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Abstract. This paper deals with a class of vector semi-infinite op-
timization problems with differentiable data and arbitrary index set
of inequality constraints. A suitable constraint qualification and a new
extension of invexity are introduced, and the weak and strong Karush-

Kuhn-Tucker type optimality conditions are investigated.
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1. Introduction

A mathematical programming problem with a finite number of variables and in-
finitely many constraints is called a semi-infinite programming problem. Prob-
lems of this type have been utilized for the modeling and analysis of a wide
range of theoretical as well as concrete, real-world, practical problems; see e.g.,

8, 19)].

Several classes of semi-infinite programming problems have been investigated
extensively by many authors, and consequently, numerous optimality condi-
tions, duality relations, sensitively, and numerical solution algorithms are avail-
able for these problem in the related literature; see e.g., [3, 8, 12, 13, 14, 19,

20].
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However, a close examination of these and other related sources will readily
reveal the fact that so far vector-valued semi-infinite programming have not
received much attention in the area of mathematical programming. Indeed, it
appears that currently there are few publications dealing with multiobjective
(or vector-valued) semi-infinite programming (see [1, 2, 4, 5, 6, 7, 11, 15, 22])
In this paper, we consider the following vector-valued semi-infinite problem:

(P) inf f(x):= (fl(x), ce fm(x))
s.t. gi(z) <0 i€,
r e R”,

where f: R" — R™ and g; : R” — R|J{+o0} for j € J, are continuously dif-
ferentiable functions. J is assumed to be an arbitrary index set, not necessarily
finite (but nonempty).

In Section 2 we introduce a constraint qualification for the problem (P). Then,
necessary optimality conditions of Karush-Kuhn-Tucker type are established.
In Section 3, sufficient optimality conditions for (P) are obtained under a new
invexity assumption.

In the rest of this article, we denotes by 1i(A), conv(A), and cone(A), the
relative interior of A C R™, the convex hull, and the convex cone (containing
the origin) generated by A, respectively.

2. Weak and Strong KKT Necessary Conditions
In what follows we shall assume that the feasible set of (P) is nonempty, i.e.,
S:={zeR"|g;(x) <0, VjeJ}#0.
For a given & € S, let J(&) denotes the index set of all active constraints at &,
J(@) = {j € T| g,(&) = 0}.

A feasible point Z is said to be an efficient solution [resp. weakly efficient
solution] to problem (P) if there is no x € S satisfying f;(x) < fi(&), i €

I:=1{1,2,..,m} and (fl(a:), .. .,fm(a:)) + (fl(i), .. ,fm(i‘)) [resp. fi(x) <
fi(&), i € I]. The set of all efficient solutions and that of all weakly efficient
solutions of (P) are denoted by E and W, respectively. Obviously, £ C W.

Let & € S. On the lines of Ref. [21], for each i € I, define the set

Q'@):={z eS| ile) <fid) Viel\{i}},
Q'(z) =S, if m = 1.
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For the sake of the simplicity, we denote Q(Z) by Q" in this paper. We also
define the following notations for each differentiable function ¢ : R™ — R:

VOop(zg) := {z €R™ [ (Ve(xg),z) < O},
VOp(p) = {z €R™ [ (Ve(xp),2) < 0}.

The aim of this section is to derive the weak (resp. strong) KKT necessary
condition at & € W (resp. & € F) under the following constraint qualification
which is the se mi-infinite analog of the qualification studied by Maeda in [21]:

(CQ): (ﬁv% )0 (ﬂ v9(#)) ﬂT

JjeJ(&

where T'(M, zo) denotes the contingent cone of M C R™ at x¢ € M, i.e.,
T(M,xg) := {d € R" | 3{(tx,dy) — (0, d), such that &+t,dy € M Vk €N }.

Owning to the relation ()}, T(Q*, ) C T'(S, &), the following result is a direct
consequence of [15, Theorem 3.4(ii)].

Theorem 2.1. (Weak KKT Necessary Condition). Let & be a weakly efficient
solution of (P) and cone(UjeJ(i) ng(£)> be a closed cone. If in addition,

(CQ) holds at &, then there ewist scalars o; > 0, i € I with Y .~ o; = 1,
and an integer k > 0, and a set {j1, ja2, ..., ju} C J(&), and scalars B, >0 for
re{1,2,...k}, such that

Z a;V fi(Z) + Z Bi.Vyg;. (&) =

r=1

In almost all example, we could not obtain positive KK'T multipliers associated
with the vector-valued objective function, namely, some of the multipliers may
be equal to zero. This means that the components of the vector-valued objec-
tive function have not role in the necessary conditions for weakly efficiency. In
order to avoid the case where some of the KKT multipliers associated with
the objective function vanish for a finite vector optimization problem, several
approaches have been developed in recent years, and strong KKT necessary
optimality conditions have been obtained (see, e.g., [16, 21] for |J| < c0). We
say that strong KKT condition holds for a (P), when the KKT multipliers are
positive for all components of the objective function.
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The following Theorem will be present the strong KKT necessary condition for

(P).

Theorem 2.2. (Strong KKT Necessary Condition). Let & be an efficient solu-
tion of (P). If in addition, (CQ) and the condition

@: (V@) \ (0 cUVOr@)

hold at &, then there exist scalars a; > 0, i € I, and an integer k > 0, and a
set {j1, j2, .., ju} € J(Z), and scalars B;, > 0 forr € {1,2,...,k}, such that

m k
> V(@) + Y B, Ve, (&) = 0.

i=1 r=1

Proof. We present our proof in three steps.
Step 1: We claim that

m m )
(Uves@)n(N1@.a) =0 (1)
i=1 i=1
It suffices only to prove that
VOf(@)NTQ,Z) =10 Viel.
On the contrary, suppose that for some [ € I there is a vector d such that

de VO fi(@)NT(Q',2). (2)

By the definition of contingent cone, there exists sequence (ts,ds) — (0F,d)
such that & + t,ds € Q' for each s € N. This means for each s € N we have

fid+tads) < fi(3) VieI\{l}, and &+t.d, €S (3)

By the mean-value Theorem, for each s € N, there exist us in the open line
segment (I ,Z + tsds) such that

fl(i‘+t5ds) _fl(j:) :ts<vfl(us)7ds>- (4)

Since us — & and Vf;(.) is a continuous function, we deduce

lim (Vfi(us),dy) = (Vfil#),d).
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On the other hand, by (2), we have (V fi(&),d) < 0. Thus, the inequality (4)
implies that there is a N; > 0 such that

f1(@ + tsds) < fi(T), Vs> Nj. (5)

Therefore, (3) together with (5) contradicts & € F, and so (1) is true.
Step 2: Let

X = com;({Vfi(fc) |ie I})7
Y = cone({ng(fc) |je J(a})})

We claim that
ri(X)ﬂ(fY)%Q). (6)

By contradiction, we suppose that (6) does not hold. Then, by the strong
convex separation Theorem ([25, Theorem 11.3]) and noting that ( —Y) is a
convex cone, it follows that there is a hyperplane

H = {sc | (x,d) =0 for some d € R™ \ {O}}a

separating X and ( - Y) properly. Therefore, there exists d € R™ satisfying

0£de X°n(-v)" = (OVﬁ(ﬁ:))om( U ng(:z))o

JEJ(2)
— (ﬁ V©fi(:i:)) n ( N V©9j(i”)>7
i=1 JE€J(Z)

where M° denotes the negative polar cone of M C R", i.e.,
M°:={z€R"|(zu) <0 foralll JeM}.

Thus, owning to (CQ) and () we conclude that

de (QVOM:&)) n (6T(Qéfv)),

which contradicts (1), and proves (6).
Step 3: Owning to the well-known inclusion (see, e.g., by [25, Theorem 6.9])

ri(conv({Vfi(aE) |i= 1,2,...,m})) - {iaini(i) | a; >0, iai = 1},
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it suffices only to demonstrate

0e m’(conv({Vfi(i) |i=1,2, ,m})) + cone({Vy;(2) | j € J(2)}). (7)

By contradiction, we suppose that (7) does not hold. Then

ri(conv({Vfi(a?) |i=1,2, ,m})) N (— cone({Vg;(&)|j € J(i‘)})) = {.

Thus, by the strong convex separation Theorem ([25, Theorem 11.3]), it follows
that there is a hyperplane {a: € R" | (x,d) = 0 for some d € R"\ {O}}

separating conv({V fi(Z) | i = 1,2,...,m}) and (—cone({ng(i) |je J(a})}))
properly. Therefore, there exists d € R™ satisfying

0#£d € (conv({Vfi(fc) |i=1,2, ...7m}))0 N (cone{ng(ﬁ) |j€ J(;%)}))O
= ({Vfi(i’) |i= 1,2,...,m})0 N ({ng(ff) |j€ J(i")})o

_ (6v@fi<5c)) (N vou@)

JjEJ(Z)

Thus, owning to (CQ) and () we conclude that

ae (CJ Ve L@)n ( 6T(Qi,f:>),

which contradicts (1). This proves the theorem. O

3. Weak and Strong KKT Sufficient Conditions

In this section, we investigate weak (resp. strong) KKT sufficient conditions
for weak efficient (resp. efficient) point of (P). As well as in the classic case,
the sufficient results in semi-infinite programming are established under some
additional convexity assumptions (see e.g., [3, 7, 11, 20]). On the other hand,
the theory of the classical single and multiobjective programming has been
considerably extended when the convexity was replaced by weaker invexity like
properties.

As this is well-known, the concept of invexity has been introduced in literature
in 1981 by Graven [9], after Hanson [10] showed that both weak duality and
Karush-Kahn-Tucker sufficiency for optimum in the mathematical program-
ming hold when convexity is replaced by a weaker condition. After the works
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of Hanson and Graven, other types of differentiable functions have been intro-
duced with the intent of generalizing invex functions from different points of
view; see e.g., [17, 18, 23].

Our first aim in this section is to introduce a new extension of invex func-
tion. More specifically, considering a differentiable convex function ¢ : R? — R
at a point zg € RP. It is easy to see that for each x € RP we have

(Vo(o),z — o) < @(x) — @(x0).

In definition of invex function, the later  — x¢ was replaced by 7(x, z¢) where
the function n : RP x RP — R is called the kernel of ¢ at xg, i.e.,

(Ve(xo),n(x, o)) < () — @(x0);

equivalently,
(Veo(xo), n(x, x0)) — (¢(x) — p(x0)) < 0.

We now extend this idea as below.

Definition 3.1. Let ¢ := (1, 2, ..., 0q) : RP — RY be a differentiable function,
and let xo € RP. We shall say that ¢ is the extended v- invex with kernel n at
xo if there exist functions n : RP X R? — R? and v; : RP x R? — R, \{0} for
1€{1,2,...,q} such that the condition

> [(Verlao). (e, 20)) = wila.x0) (eu(a) = (o)) | <0,

1=1
holds for each x € RP.

Theorem 3.2. (Weak KKT Sufficient Condition). Suppose that there exist a
feasible solution & € S and scalars a; > 0 with >_" o; = 1 and a finite set
J* = {j1,72, .., jr} C J(&) and scalars Bj, > 0 forl e {1,2,...,k} such that

Z iV fi(&) + Z 5;,Vg;, (%) = 8)

r=1

Moreover, if the function (o fi, a2 fa, ..., cm fm) and (84,9515 8529525 - Bjx Gir)
are respectively extended v-inver and extended 0-invex with the same kernel n
at &, then & is a weak efficient solution for (P).

Proof. Suppose on the contrary that & is not a weak efficient for (P), then
there exist © € S such that f(z) < f(&). Thus fi(z) — fi(£) < 0 for all
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i € I. Since (a1,®9,...,0;,) = 0 and v;(x,&) > 0 for all ¢ € I, we obtain

oy oy, &) (fz(l“) - fz(-f/‘)) < 0, and hence

ZVz azfz ) azfz(:%)) <0

i=1

By extended v-invexity of (o f1, s fa, ..., m frn) With kernel n at & we get

M3

aZVfZ n(x ;%)> < 0. (9)

i=1

On the other hand, since {j1, jo, ..., jx} C J(£) and x € S, then

0, (1) <O =g; (8),  Vre{l,2,..k}
Now, Since 8;, > 0 and §;, (z, &) > 0 for all » € {1, 2, ..., k}, we obtain

k

ZejT(xai)(ﬁjw»gjr( ) = Bj.95,( j Zﬁm i (@, 2 g]r( ) — gjr(j)) <0

r=1

By 6-invexity of (85,95, 852 9jss - )9, ) With kernel n at & we get

> (85, Vgj,.n(x,£)) <0. (10)

r=1

Adding the inequalities (9) and (10), we get

<Zalvf1 +Zﬁergyrm(x x)> <0,

r=1

which contradicts (8). This completes the proof. [

Theorem 3.3. (Strong KKT Sufficient Condition). Suppose that there exist
a feasible solution & € S for (P) and scalars a; > 0 and a finite set J* :=
{j1,72; -, Jr} C J(&) and scalars B;, = 0 forl € {1,2,...,k} such that

m k
D V@) + )85,V (&) =
=1

r=1

Moreover, if the function (a1 f1,a2f2, ..., mfm) and (85,951 BiaGiss o> Bin Gjs )
are respectively extended v-inver and extended 0-invex with the same kernel n
at &, then & is an efficient solution for (P).
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Proof. Suppose on the contrary that & is not an efficient solution for (P). Then
there exists € S such that f;(z) < fi(2),i € I, and f;,(x) < fi, (%) for some
ig € I. The remaining part of the proof is similar to that of Theorem 3.2. O
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