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where q is the integer such that q − 1 < α(t)  q, 0 < α1(t) < α2(t) <
. . . < αn(t) < α(t). Also, the real numbers u(i)0 , i = 0, 1, ..., q − 1, are
assumed to be given. Moreover, Dα(t)

t u(t) denotes the variable-order
fractional derivative of order α(t) in the Caputo sense for u(t), which is
defined in [31, 32] by:

c
0D

α(t)
t u(t) =

1
Γ(q − α(t))

 t

0
(t− s)q−α(t)−1

dqu(s)
dsq

ds, t > 0. (3)

It is worth noting that there are two types of variable-order fractional
differential definitions. One considers the derivative order without any
memory related to past derivative order values, and the other with
memory related to past derivative order values. In this study, we have
adopted the definition of variable-order fractional derivatives in which
the derivative order has no memory of past derivative order values. It
should be also denoted that based on the definition expressed in Eq. (3)
for any q − 1 < α(t)  q, we have the following useful property [32]:

c
0D

α(t)
t tm =






Γ(m+ 1)
Γ(m− α(t) + 1)

tm−α(t), q  m ∈ N,

0, o. w.

(4)

It is well-known that the Taylor series approximation for any analytic
function u(t) around t = 0 is expressed as:

u(t) =
∞

i=0

u(i)(0)
i!

ti, (5)

where u(i)(0) is the ith derivative of u evaluated at t = 0.
It is worth to mention that in practical uses only a number of finite
terms of the above series is considered as an approximation of the Tay-
lor series.
The main aim of this paper is to propose an efficient and accurate op-
timized method based on the polynomials for solving V-FDEs. In par-
ticular the efficiency and reliability of the proposed technique will be
demonstrated through extensive numerical analysis, considering several
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examples with known exact solution.
The structure of the remainder of this paper is as follows: In Section 2,
the proposed method is described for solving the problem under study.
In Section 3, some numerical examples are given. Finally, a conclusion
is drawn in Section 4.

2. Description of the Proposed Method

In this section, we apply a new optimized method based on polynomials
to find approximate solutions for V-FDEs in Eq. (1).

2.1 Function approximation

Let X = L2[0, 1], and assume that Pm(t) = [1 t t2 . . . tm]T , Ym =
span{1, t, t2, . . . , tm} and ũ(t) be an arbitrary element in X. Since Ym
is a finite dimensional vector subspace of X, ũ(t) has a unique best
approximation out of Ym such as u0(t) ∈ Ym, that is

∀ û(t) ∈ Ym,  ũ(t)− u0(t)  ũ(t)− û(t)  .

Since u0(t) ∈ Ym, there exist the unique coefficients a0, a1, . . . , am, such
that

ũ(t)  u0(t) =
m

i=0

ai t
i = AT Pm(t), (6)

and
AT = [a0 a1 . . . am].

Let the function ũ(t) defined in Eq. (6) be an approximate solution for
Eq. (1). By using the initial conditions in Eq. (2), we have

ai =
1
i!
ũ(i)(0), i = 0, 1, . . . , q − 1. (7)

The coefficients a0, a1, . . . , aq−1 are chosen as the fixed coefficients. Now
by replacing ũ(t) and corresponding derivatives in Eq. (1), we define the
residual function:

g(t, aq, aq+1, . . . , am) =
c
0D

α(t)
t ũ(t)− f(t, ũ(t), c0D

α1(t)
t ũ(t), c0D

α2(t)
t ũ(t), . . . , c0D

αn(t)
t ũ(t)), (8)
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and then the error function:

e(aq, aq+1, . . . , am) =
 1

0
g2(t, aq, aq+1, . . . , am)dt. (9)

Now to obtain an approximate solution for Eq. (1), we choose the free
coefficients, aq, aq+1, . . . , am optimally. to do this, we solve the following
system of algebraic equations:

∂e(aq, aq+1, . . . , am)
∂ai

= 0 , i = q, q + 1, . . . ,m .

Theorem 2.1.1. Let X be a normed space, (Yn) be a sequence in X

such that Y1 ⊆ Y2 ⊆ · · · ⊆ X and ∪Yn = X. If x ∈ X and yn the best
approximation of x in Yn i.e. d(x, yn) = dist(x, Yn), then yn → x.

Proof. Since (Yn) is an increasing sequence of sets, therefore

yn − x = dist(x, Yn)

is an decreasing sequence of sets in [0,∞) and this sequence has a limit.
For example yn − x → α for some α  0. If α > 0, then

dist(x, Yn) = yn − x  yn+1 − x  · · ·  α > 0,

and

∀n ∈ N, dist(x, Yn)  α,

then

∀n ∈ N, ∀y ∈ Yn, dist(x, Yn)  α.

Therefore

B(x,
α

2
) ∩ (∪Yn) = ∅.

So, ∪Ynis not dense in X which contradicts to what we assume. This
contradiction shows α = 0. Thus yn−x → α = 0 and then yn → x. 
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3. Numerical Results

The purpose of this section is to show that the proposed method designed
in this paper provides good approximations for V-FDEs. It is worth men-
tioning that all numeric computation is performed by MAPLE software
with enough decimal digits.

Example 3.1. Consider the following V-FDE:

c
0D

α(t)
t u(t) + u(t) =

2t2−α(t)

Γ(3− α(t))
− t1−α(t)

Γ(2− α(t))
+ t2 − t, (10)

where 0 < α(t)  1 and the initial condition is u(0) = 0. It can be verified
that the exact solution for this problem is u(t) = t2 − t. This problem
solved by the proposed method for α(t) = 1− 0.5e−t. We estimate u(t)
by truncation Eq. (6) after the five terms as:

ũ(t) = ATP4(t), (11)

where AT = [a0 a1 a2 a3 a4] and P4(t) = [1 t t2 t3 t4]T .
Coefficient a0 is chosen as the fixed coefficient, and by the initial condi-
tion we have, a0 = 0. Coefficients a1, a2, a3 and a4 are chosen as the free
coefficients. Therefore the approximate solution for Eq. (10) is given as:

ũ(t) = ATP4(t) = a1t+ a2t
2 + a3t

3 + a4t
4. (12)

Substitute Eq. (12) into Eq. (10) and define the residual function:

g(t, a1, a2, a3, a4) = c
0D

α(t)
t ũ(t)+ũ(t)− 2t2−α(t)

Γ(3− α(t))
+

t1−α(t)

Γ(2− α(t))
−t2+t,

and then the error function:

e(a1, a2, a3, a4) =
 1

0
g2(t, a1, a2, a3, a4)dt.

The values for the free coefficients are obtained by minimizing
e(a1, a2, a3, a4) as:

∂e(a1, a2, a3, a4)
∂ai

= 0 , i = 1, 2, 3, 4.
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By solving the above system of algebraic equations the free coefficients
are obtained as:

a1 = −1, a2 = 1, a3 = 0, a4 = 0,

and therefore, we gain the exact solution.

Example 3.2. Consider the following V-FDE:

c
0D

α(t)
t u(t) + sin t c0D

β(t)
t u(t) + cos t u(t)

=
6t3−α(t)

Γ(4− α(t))
+
6 sin t t3−β(t)

Γ(4− β(t))
+ t3 cos t, (13)

where the initial conditions are u(0) = u

(0) = 0, and 1 < α(t) 

2, 0 < β(t)  1. The exact solution for this problem is u(t) = t3. This
problem is also solved by the proposed method for α(t) = 2−sin2(t) and
β(t) = 1− e−t

3

6 . We consider m = 4 in Eq. (6) for approximate solution
of Eq. (13) as:

ũ(t) = ATP4(t) = a0 + a1t+ a2t
2 + a3t

3 + a4t
4.

By the initial conditions, we obtain the fixed coefficients:

a0 = ũ(0) = 0 , a1 = ũ

(0) = 0.

Coefficients a2, a3 and a4 are chosen as the free coefficients. By applying
the same process in Example 3., the free coefficients are obtained as
followig:

a2 = 0, a3 = 1, a4 = 0,

and therefore we gain the exact solution.

Example 3.3. Consider the following nonlinear problem:

c
0D

α(t)
t u(t) + et c0D

β(t)
t u(t) +

2
2t− 1

c
0D

γ(t)
t u(t) +

√
t (u(t))2

=
2ett2−β(t)

Γ(3− β(t))
+

4t2−γ(t)

(2t− 1)Γ(3− γ(t))
+ t

9
2 ,
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where 2 < α(t)  3, 1 < β(t)  2 and 0 < γ(t)  1, with the initial
conditions u(0) = u(0) = 0, u(0) = 2. The exact solution for this
problem is u(t) = t2. We also solve this problem by the proposed method
for α(t) = 3 − 1

3e
−t, β(t) = 2 − cos2 t and γ(t) = 1 − 1

2 cos t. Consider
the truncation of Eq. (6) with first four terms as:

ũ(t) = ATP3(t) = a0 + a1t+ a2t
2 + a3t

3.

By the initial conditions, we obtain the fixed coefficients:

a0 = ũ(0) = 0 , a1 = ũ

(0) = 0 , a2 =

ũ

(0)
2

= 1.

Coefficient a3 is chosen as the free coefficient. By applying the same
process in example 1, the free coefficient is obtained as:

a3 = 0.

Thus, we get ũ(t) = t2, which is the exact solution.

Example 3.4. Consider the following nonlinear V-FDE:

c
0D

α(t)
t u(t) + sin(t)(u(t))2 = f(t),

where f(t) = Γ( 9
2
) t

7
2−α(t)

Γ( 9
2
−α(t)) + sin(t) t7, 0 < α(t)  1 and the initial condi-

tion is u(0) = 0. The exact solution for this problem is u(t) = t
7
2 . This

problem solved by the proposed method for α(t) = 1− 0.5e−t. To solve
this problem, we estimate u(t) by consider Eq. (6) with m = 6 as:

ũ(t) = AT P6(t),

whereAT = [a0 a1 a2 a3 a4 a5 a6] and P6(t) = [1 t t2 t3 t4 t5 t6]T . The
coefficient a0 is chosen as the fixed coefficient, and by the initial condi-
tion we have a0 = 0. The coefficients a1, a2, a3, a4, a5, a6 are chosen as
the free coefficients. If we use the same process in Example 3., the free
coefficients a1, a2, a3, a4, a5, a6 are obtained as follows:

a1 = 0.001145942683, a2 = −0.027441178290, a3 = 0.396466775615,

a4 = 0.843570591951, a5 = −0.273010798021, a6 = 0.059278716669.
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Coefficients a1, a2, a3, b1, b2, b3 are chosen as the free coefficients. Define
the error function:

e(a1, a2, a3, b1, b2, b3) =
 1

0


g21(t, a1, a2, a3, b1, b2, b3) + g22(t, a1, a2, a3, b1, b2, b3)


dt,

where





g1(t, a1, a2, a3, b1, b2, b3) = c
0D

α(t)
t ũ(t) + ṽ(t)− 2t2−α(t)

Γ(3− α(t))
− t3

g2(t, a1, a2, a3, b1, b2, b3) = c
0D

β(t)
t ṽ(t)− t2ũ(t)− 6t3−β(t)

Γ(4− α(t))
+ t4.

The values for the free coefficients are obtained by minimizing
e(a1, a2, a3, b1, b2, b3) as following:

a1 = 0 , b1 = 0 , a2 = 1 , b2 = 0 , a3 = 0 , b3 = 1.

Thus, we get ũ(t) = t2 and ṽ(t) = t3, which are the exact solutions.

4. Conclusion

In this paper, a class of variable order fractional differential equations
(V-FDEs) solved by using an efficient and accurate computational method
based on polynomials. The proposed method is very convenient for solv-
ing such problems and also requires less computational work to obtain an
approximate solution for the problem under study. The main advantage
of the proposed method is its fast convergence to the exact solution. Sev-
eral numerical examples provided to demonstrate the powerfulness of
the proposed method. Also, this method has been successfully applied
to calculate the approximate solutions for systems of V-FDEs.
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