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Abstract. In this paper we establish some newly developed results
related to the growth rates of composite entire and meromorphic func-
tions on the basis of their generalized relative order and generalized
relative lower order respectively denoted by pl! (f) and A (f) where
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1. Introduction

Let f be an entire function defined in the finite complex plane C. The
maximum modulus function corresponding to entire f is defined as
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My (r) = max {|f ()| : |z| = r}. In this connection we state the follow-
ing property:

Property (A) [2]: A non-constant entire function f is said have the
Property (A) if for any o > 1 and for all sufficiently large values of r,
[M; (r)]* < My (%) holds.

For examples of functions with or without the Property (A), one may
see [2].

It is to be noted that whenever f is constant, the equality in [M (r)? <
My () as mentioned in Property (A) holds.

When f is meromorphic, My () can not be defined as f is not analytic.
In this case one may define another function 7 (r) known as Nevan-
linna’s Characteristic function of f, playing the same role as maximum
modulus function in the following manner:

Ty (r) = Ny (r) +mg (r),

where the function Ny (r,a) (]\_f 7 (r, a)) known as counting function of
a-points (distinct a-points) of meromorphic f is defined as

r

t,a) — 0 —
Nf(r,a):/nf( @) tnf( ’a)dt+nf(0,a)logr

0

T

_ 1 (1 —n:(0 _
Nf(r,a):/nf( @) t”f( ’a)dt—i—nf(O,a)logr

0

Moreover we denote by ny (r,a) <7{ 7 (r, a)) the number of a-points (dis-

tinct a-points) of f in |z| < r and an co -point is a pole of f. In many

occasions Ny (r,00) and Ny (r,00) are denoted by Ny (r) and Ny (r) re-
spectively.

Also the function my (r,00) alternatively denoted by my (r) known as
the proximity function of f is defined as follows:
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2

my(r) = ;ﬁ/logJr ‘f (rei9> ‘ de,

0
where log™ 2& = max (log z, 0)for all x > 0.

Also we may denote m ( r, ﬁ by m¢ (r,a).
If f is entire function, then the Nevanlinna’s Characteristic function
Ty (r) of f is defined as
Ty (r) =my (7).
£(r)

For any two entire functions f and g, the ratio %q () a8 T — 00 is called

the growth of f with respect to ¢ in terms of their maximum moduli. Also

Ty(r)
Ty(r)

g in terms of the Nevanlinna’s Characteristic functions when f and ¢

the ratio as r — oo is called the growth of f with respect to
are both meromorphic functions. Accordingly the study of comparative
growth properties of entire and meromorphic functions which is one of
the prominent branch as of the value distribution theory of entire and
meromorphic functions is the prime concern of the paper. We do not
explain the standard definitions and notations in the theory of entire
and meromorphic functions as those are available in [13] and [16]. In the
sequel the following two notations are used:

log[k} r = log (log[k_u x) for k=1,2,3,---;

log[o} r =z

and
expz = exp (exp[k_u m) fork=1,2,3,-;
expllz = =

Taking this into account the generalized order (respectively, generalized
lower order) of an entire function f as introduced by Sato [15] is given
by:
1] log!! My (r) log! M; (r)
Py = lim sup = limsup———~=
r—oo loglog Mexp - (1) r—00 log r
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loghl M1
respectively A iminf ) 7 (r)
J rmeo loglog Mexp: (1)~ r—oc logr

where [ > 1.

When f is meromorphic function, one can easily verify that
1 [l—l] T 1 [l—l} T 1 [l—l] T

pgf] = lim sup—Og / (r) = lim sup—og Tf (r) = lim sup—og J (r)

logl'—1 Ty(r) .. . logl!—!! Ty ()
r—oo  log Texp z (1) r—oo logr + O(1)

( respectively )\Ef] = liminf —————=% = lim inf

where [ > 1.

These definitions extend the definitions of order py and lower order Ay
of an entire or meromorphic function f since for [ = 2, these correspond
to the particular case p?} = py and )\f2} = Af.

Given a non-constant entire function g defined in the open complex plane
C, its maximum modulus function Mg(r) and Nevanlinna’s Character-
istic function Ty (r) are both strictly increasing and continuous func-
tions of 7. Also their inverses M, ! (r) : (|g (0)] ,00) — (0,00) and T, * :
(T4 (0),00) — (0, 00) exists respectively and are such that SIHEOMJI (s) =
oo and Sli_)n(f)lng*1 (s) = oo.

Extending the idea of relative order of entire functions as established
by Bernal {[1], [2]}, Lahiri and Banerjee [14] introduced the definition
of relative order of a meromorphic function f with respect to another
entire function g, denoted by pg (f) to avoid comparing growth just with
exp z as follows:

pg (f) = inf{u>0:T(r) <T,(r*) for all large r}

. log T, Ty ()
= lim sup———— .
r—o0 log T

The definition coincides with the classical one if g (z) = exp z {cf. [14] }.
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Likewise, one can define the relative lower order of a meromorphic func-
tion f with respect to an entire function g denoted by A, (f) as follows:

log T 1Ty (r
A (f) = liminfgg—f().
T—00 log r
Further, Banerjee and Jana [4] gave a more generalized concept of rela-
tive order a meromorphic function with respect to an entire function in
the following way:

Definition 1.1. [4] If [ > 1 is a positive integer, then the [- th general-
ized relative order of a meromorphic function f with respect to an entire
function g, denoted by pg] (f) is defined by

U

log T
Py (f) = hmsup()gg—f(r)‘

r—o00 log r
Likewise one can define the generalized relative lower order of a mero-
morphic function f with respect to an entire function g denoted by )\[gl] (f)
as n—_—
A1 (f) = lim 28 Ty Tr (),

T—00 logr
For entire and meromrophic functions, the notions of thier growth indi-
cators such as order is classical in complex analysis and during the past
decades, several researchers have already been exploring their studies
in the area of comparative growth properties of composite entire and
meromorphic functions in different directions using the classical growth
indicators. But at that time, the concepts of relative orders and conse-
quently the generalized relative orders of entire and meromorphic func-
tions with respect to another entire function and as well as their techni-
cal advantages of not comparing with the growths of exp z are not at all
known to the researchers of this area. Therefore the growth of compos-
ite entire and meromorphic functions needs to be modified on the basis
of their relative order some of which has been explored in [6], [7], [8],
[9], [10], [11] and [12]. In this paper we establish some newly developed
results related to the growth rates of composite entire and meromorphic
functions on the basis of their generalized relative orders ( respectively
generalized relative lower orders).
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2. Lemmas
In this section we present some lemmas which will be needed in the
sequel.

Lemma 2.1. [5] If f and g are two entire functions then for all suffi-
ciently large values of r,

My (575 (3) =19 0)1) < Myey ),

Lemma 2.2. [3] Let f be meromorphic and g be entire then for all
sufficiently large values of r,

Ty (r)
mTf (Mg (1))

Lemma 2.3. [12] Let f be an entire function which satisfies the Property
(A), 3>0,5>1 and a > 2. Then

BT¢ (r) < Ty (ar6) .

Tpog (r) < {1 +o(1)}

3. Main Results

In this section we present the main results of the paper.

Theorem 3.1. If f be meromorphic and g, h be any two entire functions
such that )\[gm] < )\%] (f) < p[g (f) < oo where l and m are integers with
Il >1 and m > 2. Also let h satisfies the Property (A). Then

log! 717,
liminf O[Zg—mﬁ] flg (r) -
r—o0 Jog T, Ty (r)

Proof. Let 8 > 2 and § > 1. Since T};l (r) is an increasing function of
r, it follows from Lemma 2.2 and Lemma 2.3, for all sufficiently large
values of r that

Ty 'Trog (r) < Ty, ' [{1+0(1)} Ty (M (r))]
i, T Thog (r) < BTy (M, ()]’
ie., logll Th_leog (r) < logl Th_le (Mg (r)) +0(Q) .
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From above we get for a sequence of values of r tending to infinity,
log! T 1 Tyog (1) < ()] () +2) log My (r) + 0(1) (1)

ie., logl! T; M Thog (r) < (p%] (f)+ 5> explm 2 e +0(1). (2

Again from the definition of relative order, we obtain for all sufficiently
large values of r that

Weey_
log[l*mﬂ} Th_le (r) > exp[m*Z] r<)‘h ) 6). (3)

In view of (2) and (3), we get for a sequence of values of r tending to
infinity that

[m]
ol T 1Ty, (1) (P () + ) exptm=2 2 1 o(1)
h fog < (4)
logl=+U 11T () (M)

explm—2]

[m]

Now as )\[gm] < )\%] (f), we can choose ¢ (> 0) in such a way that \g "+¢ <
/\%} (f) — € and the theorem follows from (4). O

Remark 3.2. If we take pgm] < )\%] (f) < p%] (f) < oo instead of /\gm] <
)\Z} (f) < p%} (f) < oo and the other conditions remain the same, the
conclusion of Theorem 8.1 remains valid with “limit inferior ” replaced

by “limit 7 as we see in the following theorem.

Theorem 3.3. If f be meromorphic and g, h be any two entire functions
[m]

such that pg ' < )\%} (f) < p%] (f) < oo where | and m are integers with
I >1 and m > 2. Also let h satisfy the Property (A). Then

logh T 17,
lim O;g h flg (T) _
r—00 log[ —m+1] Th_ Tf (7«)

Proof. Let us consider 8 > 2 and § > 1. As T}, ' (r) is an increasing
function of r, in view of Lemma 2.2 we get from(1) for all sufficiently
large values of r that

logl! 73 Ty (r) < (ol () +2) expl™ 4"+ 1 0(1). ()
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Now combining (3) and (5), it follows for all sufficiently large values

of r,

l m— [m] £
log! T, Ty (r) _ (6! () + ) explm=21 72"+ 1 0(1)

log =™ Ty () (Wn—e)

(6)
explm—2lr

[m]

As ,o[gm] < )\%} (f) we can choose € (> 0) in such a manner that pg * +¢ <
)\%} (f) — € and thus the theorem follows from(6). O

Theorem 3.4. Let g, q, h and k be any four entire functions such that
h satisfies the Property (A), )\%} (g) > 0 and p[gm] < )\Lm] where | and m
are integers with 1 > 1 and m > 2. Then for every meromorphic function
f with 0 < p%] (f) < o0,

lim log" 7, Ty (r) = 00
r—oo]ogl! Ty M Tpoq (1)

Proof. Since ,o[gm] < )\Eﬁm] we can choose € (> 0) in such a way that
[m] Al 7
Py e <AL €. (7)

Now in view of Lemma 2.1 and in view of the inequality T, (r) <
log My, (r) < 3T, (2r) {cf. [5]}or any entire n , we get for all sufficiently
large values of r that

Myoi () > M, (116Mk (g))

) 1 r
i, 3Thor(r) > T, <32Mk (2)> .

Since T ' (r) is an increasing function of r, we obtain from above for
any 6 > 2,0 > 1 and for all sufficiently large values of r that
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1 r
T, (=M, (7)
h ql(32 F 2>

1 1
i, T\ Thor (r) > — [Tthq (Mk (f)
T

WV

Ty, [3Tor (7)]

g

1
i.e., logm Th_quok (ry > logm Th_qu <32Mk (2 >+O(1)
. _ T
ice 1ogU T T () > (M (9) — ) log M (§)+0(1) 8)
)\[m]fs
e, Yo T T (1) > (N (9) — =) expl 2 (g LT L0a1). (9)

Now from (5), (7) and (9) it follows for all sufficiently large values of r
that

m— r )\[m]—E
log!! T Tyer (1) _ ()‘/[i] () — 5) exp™~2 (5)™ T+ 0(1)
log!" Th_leog (r) ~ (p%] (f)+ E) explm—2] rob e 4 0(1)

log 7,717,
i.e., liminf ogm }11 aok (1)
7= log' T}y " Trog (1)

from which the theorem follows. [

2007

Theorem 3.5. Let g, q, h and k be any four entire functions such that h
satisfy the Property (A), /\%] (¢) >0 and p[gm] < )\Ecm] where | and m are
integers with | > 1 and m > 2. Then for every meromorphic function f
[l
with p;’ (f) < oo,
logl =1 71Ty, (7)

lim = 0.
r—oo]ogl—1l T, Thog (1) -logl—1! T, Ty (r)

Proof. For any § > 1, we obtain from (9) and (5) for all sufficiently
large values of r that

)\[m]—a
o 37 0) > s | (4 @) - <) e (5000
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and
m— lm] 4 o
IOg[l ! 1, 1jfog (r) <exp [(P%] (f) + 6) © p[ Arts O<1)} ' (11)

Again from the definition of relative order we have for all sufficiently
large values of r that

log 7,717 (1) < (p%] (f) + 8) log r
U
ie., logl=U 71Ty (r) < Pl e (12)
From (11) and (12), it follows for all sufficiently large values of r that
logl'—1 Th_leog (r) - logl=1 Th_le (r)
U m
< T<ph (f+e) - exp [(p%} (f)+ 5) expl™—2 rPs e g O(1)| .(13)
Combining (10) and (13) , we get for all sufficiently large values of r that

10g[l_1] T{quok (r)
log[l_” Th_leog (r)- log[l_l] Th_le (r)

exp [()\%] (q) — 5) explm=2 (£)" ¢ 4 0(1)}

.(14)
(1] m
D) o [ (ol (£) + <) expim=2 b4 4 O(1)]
Since pgm] < )\Lm], we can choose € (> 0) in such a manner that
pll e < )\Lm] — €. (15)

Thus the theorem follows from (14) and (15). O

[m] [m]

Remark 3.6. If we consider pg " < p; ' instead of pgm} < )ka] and
the other conditions remain the same, the conclusion of Theorem 3.5
remains valid with “limit superior ”
the following theorem.

replaced by “ limit 7 as we see in

Theorem 3.7. Let g, q, h and k be four entire functions such that h
satisfy the Property (A), )\%] (q) >0 and me] < me] where | and m are



MEACURES OF COMPARATIVE GROWTH ANALYSIS ... 25

integers with | > 1 and m > 2. Then for every meromorphic function f
with p%} (f) < o0,

loglt=Y 711,
lim sup o8 h Taor (1) = 00.

r—oo log! =TT, () - log =Y T, T (1)

[m]

Proof. As p[gm] < pj , we can choose € (> 0) in such a manner that

pm te < )\Lm] — €. (16)

Now for any § > 1, we get from (8) for a sequence of values of r tending
to infinity that

r

log[l] T}L_quok (’I") > (A%} (q) - 6) eXp[m_2] (7

[m]
P €
2) +0o(1)

i.e., logl=1 Ty Tyor (1)

> exp [(A%} (q) — E) explm 2 <7‘)me1_5 o

: (17

Therefore combining (13) and (17), we obtain for a sequence of values
of r tending to infinity that

logl =1 71Ty, (7)
log[l_l] T}:ITfog (r) - log[l_l] T,;le (r)

exp [(A%] (q) — 5) expl”—2 (%)p

0 o [(P%} (F) + 5> excplm—2] o +e 4 0(1)}

[m] _
BOTE4 0(1)}
.(18)

Thus in view of (16), the theorem follows from (18). [
In the line of Theorem 3.5 and Theorem 3.7, the following two theorems
can be carried out. Hence their proofs are omitted.

Theorem 3.8. Let g, p, q, h and k be five entire functions such that q
and h both satisfy the Property (A), )\([In} (p) >0 and p%} (9) < oo where
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I and n are integers with [ > 1 and n > 1. Then for every meromorphic
function f with p%} (f) < o0,
log["_” Tq_lTpok (r)

(7) lim — ——— = o0
r—oologl=1l T ' Tog (7) - logl 1! T, Ty (r)

and
. log U T Ty, (1)
(47) rlggol (=1 p=1p Jogl—U =17 -
0g h Lfog (1) - log n Ly (r)

when ,o[gm] < )\Ecm] for any integer m > 2.

Theorem 3.9. Let g, p, q, h and k be five entire functions such that q
and h both satisfy the Property (A), AL”} (p) >0 and pg} (g) < oo where
I and n are integers with [ > 1 and n > 1. Then for every meromorphic
function f with pp, (f) < oo,

log*~ U 11T
(7) limsup 1] _1g d p[lk_(f]n) — =
r—oo log!' N T} Trog (1) - log!" ™" T, Ty (1)

and

logl" U T 1T (r
(74) limsup =] 71g ! p[lk_(l]) — = o
r—oo log' Ty e (1) - logt ™ T, Ty (1)

when p[gm] < me] for any integer m > 2.
Theorem 3.10. Let h be an entire funtion satisfying the Property (A)
and f be a meromorphic function such that 0 < )\%] (f) < p%] (f) < 0.

Then for any entire function g with pgm] < 00,

. log[H_m_ﬂ T};leog (r) pgm]
lim sup el T-1T S
r—oo logh T, Ty (r) A (F)

where | and m are integers with | > 1 and m > 2.
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Proof. From (1), it follows for all sufficiently large values of r that

logtm=U 1Ty () < log™ My (r) + O(1)

i.e. log[l+m_1] Th_leoy (1) < lOg[m] M, (r)+O(1) ) log r
) log T, 17 (7') log r logl 717, (7“) ,
i.e., limsup o8 ilz fog (1) < limsup og , (r)+0(1)
e log[l] T, Ty (1) r—00 logr
. logr
- lim SUp =,
r—oo logh Ty Ty (r)
log" ™™ U T Moy (1) _ 1 oy

i.e., limsup

_ X Pg - = .
T—00 log[l] Th 1Tf (’I”) g )\%] (f) )\%] (f)
This proves the theorem. [

Theorem 3.11. Let f be a meromorphic function and g, h be two entire
functions satisfying (i) p%] (f) < o0, (i7) )\%] (9) > 0 and (iii) p[gm] < 00
where | and m are integers with | > 1 and m > 2. Then

lim su log[Hmil] Th_leOg (r) < p[gm]
P G S
r—oo og Ty Ty (1) A (9)

when h follows the Property (A).
The proof of Theorem 3.11 is omitted as it can be carried out in the line
of Theorem 3.10.

Theorem 3.12. Let f be meromorphic and g, h be any two entire func-
tions such that h satisfy the Property (A) and 0 < /\%] (f) < p[é] (f) < 0.

Then for any entire g with pgm} < oo where I and m are integers with

[>1and m > 2,

log =11 [m—1] ,.p
lim 08 “h f(exp 7A)ZOO,

7—00 logm Tf:leog (r)

[m]

where pg < p < 00.
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Proof. From the definition of the generalized relative lower order, we
obtain for all sufficiently large values of r that

log!" T, Ty (exp[m_” r“) > (A%] (f)— z-:) log {exp[m_” r“}
ie., logll Th_le (exp[mfl] r“) > (A%] (f)— E) expl™ = 1, (19)

Now from (5) and (19), it follows for all sufficiently large values of r
that

! e
log!! 7717 (expln—11 r) y ()\El] (f) — a) explm=21 1
logl 7, Tyog (r) ™ (4l () + ) explm2l ™4 + 0(1) |
(20)
As p[gm] < p, we can choose ¢ (> 0) in such a way that
pl e <. (21)

Thus from (20) and (21), we obtain that

log[l] Th_le (exp[m_l] r“)
m
r—00 log[l] Th_leog (r)

= 0 .

Thus the theorem follows. O

In the line of Theorem 3.12, we may state the following theorem without
its proof.

Theorem 3.13. Let f be meromorphic and g, h be any two entire func-
tions such that h satisfy the Property (A), )\%} (9) >0 and p%] (f) < o0.

[m]

Then for every p with pg ~ < p < 00,

log[l] Th_ng (exp[m_l] 7“'“)
00 log!! Th_leog (r)

=0

where | and m are integers with 1 > 1 and m > 2.

Corollary 3.14. Under the assumptions of Theorem 3.12,

1 —
lim T, Tfi(lexp[m 1] r“)
T—00 Ty, Thog (r)

= 00, pém]

< p < oo,
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Proof. In view of Theorem 3.12, we get for all sufficiently large values
of r that

logl! T, ' Ty (exprt) > Alog!! T, M Tyog (r) for A>1

A
i.e., logl=1 Th_le (exprt) > [log[l_l] Th_leoy (r)|
from which the corollary follows. [
Corollary 3.15. Under the assumptions of Theorem 3.13,
71T [m—1] .p
lim —2 g(exp z ) = 00, p[gm]<,u<oo.

e Th_leOQ (r)

The proof of the above corollary is omitted as it may be carried out in
the line of Corollary 3.14 and from Theorem 3.13 respectively.

Theorem 3.16. Let f be meromorphic and g, h be any two entire func-
tions such that (i) p%] (fog) < oo and (ii) )\%} (9) > 0 where 1 is any
integer with | > 1. Then

2
[log[l] Th_leog (7“)}
Ly [ g T T =0
r—oelog! N T T, (expll r) - log T3 ' T, (1)

Proof. For any arbitrary positive ¢ we have for all sufficiently large
values of r that

logm Th_leog (r) < (p%] (fog)+ 5) logr (22)

and
log[” Th_ng (r) > ()\%] (9) — 8) logr . (23)

Similarly for all sufficiently large values of r we have
logl! T,:ng <expm r) > (A%} (9) — 5) expl U,

ie., logl=1l T, 'T, (expm r) > exp [(A%] (9) — 5) explt—1 r} , (24)
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From (22) and (23), we have for all sufficiently large values of r that

log! T ' Tyey (r) _ (ol (£ 29) + <) togr
log!" Th_ng (r) N (A%] (9) — 5) log r .

As e (> 0) is arbitrary, we obtain from above that

_ 1
lim suplog[l] T, Tpeg (r) < pg (fog)
r—oo logl T, (r) AW
gLy g h (9)

(25)

Again from (22) and (24), we get for all sufficiently large values of r
that

Jog!! T]—?leog (r) _ (pl[i] (fog)+ 5) logr
log[l—l] T];ng (expm ’I") = exp [(A%] (g) _ 5) exp[l—l] T‘i| .

Since € (> 0) is arbitrary, it follows from above that

log 7,717,
lim sup logi hl fog (7) =0
r—oo log=tT-1T, (expllr)

log!! T, Tpoy ()

im
r—oologl—1] T, 'T, (expll )

i.€.,

Thus the theorem follows from (25) and (26). O
In view of Theorem 3.16 the following theorem can be carried out:

Theorem 3.17. Let f be meromorphic and g, h be any two entire func-
tions such that (i) p%] (fog) < oo and (it) )\%] (f) > 0 where [ is any

integer with | > 1. Then

2
i {log[l] Th_leOg (T)] 0
im =
r—oo]ogl—1 Th_le (expld 7) - logl! Th_le (r)

The proof is omitted.
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