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1.

Throughout this paper, we assume that all rings are commutative with
1 # 0. Let R be a commutative ring and M be an R-module. We will
denote by (N :g M) the residual of N by M, that is, the set of all
r € R such that rM C N. In 1974, Fuchs [10] introduced the concept of
primary ideals of rings. He defined a primary ideal P of R with identity
to be a proper ideal of ring R and if a,b € R and ab € P, then a € P or
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b" € P, for some positive integer n. The concept of 2-absorbing ideals,
which is a generalization of prime ideal, was introduced by Badawi in
[1]. He defined a 2-absorbing ideal P of a commutative ring R with
identity to be a proper ideal of R and if a,b,c € R such that abc € P,
then ab € P or bc € P or ac € P. In 2007, Badawi et al. [2] introduced
the concept of 2-absorbing primary ideals of commutative rings with
identity, which is a generalization of primary ideals, and investigated
some properties. Recall that a proper ideal P of R is called a 2-absorbing
primary ideal of R if whenever a,b,c € R and abc € P, then ab € P or
ac € /P or bc € \/P.

The concept of prime submodule was introduced and studied by Feller
and Swokowski [9]. We recall that a proper submodule N of M is called
a prime submodule, if rm € N, where r € R,m € M, then m € N or
r € (N :g M). The idea of decomposition of submodules into classical
prime submodules were introduced by Behboodi in [4, 5]. He defined
a classical prime submodule N of M to be a proper submodule of M
and if a,b € R,m € M and abm € N, then am € N or bm € N. The
concept of classical primary submodule, which is a generalization of
classical prime submodule, was introduced by Baziar and Behboodi in
[3]. Recall from [3] that a proper submodule N of M is said to be a
classical primary submodule of M if whenever a,b € R and m € M with
abm € N, then am € N or b"m € N, for some positive integer n. In
2011, Darani and Soheilnia [6] introduced the concept of 2-absorbing
submodules of modules over commutative rings with identities. Recall
that a proper submodule N of M is called a 2-absorbing submodule of M
as in [6] if whenever abm € N for some a,b € R and m € M, then ab €
(N :g M) or am € N or bm € N. The concept of 2-absorbing primary
submodules, a generalization of primary submodules was introduced and
investigated in [7]. A proper submodule N of M is called a 2-absorbing
primary submodule of M if whenever abm € N for some a,b € R and
m € M, then am € N or bm € N or ab € /(N :gp M). The paper
is organized as follows. In the last section, we introduce the notion of
2-absorbing semiprimary submodules and give some characterizations
of the same. The properties of 2-absorbing semiprimary submodule are
also studied in some specific domain.
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2. Preliminaries

In this section we refer to [1, 10, 8, 11, 12, 13] for some elementary aspects
and quote few definitions and examples which are essential to step up
this study. For more details we refer to the papers in the references.

Definition 2.1. [10] A proper ideal P of R is said to be primary if
whenever ai,az € R and ajaz € I, then a1 € I or ay € P, for some
positive integer n.

Definition 2.2. [2]/ A proper ideal I of R is said to be 2-absorbing
primary if whenever ai,as,as € R and ajasas € I, then ajas € I or
aras € VI or asas € V1.

Remark 2.3. It is easy to see that every primary ideal is 2-absorbing
pPrImMary.

Definition 2.4. [8]/ Let N be a submodule of an R-module M. The
residual of N by M, denoted (N :p M), is the ideal

(N:gM)={reR:rM C N}.
Ifm € M, then the ideal (N :gr m) is defined by (N :g m) = {r € R:rm € N}.

Remark 2.5. It is clear that if N is a submodule of an R-module M,
then (N :r M) ((N :r m)) is an ideal of R.

Definition 2.6. [8] Let M be an R-module, I be an ideal of R and N
be a submodule of M. The residual of N by I, denoted by (N s I),
is the submodule (N :py I) = {m € M : Im C N}. If I consists of one
element, say a, then (N :py a) ={m € M :am € N}.

Lemma 2.7. [8] Let K, L and N be submodules of an R-module M and
let A and B be ideals of R. Then

1. (LﬂN:RM):(L:RM)ﬂ(NtRM).
2. If AC B, then (N :3y B) C (N 231 A).
3. (N :ar A) iar B) = (N :as AB).

4. (LQNIMA):(L:MA)H(N:MA).
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5. If LC N, then (L:pr A) € (N :pp A) and (N 1y K).

Proof. The proof is available in [8]. [

Definition 2.8. [8] Let M be an R-module. A proper submodule N of
M is said to be irreducible if N is not the intersection of two submodules
of M that properly contain it.

Definition 2.9. [8/ A nonempty subset S of a ring R is said to be
multiplicatively closed if 1 € S and ab € S, whenever a,b € S.

Definition 2.10. [11] Let R be a ring and M be an R-module. The set
of zero divisors of M, denoted by Zd(M) is defined by

ZdM)={re R:rm=0,3m e M — {0}}.

Lemma 2.11. /8] Let R be a ring and M be an R-module. Let S be a
multiplicatively closed set in R. Let T be the set of all pairs (x, s), where
x € M and s € S. Define a relation on T by (xz,s) ~ (£,$), if and only
if there exists t € S such that t(s& — $x) = 0. Then ~ is an equivalence
relation on T

Proof. The proof is available in [8]. O

Definition 2.12. [8] For (z,s) € T which defined in lemma 2.11, denote
the equivalence classes of ~ which contains (x,s) by %. Let S—IM denote
the set of all equivalence classes of T' with respect to this relation. We can
make S™'M into an R-module by setting £ + ¥ = 25 gnd (%) = 22,
where x,y € M and t,s,a € S. The module S™'*M is called the module
of fractions of M with respect to S.

Remark 2.13. Let R be a ring, T be a multiplicatively closed subset of
R, M be an R-module. We know that every submodule of S~ M is of the
form STIN for some submodule N of M [12].

Note [13] Let N be a submodule of R-module M, we define N(S) =
{m e M :sm € N,3s € S}. Then N(S) is a submodule of M containing
N and S1(N(S)) = S~IN.

Definition 2.14. [8] Since R may be considered as an R-module we
can form the quotient ring ST'R. An element of ST'R has the form
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¢, where a € R and s € S. We can make STIR into a ring by setting
(%) (%) = ‘;—i’, where a,b € R and s,t € S. The ring S™'R is called the

ring of fractions of R with respect to S.

3. Properties of 2-Absorbing Semiprimary Sub-
modules

The results of the following theorems seem to play an important role
to study 2-absorbing semiprimary submodules of modules over commu-
tative rings; these facts will be used frequently and normally we shall
make no reference to this definition.

Remark 3.1. It is easy to see that every 2-absorbing primary submodule
is 2-absorbing semiprimary.

The following example shows that the converse of Remark 3.1 is not
true.

Example 3.2. Let R = Z and M = Z. Consider the submodule N = 22.
3Z of M. It is easy to see that IV is a 2-absorbing semiprimary submodule
of M. Notice that 2-2-3 € N, but 2-3 ¢ N and (2-2)" € (N :g M), for all
positive integer n. Therefore N is not a 2-absorbing primary submodule
of M.

Theorem 3.3. Let N be a proper submodule of an R-module M.

1. If N is a 2-absorbing semiprimary submodule of M, then (N :g m)
s a 2-absorbing primary ideal of R, for every m € M — N.

2. For everym € M — N, if (N :g m) is a primary ideal of R, then
N is a 2-absorbing semiprimary submodule of M .

Proof. 1. Suppose that N is a 2-absorbing semiprimary submodule of
M. Let ay,a9,a3 € Rsuch that ajasas € (N :g m). Clearly, ajas(asm) €
N. By hypothesis, ajaz € /(N :g M) C /(N :g m) or ajagm € N or
ajagm € N for some positive integer n. Therefore ajaz € (N :gp m)

or asaz € /(N :gpm) or ajaz € /(N :gm). Hence (N :g m) is a

2-absorbing primary ideal of R.
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2. Assume that (N :g m) is a primary ideal of R for every m € M —
N. Let ay,a2 € R such that ajagm € N. Then ajaz € (N :g m). Thus
a; € (N :gm) or ay € (N :gr m) for some positive integer n. Therefore
aym € N or aim € N for some positive integer n. Hence N is a 2-
absorbing semiprimary submodule of M. [

Theorem 3.4. Let N be a proper submodule of an R-module M. If
N is a 2-absorbing semiprimary submodule of M, then (N :pr 1) is a

2-absorbing semiprimary submodule of M containing N for every r €
R— (N :p M).

Proof. Suppose that N is a 2-absorbing semiprimary submodule of
M. Let aj,az € R and m € M such that ajagm € (N :p 7). Then
aras(rm) = rajagm € N. By hypothesis, ajag € /(N :g M) or ayrm €
N or ayrm € N for some positive integer n. Therefore ajas € /(N :gr M)
oraim € (N :pr7) or agm € (N :pp r) for some positive integer n. Hence
(N :pr 7) is a 2-absorbing semiprimary submodule of M. O

Theorem 3.5. Let M,M be two R-modules and f : M — M be a
homomorphism of R-modules.

1. IfN isa 2-absorbing semiprimary submodule of M, then ffl(]\/f)
is a 2-absorbing semiprimary submodule of M.

2. Let f be surjectivity. If N is a 2-absorbing semiprimary submodule
of M, then f(N) is a 2-absorbing semiprimary submodule of M.

Proof. 1. Let a1,a2 € R and m € M such that ajasm € f*I(N). Since
f is a homomorphism, we have ajasf(m) = f(ajagm) € N. By hy-

pothesis, ajay € \/(N :g M) or a1 f(m) € N or a f(m) € N for some

positive integer n. Therefore ajas € \/(f_l(N) :r M) or aym € f~1(N)
or am € f~Y(N) for some positive integer n. Hence f~1(N) is a 2-
absorbing semiprimary submodule of M.

2. Let a1,as € R and 1 € M such that ajagri € f(N). Since f is
homomorphism, there exists m € M such that m = f(m). Therefore
flaiaam) = ajazf(m) € f(N) and so ajagm € N. By hypothesis,
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ajaz € \/(N :g M) or aym € N or aim € N for some positive integer

n. Thus atag € \/(f(N) :r M) or ayri € f(N) or alrh € f(N) for some
positive integer n. Hence f(N) is a 2-absorbing semiprimary submodule
of M. O

Theorem 3.6. Let M be an R-module and N C K be two submodules of
M. Then K is a 2-absorbing semiprimary submodule of M if and only
if K/N ‘s a 2-absorbing semiprimary submodule of M/N.

Proof. Suppose that K is a 2-absorbing semiprimary submodule of
M. Let a1,a2 € R and m € M such that ajas(m + N) € (K/N). Then
aragm € K. By hypothesis, ajag € /(K :g M)oraym € K oraim € K
for some positive integer n. Therefore ajay € +/(K/N :g M/N) or
aj(m + N) € K/N or af(m + N) € K/N for some positive integer
n. Hence K/N is a 2-absorbing semiprimary submodule of M/N.

Conversely, assume that K/N is a 2-absorbing semiprimary submod-
ule of M/N. Let a1,a2 € R and m € M such that ajaom € K. Then
ajaz(m+N) = ajagm+N € K/N. By hypothesis, ajaz € \/(K/N :gp M/N)
or aj(m+ N) € K/N or ay(m + N) € K/N for some positive integer
n. Thus ayas € /(K :g M) or aym € K or aym € K for some positive
integer n. Hence K is a 2-absorbing semiprimary submodule of M. [

Theorem 3.7. Let N be a submodule of an R-module M and S be a
multiplicative subset of R. If N is a 2-absorbing semiprimary submod-
ule of M such that (N :g M) NS = (), then ST'N is a 2-absorbing
semiprimary submodule of ST M.

Proof. Let ai,a9 € R,s1,82,83 € S and m € M such that 219271

S1 S2 83

S~IN. Then there exists s € S such that sajasm € N. By hypothesis,
araz € /(N :g M) or aysm € N or ajsm € N for some positive in-
teger n. Thus L2 ¢ /(S~IN :5p S~IM) or Sm = 4% € S~IN or

S1 S2 818
n
(a2 )nm _ aysm
S2 858

€ SN for some positive integer n. Hence S™'N is a
2-absorbing semiprimary submodule of S~'M. O
Theorem 3.8. Let N be a submodule of an R-module M and S be a

multiplicative subset of R. If ST'N is a 2-absorbing semiprimary sub-
module of STIM such that SN Zd(N) =0 and SN Zd(M/N) = 0, then
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N is a 2-absorbing semiprimary submodule of M.

Proof. Let a;,ao € R and m € M such that ajasm € N. Then a—f%%

S™IN. By hypothesis, 4% € /(S~IN :g S~IM) or 4™ € S7'N or

(%2)" ¢ STIN for some positive integer n. If 2% € \/(S—IN :p S—IM),

then (4+%)" € (S7'N :g S~'M) for some positive integer ¢. Thus there
exists s € S such that s(alag)tM C N for some positive integer t. Since
SN ZdM/N) = ), we have (aja2)!M C N so ajaz € /(N :g M). If
L e STIN, then there exists s € S such that saym € N. Thus
s(aym + N) = saym + N = N. But SN Zd(M/N) = 0, it follows that
aim € N. If (2)"%= € N, then there exists s € S such that such that
safm € N. Thus s(afm+N) = saim+N = N. Since SNZd(M/N) = 0,
we have aym € N. Therefore N is a 2-absorbing semiprimary submodule
of M. [

Theorem 3.9. Let N be a proper submodule of an R-module M. The
following conditions are equivalent:

1. N is a 2-absorbing semi-primary submodule of M .

2. For every a,b € R— (N :g M) if ab € R — /(N :g M), then
(N :pab) C (N :ga)U (N :gb") for some positive integer n.

Proof. (1 = 2) Suppose that N is a 2-absorbing semi-primary sub-
module of M. Let m € (N :g ab). Then abm € N. By hypothesis,
ab € \/(N :g M) or am € N or b™m € N for some positive integer n.
But ab € R— /(N :g M), m € (N :g a) or m € (N :g b") for some
positive integer n. Therefore m € (N :g a) U (N :g b") for some positive
integer n. Hence (N :g ab) C (N :g a) U (N :g b") for some positive
integer n.

(2=1) It is clear. O

Theorem 3.10. Let N be a proper submodule of an R-module M. The
following conditions are equivalent:

1. N 1is a 2-absorbing semi-primary submodule of an R-module M.

2. For every a,b € R— (N :g M) if ab € R — /(N :g M), then
(N :pab) C (N :gpa)U(N :gb") for some positive integer n.
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. Let R be a u-ring. For every a,b € R— (N :p M) if ab € R —
V(N :g M), then (N :g ab) C (N :g a) or (N :g ab) C (N :p
b™) for some positive integer n.

Proof. It is clear from Theorem 3.9. O

Theorem 3.11. Let N be a proper submodule of an R-module M. The
following conditions are equivalent:

1

2.

. N is a 2-absorbing semi-primary submodule of an R-module M.

For every a € R — (N :gp M) and every ideal I of R such that
I g (N ‘R M), lfCLI g \/(N :RM), then (N ‘R CLI) Q (N ‘R

a) U (N :g I™) for some positive integer n.

Let R be a u-ring. For every a € R — (N :g M) and every ideal
I of R such that I (N :g M), if al Z \/(N :r M), then (N :r

al) C (N :ga) or (N :gal) C (N :gI™) for some positive integer
n.

. For every ideals I,J of R such that I,J € (N :g M) if IJ £
V(N g M), then (N :gp IJ) C (N :g I) U(N :g J") for some
positive integer n.

Let R be a u-ring. For every ideals I,J of R such that I,J &

(N :g M) if IJ € \/(N:g M), then (N :gp IJ) C (N :g I) or
(N :r1J) C (N :g J") for some positive integer n.

Proof. It is clear from Theorem 3.9. [

Theorem 3.12. Let N be a proper submodule of an R-module M. The
following conditions are equivalent:

1

2

. N is a 2-absorbing semi-primary submodule of M.

. For every a € R— (N :g M) and m € M if am ¢ N, then
(N:ram) C (\/((N:g M) :ra)U\/(N :gm).

Proof. (1 = 2) Let a € R — (N :g M) and m € M such that am &
N. Assume that r € (N :g am). Then ram € N. By hypothesis, ar €
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V(N :g M) or am € N or r"m € N for some positive integer n. Since
am ¢ N, we have r € (\/(N:g M) :r a) or 7 € /(N :g m). Thus
re(v(N:gM):ga)Uy/(N :gm).

Therefore (N :g am) C (\/((N :g M) :g a) U /(N :g m).

(2=1) It is clear. O

Corollary 3.13. Let N be a proper submodule of an R-module M. The
following conditions are equivalent:

1. N is a 2-absorbing semi-primary submodule of M.

2. For every ideal I of R such that I C R— (N :g M) and m € M if
Im Z N, then (N :g Im) C (\/(N:g M) : 1)U /(N :g m).

Proof. It is clear from Theorem 3.12. [

Lemma 3.14. Let N be a 2-absorbing semi-primary submodule of an
R-module M. For all mi € M and mg € M — N ifrs € (N :g m1) —

V(N :p ma), then (N :g rsma) C (N :g rma)U+/(N :r s"ma) for some

positive integer n.

Proof. Suppose that rs € (N :g m1) — (N :g mga), where m; € M and
my € M — N. Let a € (N :g rsmg). Then (ars)mgs = a(rsms) € N
so ars € (N :p mg). Clearly, ar € (N :gp m2) or as € /(N :g m2)
or rs € /(NN :g mga). By the assumption, ar € (N :g mg) or as €

V(N :g mg2). Thus a € (N :g rmg) or a € /(N :g s"mg) for some pos-
itive integer n. Therefore (N :g rsma) C (N :g 7ma) U /(N :g s"m2)
for some positive integer n. [

Proposition 3.15. Let N be an irreducible submodule of an R-module
M. For each v € R if (N :gp v) = (N :g 7?), then N is a 2-absorbing
semi-primary submodule of M.

Proof. Let a,b € R and m € M such that abm € N. Suppose that
ab & /(N :g M) and am ¢ N and b"m ¢ N for all positive integer n.
Clearly, N C (N + abM) N (N + Ram) N (N + Rb™m) for all positive
integer n. Let mo € (N +abM )N (N + Ram)N (N + Rb"m). This implies
that mg € N 4+ abM and mg € N + Ram and mg € N + Rb"m. Then
there exist r1,79 € R,m1 € M and ni,ny € N such that n; + abmy =
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mgy = ng + riam = my = ng + bym. Consider

any + a%bml = amg
ang + na%m

= amy
ang + abym.

We have a?r;m € N. It follows that rym € (N :g a}). By the assump-
tion, rym € (N :g a) so that riam € N. Thus N = (N + abM) N
(N + Ram) N (N 4+ Rb™m). Now since N is an irreducible, we have
N +abM C N oram € N+ Ram C N or b"m € N + Rb"m C N,
a contradiction. Hence N is a 2-absorbing semi-primary submodule of
M. O

Theorem 3.16. Let Ny be a proper submodule of Ri-module My and
let My be an Ro-module. Then N1 X My is a 2-absorbing semi-primary
submodule of My x My if and only if N1 is a 2-absorbing semi-primary
submodule of M.

Proof. Suppose that N1 x Ms is a 2-absorbing semi-primary submodule
of My x Ms. Let a,b € Ry and m € My such that abm € Ny. Then
(a,0)(b,0)(m,0) = (abm,0) € N1 x Ms.

By hypothesis, (ab,0) = (a,0)(b,0) € /(N1 x My :g My x Ms) or
(am,0) = (a,0)(m,0) € Ny x M3 or (b"m,0) = (b,0)"(m,0) € N1 x My
for some positive integer n. This implies that ab € /(Ny :g M) or
am € Ni or b"m € N; for some positive integer n. Hence N; is a 2-

absorbing semi-primary submodule of M;.

Conversely, suppose Nj is a 2-absorbing semi-primary submodule of
M;. Let a,b € R and (mq,ma) € My x My such that (abmg,abms) =
ab(ml,mg) € Ny x M.

Then abm; € Nj. By assumption, ab € \/(Ny :g M;) or am; € Ny or
b"my € N for some positive integer n. So ab € \/(Nl X My :p My x Ma)
or a(my,ma) = (amy,amsy) € N1 X My or b"(mq1,ma) = (b"mq,b"ms) €

Ny x My for some positive integer n and thus we are done. [

Corollary 3.17. Let M; be an R-module and N; be a proper submod-
ule of M; for all i = {1,2,...,k}. Then the following conditions are
equivalent:
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1. My x Mg X ... X M;_1 x N; x M;11 X My is a 2-absorbing semi-

primary submodule of My X My X ... X M.

2. N; is a 2-absorbing semi-primary submodule of M;.

Proof. This follows from Theorem 3.16. [
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