy metric of (M, N, *,<{) on K(X).

4 . Conclusion

By introducing the Hausdorff intuitionistic fuzzy metric on the set of

nonempty compact subsets of X. It may provides the relation between

the completeness, precompactness and so on, of (X, M, N, %, {) with the

space (K (X),Hy, Hy, %, Q).
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