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Abstract. In this paper, we associate to each natural number n a
digraph Γ(n) whose set of vertices is H = {0, 1, · · · , n − 1} and for
which there is a directed edge from a ∈ H to b ∈ H if a5 ≡ b (modn).
We determine the number of the fixed points of Γ(n). We also give the
structure of Γ(n) for n = 2k and n = 5k, where k is a natural number.
Making use of the Carmichael’s Theorem, we present a simple condition
for the existence of cycles in Γ(n). Let Γ1(n) be the subdigraph induced
by the vertices which are coprime to n. We discuss when Γ1(n) is regular
or semiregular.
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1. Introduction

Let n be a natural number and H = {0, 1, . . . , n− 1}. We consider the
directed graph Γ(n) whose vertices are the elements of H such that there
exists exactly one directed edge from a to b if and only if a5 ≡ b (modn).
If a1, a2, . . . , a are distinct elements of H and

a51 ≡ a2 (modn), a52 ≡ a3 (modn), . . . , a5 ≡ a1 (modn),

then the elements a1, a2, . . . , a constitute a cycle of length . We call a
cycle of length 1 a fixed point. A component of a digraph is a subdigraph
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sponding to the congruence relations:

x2 ≡ y (modn) and x3 ≡ y (modn).

The reader should be aware that some properties of the digraph corre-
sponding to the general congruence relation xk ≡ y (modn) are given in
the interesting article [11].
In this paper, the conditions for regularity and semiregularity of the
subdigraph Γ1(n) are presented (see Theorem 2.1). We give a formula
for the number of fixed points of the digraph Γ(n) (see Theorem 2.2).
Finally, we illustrate the structure of Γ(2k) and Γ(5k), where k is a
natural number (see Theorems 2.6 and 2.7).

2. Main results

Let

ε(n) =

t+ 1 if 25|n,
t if 25  n,

where t be the number of distinct primes divided n which are congruent
to 1 modulo 5. As an application of group theory and number theory,
we have the following theorems:

Theorem 2.1. The digraph Γ1(n) is semiregular if and only if 5|ϕ(n).
Moreover, if a is a vertex of Γ1(n), then

indeg(a) = 0 orindeg(a) = 5ε(n).

Proof. Since the residues coprime to n form a group under multiplica-
tion modulo n, it is easy to see that indeg(a) = indeg(1) if indeg(a) > 0
and gcd(a, n) = 1, where gcd(a, n) is the greatest common divisor of the
numbers a and n. Therefore it suffices to determine only indeg(1). Let
ρ(n) be the number of solutions of the congruence x5 ≡ 1 (modn). Now
we find ρ(n). Consider the following cases:
(1) Let n = 5α and α  2. In this case, ρ(n) = 5. In fact, the set of solu-
tions of x5 ≡ 1 (modn) is {1, 5α−1+1, 2.5α−1+1, 3.5α−1+1, 4.5α−1+1}.
(2) Let n = pα, where α  1 and p is congruent to 1 modulo 5. In this
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case, ρ(n) = 5 by [7, Corollary 2.42].
In the other case, ρ(n) = 1 again by [7, Corollary 2.42]. Since ρ(n)
is a multiplicative function (see [5, Theorem 3.11]), indeg(a) = 0 or
indeg(a) = 5ε(n).
Let Γ1(n) be a semiregular graph and let a ∈ Γ1(n) such that indeg(a) =
5ε(n). If

H = {0  m  n− 1|(m,n) = 1,m5 ≡ 1 (modn)},

then H is a subgroup of Γ1(n) and hence |H| = 5ε(n) divides ϕ(n). Con-
versely, suppose that 5  ϕ(n). Then every vertex in Γ1(n) has indegree
equal to 1. This completes the proof. 

Let n be an arbitrary natural number and f be a polynomial with integer
coefficients. Then the function ρf (n) = |{0  m  n − 1 : f(m) ≡
0 (modn)}| is a multiplicative function (see [5, Theorem 3.11]).
The following theorem gives a formula for the number of fixed points of
the digraph Γ(n).

Theorem 2.2. Let n = 2αpα1
1 p

α2
2 · · · pαss q

β1
1 q

β2
2 · · · qβtt , where pi and qi

are distinct odd prime numbers and pi ≡ −1 (mod 4) and qi ≡ 1 (mod 4).
Then the number L(n) of fixed points of Γ(n) is equal to

L(n) = 3s × 5t ×






α+ 1 if α ∈ {0, 1, 2}
5 if α = 3
32 if α  4

Proof. Let f(x) = x5 − x. It is easy to see that ρf (2) = 2, ρf (22) = 3
and ρf (23) = 5. For n = 2α, α  4, the zeros of f are in the set

{0, 1, 2α−1 ± 1, 2α−2 ± 1, 3.2α−2 ± 1, n− 1}.

Hence ρ(2α) = 32.
For n = pα, where p is odd prime number such that p ≡ −1 (mod 4) and
α  1, the zeros of f are in the set {0, 1, n− 1}. Hence ρ(pα) = 3.
If n = qβ, where q is odd prime number such that q ≡ 1 (mod 4) and
β  1, then ρ(qβ) = 5, by [7, Corollary 2.42]. 
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Let n be a positive integer. The Carmichael λ-function λ(n) is defined
as follows (see [2, page 232]):

λ(1) = ϕ(1), λ(2) = ϕ(2), λ(4) = ϕ(4),

λ(2k) =
1
2
ϕ(2k) for k  3,

λ(pk) = ϕ(pk) for any odd prime p and k  1,

Let t = ordng denote the multiplicative order of g modulo n. The fol-
lowing theorem generalizes the well-known Euler’s Theorem:

Theorem 2.3. (Carmichael’s Theorem) Let a, n ∈ N. Then

aλ(n) ≡ 1 (modn)

if and only if gcd(a, n) = 1. Moreover, there exists an integer g such
that

ordng = λ(n).

Proof. See [2, page 233]. 

Theorem 2.4. Let n > 2 be a natural number. Then there exists a cycle
of length  in the digraph Γ(n) if and only if  = ordd5 for some positive
divisor d of λ(n).

Proof. Assume that a is a vertex of a -cycle in Γ(n). Then  is the
least positive integer such that

a5
 ≡ a (modn),

which implies that  is the least positive integer for which

a5
 − a ≡ a(a5

−1 − 1) ≡ 0 (modn).

Since gcd(a, a5
−1 − 1) = 1, it follows that if n1 = gcd(a, n) and n2 =

n/n1, then  is the least positive integer such that

a ≡ 0 (modn1),
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a5
−1 ≡ 1 (modn2).

Therefore gcd(n1, n2) = 1. Hence, by the Chinese reminder theorem
there exits an integer b such that

b ≡ 1 (modn1),

b ≡ a (modn2).

Therefore  is the least positive integer such that

b5
−1 ≡ 1 (modn1),

b5
−1 ≡ a5

−1 ≡ 1 (modn2).

And consequently
b5
−1 ≡ 1 (modn).

Let d = ordnb. Then  is the least positive integer such that 5 ≡
1 (mod d). Therefore  = ordd5. Since d = ordnb and gcd(b, n) = 1, then
by Carmichael’s Theorem, we have d | λ(n).
Conversely, suppose that d is a positive divisor of λ(n) and let  = ordd5.
by Carmichael’s Theorem there exists a residue g modulo n such that
ordng = λ(n). Let h = gλ(n)/d. Then ordnh = d. Since d|5 − 1 but
d  5t − 1 whenever 1  t < , we see that  is the least positive integer
for which

h5
−1 ≡ 1 (modn).

Therefore
h.h5

−1 ≡ h5
 ≡ h (modn).

It follows that h is a vertex in a -cycle of Γ(n). 

Theorem 2.5. The number of components of Γ(n) is 5 if n = 8 or
n = qk, where k is a natural number and q is a prime number such that
q ≡ 1 (mod 4).

Proof. If n = 8, then we have clearly 5 components. If n = qk, where k
is a natural number and q is a prime number such that q ≡ 1 (mod 4),
then we have exactly 5 fixed points. In the case that we have more
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