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1. Introduction and Preliminaries

Banach contraction Principle states that any contraction on a complete
metric space has a unique fixed point. This principle guarantees the ex-
istence and uniqueness of the solution of considerable problems arising
in mathematics. Because of its importance for mathematical theory, Ba-
nach Contraction Principle has been extended and generalized in many
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directions. One of the most interesting generalization of it was given
by Wardowski [29]. Later on, Wardowski and Van Dung [30] gave the
idea of F-weak contraction and proved a theorem concerning F-weak
contraction. After wards, Abbas et al. [1] further generalized the con-
cept of F -contraction and proved certain fixed point results. Hussain
and Salimi [14] introduced an α-GF contraction with respect to a gen-
eral family of functions G and established Wardowski type fixed point
results in ordered metric spaces. Batra et al. [7, 8] extended the con-
cept of F-contraction on graphs and altered distances. They proved some
fixed point and coincidence point results by illustrating them with some
examples. Recently, Cosentino and Vetro [11] followed the approach of
F-contraction and obtained some fixed point theorems of Hardy-Rogers-
type for self-mappings in complete metric spaces and complete ordered
metric spaces.

From the application point of view the situation is not yet completely
satisfactory because it frequently happens that a mapping T is a contrac-
tion not on the entire space X but merely on a subset Y of X. However,
if Y is closed and a Picard iterative sequence {xn} in X converges to
some x in X then by imposing a subtle restriction on the choice of x0,
one may force Picard iterative iterative sequence to stay eventually in
Y . In this case, closedness of Y coupled with some suitable contractive
condition establish the existence of a fixed point of T.

Throughout this paper, we denote (0,∞) by R+, [0,∞) by R+
0 , (−∞,+∞)

by R and set of natural numbers by N.

Definition 1.1. [9] Let X be a nonempty set. A mapping d : X ×X →
R+

0 is called b-metric if there exists a real number s  1 such that for
every x, y, z ∈ X, we have

(i) If d(x, y) = 0, if and only if x = y,
(ii) d(x, y) = d(y, x) for all x, y ∈ X,
(ii) d(x, y)  s [d(x, z) + d(z, y)] . In this case, the pair (X, d) is

called a b-metric space.

Definition 1.2. [20] Let X be a nonempty set and let d : X ×X → R+
0

be a function, called a b-dislocated metric if there exists a real number
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s  1 such that, the following conditions hold for every x, y, z ∈ X :
(i) If d(x, y) = 0, then x = y,
(ii) d(x, y) = d(y, x),
(ii) d(x, y)  s [d(x, z) + d(z, y)] .

The pair (X, d) is called a b-dislocated metric space(b-metric-like space).

First we recall the concept of F-contraction, which was introduced by
Wardowski [29], later we will mention his result.

Definition 1.3. A mapping T : X → X, is said to be F-contraction if
it satisfies following condition:

(d(T (x), T (y)) > 0 ⇒ τ + F (d(T (x), T (y))  F (d(x, y))). (1)

for all x, y ∈ X and some τ > 0. Where F : R+ → R is a mapping
satisfying following properties:

(F1): F is strictly increasing.

(F2): For each sequence {an} of positive numbers limn→∞ an = 0 if and
only if limn→∞ F (an) = −∞.
(F3): There exists θ ∈ (0, 1) such that limα→0+(α)θF (α) = 0.

Theorem 1.4. [29] Let (X, d) be a complete metric space and let T :
X → X be a F-contraction. Then T has a unique fixed point υ ∈ X and
for every x0 ∈ X a sequence {Tn(x0)} ∀n ∈ N is convergent to υ.

Theorem 1.5. [29] Let F : R+ → R be given by the formula F (α) =
lnα. It is clear that F satisfied (F1) − (F3) for any κ ∈ (0, 1). Each
mapping T : X → X satisfying (1) is a F -contraction such that

d(T (x), T (y))  e−τd(x, y), for all x, y ∈ X,T (x) = T (y).

It is clear that for x, y ∈ X such that T (x) = T (y), the inequality
d(T (x), T (y))  e−τd(x, y), also holds, i.e. T is a Banach contraction.

Remark 1.6. From (F1) and (1) it is easy to conclude that every F -
contraction is necessarily continuous.

Secelean [24] proved the following lemma and replaced condition (F2) by
an equivalent but a more simple condition (F2).
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Lemma 1.7. [24] Let F : R+ −→ R be an increasing map and {αn}∞n=1

be a sequence of positive real numbers. Then the following assertions
hold:

(a) if lim
n−→∞

F (αn) = −∞ then lim
n−→∞

αn = 0;

(b) if inf F = −∞ and lim
n−→∞

αn = 0, then lim
n−→∞

F (αn) = −∞.

He replaced the following condition.
(F2) inf F = −∞

or, also, by

(F2) there exists a sequence {αn}∞n=1 of positive real numbers such that
lim

n−→∞
F (αn) = −∞.

Recently Piri [19] replaced the following condition (F3) instead of the
condition (F3) in Definition 1.3.

(F3) F is continuous on (0,∞) .

We denote by ∆F the set of all functions satisfying the conditions (F1),
(F2) and (F3) .

Definition 1.8. Let X be a nonempty set. Multiplicative metric [26] is
a mapping d : X ×X −→ R satisfying the following conditions:

(m1) d (x, y) > 1 for all x, y ∈ X and d (x, y) = 1 if and only if x = y,

(m2) d (x, y) = d (y, x) > 1 for all x, y ∈ X,

(m3) d (x, y)  d (x, z) .d (z, y)for all x, y, z ∈ X (multiplicative triangle
inequality).

Also (X, d) is called a multiplicative metric space.

On the other hand, Ozavsar and Cervikel [23] generalized the celebrated
Banach contraction mapping principle in the setup of multiplicative met-
ric spaces.

Definition 1.9. [29] Let (X, d) be a multiplicative metric space, x ∈ X
and ε > 1. We now define a set

Bε(x) = {y ∈ X \d(x, y) < ε} ,
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which is called a multiplicative open ball of radius ε with center x. Sim-
ilarly, one can describe a multiplicative closed ball as

Bε(x) = {y ∈ X \d(x, y)  ε} .

Definition 1.10. [27] Let (X, d) be a multiplicative metric space, {xn}
be a sequence in X, and x ∈ X. If, for every multiplicative open ball
Bε(x), there exists a natural number N such that n  N =⇒ xn ∈
Bε(x), then the sequence {xn} is said to be multiplicative convergent to
x, denoted by xn −→ x as n −→∞.

Lemma 1.11. [27] Let (X, d) be a multiplicative metric space, {xn} be
a sequence in X and x ∈ X. Then xn −→ x as n −→ ∞ if and only if
d(xn, x) −→ 1 as n −→∞.

Definition 1.12. [27] Let (X, d) be a multiplicative metric space and
{xn} be a sequence in X. The sequence {xn} is called a multiplica-
tive Cauchy sequence if, for all ε > 1, there exists N ∈ N such that
d(xm, xn) < ε for m,n  N .

Theorem 1.13. [27] Let (X, dX) and (X, dY ) be two multiplicative met-
ric spaces, T : X → X be a mapping and {xn} be any sequence in X.
Then T is multiplicative continuous at the point x ∈ X if and only if
Txn → Tx for every sequence {xn} with xn −→ x as n −→∞.

Lemma 1.14. [27] Let (X, d) be a multiplicative metric space and {xn}
be a sequence in X. Then {xn} is a multiplicative Cauchy sequence if
and only if d(xm, xn) −→ 1 as m,n −→∞.

Definition 1.15. [27] Let (X, d) be a multiplicative metric space. The
multiplicative metric paces X is said to be complete if and only if every
Cauchy sequence {xn} in X for all n ∈ N converges in X.

Definition 1.16. [27] Let (X, d) be a multiplicative metric space. A
self mapping T : X → X is said to be multiplicative contraction if there
exists λ ∈ [0, 1) such that

d(Tx, Ty)  (d(x, y))λ (2)

∀x, y ∈ X.
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Theorem 1.17. [27] Let (X, d) be a complete multiplicative metric space
and T : X → X be multiplicative contraction, then T has a unique fixed
point.

Theorem 1.18. [16, Theorem 5.1.4] Let (X, d) be a complete metric
space, T : X → X be a mapping, r > 0 and x0 be an arbitrary point in
X. Suppose there exists k ∈ [0, 1) with

d(T (x), T (y))  kd(x, y), for all x, y ∈ Y = B(x0, r) (3)

and d(x0, T (x0)) < (1− k)r. Then there exists a unique point x∗ in
B(x0, r) such that x∗ = T (x∗).

2. Modified Hardy-Rogers Type F-Contraction
on Closed Ball

In this section, we introduce the concept of modified Hardy-Rogers type
F-contractions on closed ball in b-metric like spaces, and establish new
fixed point theorems for such contraction.

Definition 2.1. Let (X, d) be a b-metric like space. The mapping T :
X → X is called modified Hardy-Rogers type F -contraction on closed
ball if there exists F ∈ ∆F and τ > 0 such that

τ+F (d (Tx, Ty))  F


αd (x, y) + βd (x, Ty) + γd (y, Tx) + δd (y, Ty) +
η d(y,Ty)[1+d(x,Tx)]

1+d(x,y) + λ d(y,Ty)+d(y,Tx)
1+d(y,Ty)d(y,Tx) + µd(x,Tx)[1+d(y,Tx)]

1+d(x,y)+d(y,Ty)


;

(4)

for all x, y ∈ B(x0, r) ⊆ X with d (Tx, Ty) > 0, where α, β, γ, δ, η, λ, µ 
0 such that sα+

�
s2 + s


β + 2s2γ + δ + η + λ+ sµ < 1.

48 E. AMEER AND M. ARSHAD

Theorem 1.17. [27] Let (X, d) be a complete multiplicative metric space
and T : X → X be multiplicative contraction, then T has a unique fixed
point.

Theorem 1.18. [16, Theorem 5.1.4] Let (X, d) be a complete metric
space, T : X → X be a mapping, r > 0 and x0 be an arbitrary point in
X. Suppose there exists k ∈ [0, 1) with

d(T (x), T (y))  kd(x, y), for all x, y ∈ Y = B(x0, r) (3)

and d(x0, T (x0)) < (1− k)r. Then there exists a unique point x∗ in
B(x0, r) such that x∗ = T (x∗).

2. Modified Hardy-Rogers Type F-Contraction
on Closed Ball

In this section, we introduce the concept of modified Hardy-Rogers type
F-contractions on closed ball in b-metric like spaces, and establish new
fixed point theorems for such contraction.

Definition 2.1. Let (X, d) be a b-metric like space. The mapping T :
X → X is called modified Hardy-Rogers type F -contraction on closed
ball if there exists F ∈ ∆F and τ > 0 such that

τ+F (d (Tx, Ty))  F


αd (x, y) + βd (x, Ty) + γd (y, Tx) + δd (y, Ty) +
η d(y,Ty)[1+d(x,Tx)]

1+d(x,y) + λ d(y,Ty)+d(y,Tx)
1+d(y,Ty)d(y,Tx) + µd(x,Tx)[1+d(y,Tx)]

1+d(x,y)+d(y,Ty)


;

(4)

for all x, y ∈ B(x0, r) ⊆ X with d (Tx, Ty) > 0, where α, β, γ, δ, η, λ, µ 
0 such that sα+

�
s2 + s


β + 2s2γ + δ + η + λ+ sµ < 1.

48 E. AMEER AND M. ARSHAD

Theorem 1.17. [27] Let (X, d) be a complete multiplicative metric space
and T : X → X be multiplicative contraction, then T has a unique fixed
point.

Theorem 1.18. [16, Theorem 5.1.4] Let (X, d) be a complete metric
space, T : X → X be a mapping, r > 0 and x0 be an arbitrary point in
X. Suppose there exists k ∈ [0, 1) with

d(T (x), T (y))  kd(x, y), for all x, y ∈ Y = B(x0, r) (3)

and d(x0, T (x0)) < (1− k)r. Then there exists a unique point x∗ in
B(x0, r) such that x∗ = T (x∗).

2. Modified Hardy-Rogers Type F-Contraction
on Closed Ball

In this section, we introduce the concept of modified Hardy-Rogers type
F-contractions on closed ball in b-metric like spaces, and establish new
fixed point theorems for such contraction.

Definition 2.1. Let (X, d) be a b-metric like space. The mapping T :
X → X is called modified Hardy-Rogers type F -contraction on closed
ball if there exists F ∈ ∆F and τ > 0 such that

τ+F (d (Tx, Ty))  F


αd (x, y) + βd (x, Ty) + γd (y, Tx) + δd (y, Ty) +
η d(y,Ty)[1+d(x,Tx)]

1+d(x,y) + λ d(y,Ty)+d(y,Tx)
1+d(y,Ty)d(y,Tx) + µd(x,Tx)[1+d(y,Tx)]

1+d(x,y)+d(y,Ty)


;

(4)

for all x, y ∈ B(x0, r) ⊆ X with d (Tx, Ty) > 0, where α, β, γ, δ, η, λ, µ 
0 such that sα+

�
s2 + s


β + 2s2γ + δ + η + λ+ sµ < 1.



TWO NEW GENERALIZATIONS FOR F-CONTRACTION ... 49

we now introduce a new type of fixed point theorem for modified Hardy-
Rogers type F -contraction on closed ball in a complete b-metric like
space.

Theorem 2.2. Let (X, d) be a complete b-metric like space, T be a con-
tinuous modified Hardy-Rogers type F-contraction on closed ball B (x0, r) ⊆
X and x0 be an arbitrary point in X. Moreover,

d(x0, Tx0)  (1− θ)r, (5)

where θ = α+sβ+2sγ+µ
1−sβ−δ−η−λ and r > 0. Then there exist a point x∗in

B (x0, r) such that

Tx∗ = x∗. Furthermore, if α+ β + γ + λ  1, then the fixed point of T
is unique.

Proof. Choose a point x1 in X such that x1 = Tx0. continuing in this
way, so we get xn+1 = Txn, for all n  0 and this implies that (xn) is
a nonincreasing sequence. Now we will prove that xn ∈ B(x0, r) for all
n ∈ N, by using mathematical induction. Since from (5), we have

d(x0, x1) = d(x0, Tx0)  (1− θ)r < r,

thus, x1 ∈ B(x0, r). Suppose x2....xj ∈ B(x0, r) for some j ∈ N. Thus
from (4), we obtain

F (d(xj , xj+1)) = F (d(Txj−1, Txj)) 

F [αd(xj−1, xj) + βd(xj−1, Txj) + γd(xj , Txj−1) + δd(xj , Txj)

+η
d(xj , Txj) [1 + d(xj−1, Txj−1)]

1 + d(xk−1, xk)
+ λ

d(xj , Txj) + d(xj , Txj−1)
1 + d(xj , Txj)d(xj , Txj−1)

+µ
d(xj−1, Txj−1) [1 + d(xj , Txj−1)]

1 + d(xj−1, xj) + d(xj , Txj)
]− τ

F [αd(xj−1, xj) + βd(xj−1, xj+1) + γd(xj , xj) + δd(xj , xj+1)

+η
d(xj , xj+1) [1 + d(xj−1, xj)]

1 + d(xj−1, xj)
+ λ

d(xj , xj+1) + d(xj , xj)
1 + d(xj , xj+1)d(xj , xj)

+µ
d(xj−1, xj) [1 + d(xj , xj)]

1 + d(xj−1, xj) + d(xj , xj+1)
]− τ
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F (d(xj , xj+1))  F ((α+ sβ + 2sγ + µ) d(xj−1, xj)

+ (sβ + δ + η + λ) d(xj , xj+1))− τ,

this implies

F (d(xj , xj+1)) < F ((α+ sβ + 2sγ + µ) d(xj−1, xj)

+ (sβ + δ + η + λ) d(xj , xj+1)),

for all n ∈ N. As F is strictly increasing, so we have

d(xj , xj+1) < (α+ sβ + 2sγ + µ) d(xj−1, xj)

+ (sβ + δ + η + λ) d(xj , xj+1).

Which implies

(1− sβ − δ − η − λ) d(xj , xj+1) < (α+ sβ + 2sγ + µ) d(xj−1, xj).

d(xj , xj+1) <

α+ sβ + 2sγ + µ
1− sβ − δ − η − λ


d(xj−1, xj).

Here θ = α+sβ+2sγ+µ
1−sβ−δ−η−λ < 1. Hence,

d(xj , xj+1) < θd(xj−1, xj) < θ2d(xj−2, xj−1) < · · · < θjd(x0, x1). (6)

Now,

d(x0, xj+1)  s [d(x0, x1) + ...+ d(xj , xj+1)]

 sd(x0, x1)[1 + θ + ...+ θj ]

 s(1− θ)r (1− θj+1)
1− θ < r.

Thus xj+1 ∈ B(x0, r). Hence xn ∈ B(x0, r) for all n ∈ N. Continuing
this process, we get

F (d(xn, xn+1)) = F (d(Txn−1, Txn)) 
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F [αd(xn−1, xn) + βd(xn−1, Txn) + γd(xn, Txn−1) + δd(xn, Txn)

+η
d(xn, Txn) [1 + d(xn−1, Txn−1)]

1 + d(xn−1, xn)
+ λ

d(xn, Txn) + d(xn, Txn−1)
1 + d(xn, Txn)d(xn, Txn−1)

+µ
d(xn−1, Txn−1) [1 + d(xn, Txn−1)]

1 + d(xn−1, xn) + d(xn, Txn)
]− τ

F [αd(xn−1, xn) + βd(xn−1, xn+1) + γd(xn, xn) + δd(xn, xn+1)

+η
d(xn, xn+1) [1 + d(xn−1, xn)]

1 + d(xn−1, xn)
+ λ

d(xn, xn+1) + d(xn, xn)
1 + d(xn, xn+1)d(xn, xn)

+µ
d(xn−1, xn) [1 + d(xn, xn)]

1 + d(xn−1, xn) + d(xn, xn+1)
]− τ

F (d(xn, xn+1))  F ((α+ sβ + 2sγ + µ) d(xn−1, xn)

+ (sβ + δ + η + λ) d(xn, xn+1))− τ,
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+ (sβ + δ + η + λ) d(xn, xn+1).

Which implies

(1− sβ − δ − η − λ) d(xn, xn+1) < (α+ sβ + 2sγ + µ) d(xn−1, xn).

d(xn, xn+1) <

α+ sβ + 2sγ + µ
1− sβ − δ − η − λ


d(xn−1, xn).

Here θ = α+sβ+2sγ+µ
1−sβ−δ−η−λ < 1. Hence,

d(xn, xn+1) < θd(xn−1, xn) < d(xn−1, xn). (7)
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Consequently,

τ + F (d(xn, xn+1))  F (d(xn−1, xn)) .

which implies,

F (d(xn, xn+1))  F (d(xn−1, xn))− τ
= F (d(Txn−2, Txn−1))− τ
 F (d(xn−2, xn−1))− 2τ

= F (d(Txn−3, Txn−2))− 2τ

 F (d(xn−3, xn−2))− 3τ
...

 F (d(x0, x1))− nτ.

This implies that

F (d(xn, xn+1))  F (d(x0, x1))− nτ. (8)

And so lim
n−→∞

F (d (xn, xn+1)) = −∞. By (F2), we find that

lim
n→∞

d(xn, xn+1) = 0. (9)

We shall prove that (xn) is Cauchy in (X, d). So, it suffices to show that
lim
n→∞

d(xn, xm) = 0. We argue by contradiction. Suppose there exist

ε > 0 and sequences (n(p)) and (m(p)) of natural numbers such that

n(p) > m(p) > p, d(xn(p), xm(p))  ε,

d(xn(p)−1, xm(p)) < ε for all p ∈ N. 10

By triangular inequality, we have

d(xn(p), xm(p)) s[d(xn(p), xn(p)−1) + d(xn(p)−1, xm(p))]

<sε+ sd(xn(p), xn(p)−1)

=sε+ sd(xn(p)−1, Txn(p)−1).

(11)
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From (9), there exists p1 ∈ N such that for all p  p1

d(xn(p)−1, Txn(p)−1) < ε. (12)

Combining (11) to (12) yields that

d(xn(p), xm(p)) < 2sε for all p  p1. (13)

On the other hand, by definition of a modified Hardy-Rogers type F-
contraction on closed ball,

F (ε)  F (d(Txn(p), Txm(p)))  F [αd(xn(p), xm(p)) + βd(xn(p)−1, Txm(p))

+ γd(xm(p), Txn(p)−1) + δd(xm(p), Txm(p))

+ η
d(xm(p), Txm(p))


1 + d(xn(p)−1, Txn(p)−1)



1 + d(xn(p)−1, xm(p))

+ λ
d(xm(p), Txm(p)) + d(xm(p), Txn(p)−1)
1 + d(xm(p), Txm(p))d(xm(p), Txn(p)−1)

+ µ
d(xn(p)−1, Txn(p)−1)


1 + d(xm(p), Txn(p)−1)



1 + d(xn(p)−1, xm(p)) + d(xm(p), Txm(p))
]− τ

 F [αd(xn(p), xm(p)) + βd(xn(p)−1, xm(p)+1)

+ γd(xm(p), xn(p)) + δd(xm(p), xm(p)+1)

+ η
d(xm(p), xm(p)+1)


1 + d(xn(p), xn(p))



1 + d(xn(p)−1, xm(p))

+ λ
d(xm(p), xm(p)+1) + d(xm(p), xn(p))
1 + d(xm(p), xm(p)+1)d(xm(p), xn(p))

+ µ
d(xn(p)−1, xn(p))


1 + d(xm(p), xn(p))



1 + d(xn(p)−1, xm(p)) + d(xm(p), xm(p)+1)
]− τ.

Which implies,

F ()  F

sαε+

�
s2 + s


βε+ 2s2γε+ δε+ ηε+ λε+ sµε


− τ.

As, sα+
�
s2 + s


β + 2s2γ + δ + η + λ+ sµ < 1, so we get

sαε+
�
s2 + s


βε+ 2s2γε+ δε+ ηε+ λε+ sµε < ε,



54 E. AMEER AND M. ARSHAD

we deduce that

F (ε) < F (ε),

which is a contradiction. Thus, (xn) is a Cauchy sequence in the com-
plete b-metric like space


B(x0, r), d


. Since


B(x0, r), d


is a complete

metric space, so there exists x∗ ∈ B(x0, r) such that xn → x∗ as n→∞.
Since T is continuous, then,

x∗ = lim
n→∞

xn = lim
n→∞

Tn(x0) = lim
n→∞

Tn+1(x0) = T ( lim
n→∞

Tn(x0)) = T (x∗).

Hence x∗ = T (x∗) that is x∗ is fixed point of T . Finally, to prove x∗ is a
unique fixed point of T , let x, y ∈ B(x0, r) and x = y be any two fixed
point of T. Then we have

τ + F (d(x, y))) = τ + F (d(Tx, T (y)))  F [αd(x, y)

+βd(x, Ty) + γd(y, Tx) + δd(y, Ty)

+η
d(y, Ty) [1 + d(x, Tx)]

1 + d(x, y)
+ λ

d(y, Ty) + d(y, Tx)
1 + d(y, Ty)d(y, Tx)

+µ
d(x, Tx) [1 + d(y, Tx)]
1 + d(x, y) + d(y, Ty)

].

= F [(α+ β + γ + λ) d(x, y)]

Which implies

d(x, y) < (α+ β + γ + λ) d(x, y) < d(x, y),

which is a contradiction. Thus d(x, y) = 0. Hence x = y. This completes
the proof. 

Example 2.3. Let X = [0, 1] and d (x, y) = (max {x, y})2 . Then (X, d)
is a complete b-metric like space with a constant s = 2. Define the
mapping T : X → X by,

T (x) =


x
4 if x ∈


0, 12


;

5 if x ∈
�
1
2 , 1


.
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.
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Set θ = 0.26, x0 =
1
15

, r =
1
4

, then B(x0, r) =

0, 12


. If F (t) = ln(t),

t > 0, then

d(x0, T (x0)) =


1
15
− 1

60

 =
3
60
< (1− θ)r.

For x, y ∈ B(x0, r), we get

d (Tx, Ty) = (max {Tx, Ty})2 =


max
x

4
,
y

4

2

=
1
16

(max {x, y})2

<
1
6

(max {x, y})2 + 0


max

x,
y

4

2

+
1
60


max


y,
x

4

2
+

1
20


max


y,
y

4

2

+
1
50

�
max


y, y4

2 1 +
�
max


x, x4

2

1 + (max {x, y})2

+
1
30

�
max


y, y4

2 +
�
max


y, x4

2

1 +
�
max


y, y4

2 �max

y, x4

2

+0

�
max


x, x4

2 1 +
�
max


y, x4

2

1 + (max {x, y})2 +
�
max


y, y4

2

= αd (x, y) + βd (x, Ty) + γd (y, Tx) + δd (y, Ty) +

η
d (y, Ty) [1 + d (x, Tx)]

1 + d (x, y)
+ λ

d (y, Ty) + d (y, Tx)
1 + d (y, Ty) d (y, Tx)

+µ
d (x, Tx) [1 + d (y, Tx)]
1 + d (x, y) + d(y, Ty)

,

Thus,

d(T (x), T (y)) < αd (x, y) + βd (x, Ty) + γd (y, Tx) + δd (y, Ty) +

η
d (y, Ty) [1 + d (x, Tx)]

1 + d (x, y)
+ λ

d (y, Ty) + d (y, Tx)
1 + d (y, Ty) d (y, Tx)

+µ
d (x, Tx) [1 + d (y, Tx)]
1 + d (x, y) + d(y, Ty)

.
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Which implies

τ+ln (d(T (x), T (y)))  ln


αd (x, y) + βd (x, Ty) + γd (y, Tx) + δd (y, Ty) +

η d(y,Ty)[1+d(x,Tx)]
1+d(x,y) + λ d(y,Ty)+d(y,Tx)

1+d(y,Ty)d(y,Tx) + µd(x,Tx)[1+d(y,Tx)]
1+d(x,y)+d(y,Ty)


.

That is

τ+F (d(T (x), T (y)))  F


αd (x, y) + βd (x, Ty) + γd (y, Tx) + δd (y, Ty) +
η d(y,Ty)[1+d(x,Tx)]

1+d(x,y) + λ d(y,Ty)+d(y,Tx)
1+d(y,Ty)d(y,Tx) + µd(x,Tx)[1+d(y,Tx)]

1+d(x,y)+d(y,Ty)


.

for τ =
�
0, 10

96


, α = 1

6 , β = µ = 0, γ = 1
60 , δ = 1

20 , η = 1
50 and λ = 1

30 .

Thus T satisfies all the conditions of Theorem 2.2 on closed ball and T
has a unique fixed point in B

�
1
15 ,

1
4


. Now if x = 3

4 , y = 1 ∈
�

1
2 , 1


, then

τ+F (d(T (x), T (y))) > F


αd (x, y) + βd (x, Ty) + γd (y, Tx) + δd (y, Ty) +

η d(y,Ty)[1+d(x,Tx)]
1+d(x,y) + λ d(y,Ty)+d(y,Tx)

1+d(y,Ty)d(y,Tx) + µd(x,Tx)[1+d(y,Tx)]
1+d(x,y)+d(y,Ty)


.

and consequently, condition (4) does not hold on X.

Corollary 2.4. Let T be a continuous selfmap in a complete b-metric
like space (X, d) and x0 be an arbitrary point in X and r > 0. Assume
that F ∈ ∆F and τ > 0 for all x, y ∈ B(x0, r) ⊆ X with d (TxTy) >
0such that

τ + F (d (Tx, Ty))  F (αd (x, y)) ; where 0  α < 1.
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Moreover,

d(x0, Tx0)  (1− α)r, (14)

Then there exist a point x∗ in B (x0, r) such that Tx∗ = x∗.

Example 2.5. Let X = [0, 2] and d (x, y) = |x− y|2 + x
10 + y

10 . Then
(X, d) is a complete b-metric like space. Define the mapping T : X → X

by,

T (x) =


x
3 if x ∈ [0, 1];
x− 1

2 if x ∈ (1, 2] .

Set α =
3
10

, x0 =
1
2

, r =
1
2

, then B(x0, r) = [0, 1]. If F (t) = ln(t), t > 0,
then

d(x0, T (x0)) =

1
2
− 1

4

 =
1
4
< (1− α)r.

For x, y ∈ B(x0, r), the inequality

d (Tx, Ty) = |Tx− Ty|2 +
Tx

10
+
Ty

10

=

x

3
− y

3


2

+
x

30
+
y

30
=

1
9
|x− y|2 +

x

30
+
y

30

<
1
3


|x− y|2 +

x

10
+
y

10


,

holds. Thus,

d(T (x), T (y)) < αd (x, y) .

Which implies

τ + ln (d(T (x), T (y)))  ln (αd (x, y)) .

That is

τ + F (d(T (x), T (y)))  F (αd (x, y))

for τ = 1
100 ,

1
3  α <

1
s < 1 and β = γ = δ = η = λ = µ = 0. Thus T

satisfies all the conditions of Corollary 2.4 on closed ball and ”0” is the
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unique fixed point. Now if x = 1.5, y = 2 ∈ (1, 2] , then

d(T (x), T (y)) =
x−

1
2
− y +

1
2


2

+
x− 1

2

10
+
y − 1

2

10

= |x− y|2 +
2x− 1

20
+

2y − 1
20

= |x− y|2 +
x

10
+
y

10
− 1

10
> |x− y|2 +

x

10
+
y

10
= d(x, y).

Which implies
d(T (x), T (y)) > d(x, y)

τ + ln (d(T (x), T (y)))  ln (d(x, y))

and consequently, F-contraction condition (1) does not hold on X.

3. F -Multiplicative Contraction on Closed Ball

In this section, we define a new contraction called F -multiplicative con-
traction on closed ball and obtained a new fixed point theorem for such
contraction in complete multiplicative metric spaces.

Definition 3.1. Let (X, d) be a multiplicative metric space. The map-
ping T : X → X is called F -multiplicative contraction on closed ball if
there exists τ > 1 such that

τ.F (d (Tx, Ty))  F (d (x, y)) ; (15)

and
d(x0, Tx0)  r(1−λ), where λ ∈ [0, 1) and r > 0. (16)

for all x, y ∈ B(x0, r) ⊆ X with d (Tx, Ty) > 1, where F : (1,∞) →
(1,∞) is a mapping satisfying the following conditions:

(F1∗) F is non-decreasing, i.e. for all x, y ∈ [1,∞) such that x  y, we
have F (x)  F (y);

(F2∗) for each sequence {αn}∞n=1 in [1,∞), limn→∞ αn = 1 if and only
if limn→∞ F (αn) = 0;
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(F3∗) F is continuous mapping.
we now establish a new type of fixed point theorem for F -multiplicative
contraction on closed ball in a complete multiplicative metric space.

Theorem 3.2. Let (X, d) be a complete multiplicative metric space. Let
T : X → X be an F -multiplicative contraction mapping on a closed ball

B(x0, r) and x0 be an arbitrary point in X. Moreover,
N
Π
j=0
d(x0, Tx0)  r

for all j ∈ N, Then there exist a unique point x∗ in B(x0, r) such that
T (x∗) = x∗.

Proof. Choose a point x1 in X such that x1 = Tx0. continuing in this
way, so we get xn+1 = Txn, for all n  0 and this implies that (xn) is
a nonincreasing sequence. Now we will prove that xn ∈ B(x0, r) for all
n ∈ N, by using mathematical induction. Since from (16), we have

d(x0, x1) = d(x0, Tx0)  r(1−λ)  r,

thus, x1 ∈ B(x0, r). Suppose x2....xj ∈ B(x0, r) for some j ∈ N. Thus
from (15), we obtain

F (d(xj , xj+1)) = F (d(Txj−1, Txj)) 
1
τ
F [d(xj−1, xj)] < F [d(xj−1, xj)]

d(xj , xj+1) < d(xj−1, Txj−1) (17)

Now, using triangular inequality and (17), we get

d(x0, xj+1)  d(x0, x1).....d(xj , xj+1)


N
Π
j=0
d(x0, Tx0)

 r.

Thus xj+1 ∈ B(x0, r). Hence xn ∈ B(x0, r) for all n ∈ N continuing this
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process, we get

F (d(xn, xn+1)) = F (d(Txn−1, Txn))  1
τ
F [d(xn−1, xn)]

 1
τ
F [d(Txn−2, Txn−1)]

 1
τ2
F [d(xn−2, xn−1)]

:

 1
τn
F [d(x0, x1)].

And so lim
n−→∞

F (d (xn, xn+1)) = 0. By (F2), we find that

lim
n→∞

d(xn, xn+1) = 1. (18)

We shall prove that (xn) is Cauchy in (X, d). So, it suffices to show that
lim
n→∞

d(xn, xm) = 1. We argue by contradiction. Suppose there exist

ε > 0 and n(p) > m(p) > p, where n(p) is least number greater than
m(q) such that

d(xn(p), xm(p))  ε, d(xn(p)−1, xm(p)) < ε for all p ∈ N. (19)

By triangular inequality, we have

ε  d(xn(p), xm(p)) d(xn(p), xn(p)−1).d(xn(p)−1, xm(p))

<d(xn(p), xn(p)−1).ε.
(20)

Which as p→∞ implies that lim
p−→∞

d(xn(p), xm(p)) = .

d(xn(p), xm(p))  d(xn(p), xn(p)−1).d(xn(p)−1, xm(p)−1).d
�
xm(p)−1, xm(p)



and

d(xn(p)−1, xm(p)−1)  d(xn(p)−1,xn(p)).d(xn(p), xm(p)).d
�
xm(p), xm(p)−1



Thus, as n→∞ from above two inequalities, we have lim
p−→∞

d(xn(p)−1, xm(p)−1) =

. Put x = xn(p)−1, and y = xm(p)−1 in (3.1) we get

F (d(xn(p), xm(p)))  1
τ
F (d(xn(p)−1, xm(p)−1))

< F (d(xn(p)−1, xm(p)−1)),
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which further by continuity of F and τ > 1 gives F (ε) < F (ε) Hence
{xn} is a Cauchy sequence in the complete multiplicative metric space
B(x0, r), d


. Since


B(x0, r), d


is a complete multiplicative metric

space, so there exists x∗ ∈ B(x0, r) such that xn → x∗ as n→∞. Since
T is multiplicative continuous, then,

x∗ = lim
n→∞

xn = lim
n→∞

Tn(x0) = lim
n→∞

Tn+1(x0) = T ( lim
n→∞

Tn(x0)) = T (x∗).

Hence x∗ = T (x∗) that is x∗ is fixed point of T . Finally, the uniqueness
of the fixed point follows from condition (3.1).

Example 3.3. Let X = R and d :R2 −→ R+ be a multiplicative metric
defined by d(x, y) = e|x−y|. Note that (R, d) is a complete multiplicative
metric space. Define mapping, T : X → X, and F : R+ → R by

T (x) =


x
4 if x ∈ [0, 1],
x− 1 otherwise.

F (t) = ln(t) with τ = 2. Set λ = 5
21 x0 = 2

7 , r = 4 then B(x0, r) = [0, 1].
Now

r(1−λ) = 4( 1116),

and so d(x0, Tx0)  r(1−λ) holds. Note also that, For if x, y ∈ B(x0, r),
we have

e|Tx−Ty| = e|
x
4
− y
4 | = e

1
4
|x−y| < e|x−y|,

which implies,

d(T (x), T (y)) = e
1
4
|x−y| < e|x−y| = d(x, y).

That is,
d(T (x), T (y)) < d(x, y).

Consequently,
τ. ln (d(T (x), T (y)))  ln (d(x, y)) .

If x /∈ B(x0, r) or y /∈ B(x0, r) then

d(T (x), T (y)) = e|x−1−y+1| = e|x−y| = d(x, y),

this implies,

d(T (x), T (y)) > d(x, y)λ, where λ ∈ [0, 1) ,



62 E. AMEER AND M. ARSHAD

and consequently, contractive condition (2) does not hold on X. But,
hypotheses of Theorem 3.2 hold on closed ball and x = 0 is a fixed point
of T .

4. Application

In this section, we discuss an application of fixed point Theorem, proved
in the previous section, in solving the family of Volterra type integral
equations given below.

u(t) =

t

0

G (t, s)K(s, w(s))ds. (21)

for t ∈ [0, a], where a > 0. Let C([0, a],R) be the space of all continuous
functions defined on closed ball [0, a]. For u ∈ C([0, a],R), define sup
norm as: uτ = sup

t∈[0,a]
{u(t)e−τt}, where τ > 0. Let C([0, a],R) be

endowed with the metric,

dτ (u, v) = sup
t∈[0,a]

[|u(t)|+ |v(t)|]2 , (22)

for all u, v ∈ C([0, a],R). Obviously, (C([0, a],R,  · τ ) is a complete
b-metric like space. Define the operator T : C([0, a],R) → C([0, a],R)
by

Tu(t) =

t

0

G (t, s)K(s, u(s))ds.

Suppose that

sup
t∈[0,a]

t

0

G (t, s) ds  1.

To show the existence of solution of integral equation (21), we shall
show, with the application of Theorem 2.2, that T has a fixed point in
C([0, a],R).

Now we prove the following Theorem to ensure the existence of solution
of integral equation (21).
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For more details on such applications we refer the reader to [6, 18].

Theorem 4.1. Assume the following conditions are satisfied:
(1) K : [0, a] × R → R and G : [0, a] × [0, a] → R+ are continuous
functions;
(2) There exists τ  1, such that

|K(t, s, u)|+ |K(t, s, v)| 

τe−τh(u, v)

 1
2

for all t, s ∈ [0, a] and u, v ∈ C([0, a],R), where

h(u, v) = α [|u(t)|+ |v(t)|]2 + β [|u(t)|+ |Tv(t)|]2 +

γ [|v(t)|+ |Tu(t)|]2 + δ [|v(t)|+ |Tv(t)|]2 +

η
[|v(t)|+ |Tv(t)|]2


1 + [|u(t)|+ |Tu(t)|]2



[|u(t)|+ |v(t)|]2
+

λ
[|v(t)|+ |Tv(t)|]2 + [|v(t)|+ |Tu(t)|]2

1 + [|v(t)|+ |Tv(t)|]2 [|v(t)|+ |Tu(t)|]2

+µ
[|u(t)|+ |Tu(t)|]2


1 + [|v(t)|+ |Tu(t)|]2



1 + [|u(t)|+ |v(t)|]2 + [|v(t)|+ |Tv(t)|]2
,

where, α, β, γ, δ, η, λ, µ  0 with sα+
�
s2 + s


β+2s2γ+δ+η+λ+sµ < 1.

Then the integral equation (4.1) has a solution.

Proof. By assumption (2)
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[|Tu(t)|+ |Tv(t)|]2 =







t

0

G (t, s)K1(s, u(s)ds


+



t

0

G (t, s)K2(s, v(s))ds






2






t

0

G (t, s) |K1(s, u(s)| ds+

t

0

G (t, s) |K2(s, v(s))| ds




2

=




t

0

G (t, s) (|K1(s, u(s)|+ |K2(s, v(s))|) ds




2






t

0

G (t, s)
�
e−τh(u, v)

 1
2 ds




2

 e−τh(u, v)




t

0

G (t, s) ds




2

 e−τh(u, v).

This implies
[|Tu(t)|+ |Tv(t)|]2  e−τh(u, v),

which further implies

τ + ln


[|Tu(t)|+ |Tv(t)|]2

 ln (h(u, v)) .

So all the conditions of Theorem 2.2 are satisfied. Hence, in the light of
Theorem 2.2, (4.1) has a solution.
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