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1. Introduction

It is well known that the algebra of quaternions

H = {
3

i=0

aiei : ai ∈ R} ∼= C2,

is defined as a four-dimensional vector space over R having a basis e0
∼=

1, e1
∼= i, e2

∼= j and e3
∼= k, which satisfies the following multiplication
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rules:

e2
l = −1, l ∈ {1, 2, 3};

e1e2 = −e2e1 = e3, e2e3 = −e3e2 = e1, e3e1 = −e1e3 = e2.

The dual numbers are invented by Clifford as an extension of the real
numbers, and defined by

d = a+ εa∗,

where ε is the dual unit with ε = 0, ε2 = 0, and a, a∗ ∈ R. Similar to real
quaternions, the dual quaternions are defined by taking dual numbers
instead of real numbers as a coefficient. The algebra of dual quaternions

D =

q + εq∗ : q, q∗ ∈ H, ε = 0, ε2 = 0


,

is a Clifford algebra and has some interesting applications on mechan-
ics, mathematics, and physics. Especially, the dual quaternions are im-
portant to represent rigid body motions in 3D-space. For the detailed
information related to dual quaternions and their applications, we refer
to [3, 11, 13].

There are several studies on different types of sequences over quaternion
algebra and dual quaternion algebra. In [9], Horadam introduced the
n−th Fibonacci quaternion, Fn, as

Fn = fne0 + fn+1e1 + fn+2e2 + fn+3e3,

where fn is the n−th Fibonacci number and defined by

f0 = 0, f1 = 1, fn = fn−1 + fn−2, n  2.

Similarly, Nurkan and Güven [10] introduced the n−th dual Fibonacci
number and n−th dual Fibonacci quaternion as

fn = fn + εfn+1 and Fn = Fn + εFn+1,

respectively. Here fn is the n−th Fibonacci number, Fn is the n−th
Fibonacci quaternion. For a survey on researches related to different
types of sequences over quaternion, dual quaternion, octonion and dual



A GENERALIZATION OF DUAL BI-PERIODIC ... 69

octonion algebras, we refer to [2, 5, 6, 7, 9, 10, 12, 14, 15, 16, 18, 19, 20],
and for a recent study on the general linear second order recurrences we
refer to [8].

In this paper, we find the motivation from the paper [1] and present a fur-
ther generalization of the dual Fibonacci and the dual Lucas quaternions,
called as, the generalized dual bi-periodic Fibonacci quaternions. Fur-
ther, we obtain the generating function, the Binet formula, the norm
value and some basic properties of these dual quaternions. Note that,
this new generalization allows us to state several dual quaternion se-
quences as a unique sequence. By taking appropriate values for the gen-
eralized dual bi-periodic Fibonacci quaternions, we can easily see several
dual quaternion sequences as a special case.

First consider the sequence of the generalized bi-periodic Fibonacci quater-
nions {Wn}, which is defined in [16] as:

Wn =
3

l=0

wn+lel, (1)

where {wn} is the sequence which is introduced in [4] as:

wn =

awn−1 + wn−2, if n is even
bwn−1 + wn−2, if n is odd

, n  2, (2)

with arbitrary initial conditions w0, w1 where w0, w1, a, b are nonzero
numbers. For the basic properties of the sequence {wn}, see [17]. Since
the sequence {wn} is a generalization of the bi-periodic Fibonacci and
Lucas sequences, hence we can obtain a further generalization of the
bi-periodic Fibonacci and Lucas quaternions as well. For example, if we
take the initial conditions w0 = 0 and w1 = 1, we get the bi-periodic Fi-
bonacci quaternions in [14] , and if we take the initial conditions w0 = 2
and w1 = b, by switching a and b, we get the bi-periodic Lucas quater-
nions in [15]. Finally, we want to emphasize that we can obtain several
well-known quaternion sequences in the literature for particular values
of a and b.

We need the following results which can be found in [16].
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For n > 0, the Binet formula for the sequence {wn} and {Wn} can be
given by

wn =
aζ(n+1)

(ab)
n
2 

�
Aαn−1 −Bβn−1


, (3)

and

Wn =






1

(ab)
n
2 

�
Aα∗αn−1 −Bβ∗βn−1


, if n is even

1

(ab)
n
2 

�
Aα∗∗αn−1 −Bβ∗∗βn−1


, if n is odd

, (4)

respectively. Here α := ab+
√
a2b2+4ab
2 and β := ab−

√
a2b2+4ab
2 are the roots

of the polynomial x2 − abx − ab = 0, ζ (n) = n − 2

n
2


is the parity

function, i.e., ζ (n) = 0 when n is even and ζ (n) = 1 when n is odd. We
assume that a2b2+4ab = 0, and we have α+β = ab, α−β =

√
a2b2 + 4ab,

αβ = −ab. Additionally, A,B, α∗, β∗, α∗∗, and β∗∗ are defined as follows:

A : =
αw1 + bw0

α− β
, B :=

βw1 + bw0

α− β
,

α∗ : =
3

l=0

aζ(l+1)

(ab)
l
2
αlel, β

∗ :=
3

l=0

aζ(l+1)

(ab)
l
2
βlel,

α∗∗ : =
3

l=0

aζ(l)

(ab)
l+1
2 

αlel, β
∗∗ :=

3

l=0

aζ(l)

(ab)
l+1
2 

βlel.

The generating function of the generalized bi-periodic Fibonacci quater-
nions is

G (t) =
W0 + (W1 − bW0) t+ (a− b)

3
s=0R (t, s) es

1− bt− t2

where

R (t, s) : =



f (t)−
 s+1

2 

k=1

w2k−1t
2k−1



 t1−s,

f (t) : =
∞

n=1

w2n−1t
2n−1 =

w1t+ (bw0 − w1) t3

1− (ab+ 2) t2 + t4
.
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The norm of the generalized bi-periodic Fibonacci quaternions is

Nr (Wn) := WnWn, (5)

where Wn := wne0 −wn+1e1 −wn+2e2 −wn+3e3 is the conjugate of the
generalized bi-periodic Fibonacci quaternions.

2. Generalized Dual Bi-Periodic Fibonacci Quater-
nions

In the present section, we introduce the generalized dual bi-periodic Fi-
bonacci numbers and the generalized dual bi-periodic Fibonacci quater-
nions. Also, we state some basic properties of these dual quaternions.

Definition 2.1. The generalized dual bi-periodic Fibonacci numbers { wn}
are defined by

wn = wn + εwn+1, (6)

where wn is the n−th generalized bi-periodic Fibonacci number in (3).
Definition 2.2. The generalized dual bi-periodic Fibonacci quaternions

{Wn} are defined by

Wn = Wn + εWn+1 =
3

i=0

wn+iei, (7)

where wn is the n−th generalized dual bi-periodic Fibonacci number.

The addition, the subtraction, and the multiplication of any two gener-
alized dual bi-periodic Fibonacci quaternions Wn and Vn can be given
as follows:

Wn ± Vn = (Wn + Vn)± ε (Wn+1 + Vn+1) (8)
Wn

Vn = (WnVn) + ε (WnVn+1 +Wn+1Vn) . (9)

The norm of the generalized dual bi-periodic Fibonacci quaternions is

Nr

Wn


:= Wn

Wn, (10)
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where Wn := Wn + εWn+1 is the conjugate of the generalized dual bi-
periodic Fibonacci quaternions.

In the following, we give several different sequences which are special
cases of {Wn} :

1. If we take the initial conditions w0 = 0 and w1 = 1, we get the dual
bi-periodic Fibonacci quaternions in [1]. It is obvious that, under
these conditions if we take a = b = 1, we get the dual Fibonacci
quaternions in [10].

2. If we take the initial conditions w0 = 2 and w1 = b, we get the
dual bi-periodic Lucas quaternions. It is obvious that, under these
conditions if we take a = b = 1, we get the dual Lucas quaternions
in [10].

3. If we take the initial conditions a = b in {wn}, we get the dual Ho-
radam quaternion numbers in [8] with the restriction of q = 1. Dif-
fer from the dual Horadam quaternions, we can obtain different
dual quaternion sequences for the distinct values of a and b in the
sequence {Wn}.

Now, we give the generating function of the generalized dual bi-periodic
Fibonacci quaternions.

Theorem 2.3. The generating function for the generalized dual bi-
periodic Fibonacci quaternions Wn is

G (t) =
W0 + (W1 − bW0) t+ (a− b)

3
s=0R (t, s) es

1− bt− t2

+ε


W1 + (W2 − bW1) t+ (a− b)

3
s=0R (t, s+ 1) es

1− bt− t2


, (11)

where R (t, s) and f (t) are defined in (5) and (5), respectively.

Proof. The formal power series representation of the generating function
for {Wn} is

G (t) =
∞

n=0

Wnt
n = W0 + W1t+ W2t

2 + · · ·+ Wnt
n + · · · .
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Note that,

bt G (t) = bW0t+ bW1t
2 + · · ·+ bWnt

n+1 + · · · ,

and
t2 G (t) = W0t

2 + W1t
3 + · · ·+ Wnt

n+2 + · · · .

Thus, we have

�
1− bt− t2

 G (t) = W0 +

W1 − bW0


t+

∞

n=2


Wn − bWn−1 −Wn−2


tn

= (W0 + (W1 − bW0) t) + ε (W1 + (W2 − bW1) t)

+
∞

n=2

(Wn − bWn−1 −Wn−2) tn + ε
∞

n=2

(Wn+1 − bWn −Wn−1) tn

= W0 + (W1 − bW0) t+
∞

n=2

(Wn − bWn−1 −Wn−2) tn

+ ε


W1 + (W2 − bW1) t+

∞

n=2

(Wn+1 − bWn −Wn−1) tn

.

By using the definition of the functions R (t, s) and f (t), we obtain the
desired result. 
Now we will state the Binet formula for the generalized dual bi-periodic
Fibonacci quaternions and so derive some well-known properties.

Theorem 2.4. The Binet formula for the generalized dual bi-periodic
Fibonacci quaternion is

Wn =






1

(ab)n+1
2 


Aαn−1 (α∗ + εα∗∗α)−Bβn−1 (β∗ + εβ∗∗β)


, if n is even

1

(ab)
n+1

2 
[Aαn (−α∗∗β + εα∗)−Bβn (−β∗∗α+ εβ∗)] , if n is odd,

(12)
where A,B, α∗, β∗, α∗∗, and β∗∗ defined in (5)-(5).

Proof. By using the definition of the generalized dual bi-periodic Fi-
bonacci sequence {Wn} in (7) and the Binet formula of the sequence
{wn} in (3), we can easily obtained the desired result. 
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By using the Binet formula for the generalized dual bi-periodic Fibonacci
quaternion sequences, we obtain the following identity.

Theorem 2.5. (Catalan’s like identity) For nonnegative integer number
n and even integer r, such that r  n, we have

Wn−rWn+r −W 2
n

=






AB(αr−βr)
(αβ)r+1 [(α∗β∗βr − β∗α∗αr)

+ε (β (α∗β∗∗βr − β∗∗α∗αr) + α (α∗∗β∗βr − β∗α∗∗αr))] , if n is even
AB(αr−βr)

(αβ)r
[(α∗∗β∗∗βr − β∗∗α∗∗αr)

+ε
�
β−1 (β∗∗α∗αr − α∗β∗∗βr) + α−1 (β∗α∗∗αr − α∗∗β∗βr)


, if n is odd

.

Proof. For even n, by using the definition of the substraction and the
multiplication of any two generalized dual bi-periodic Fibonacci quater-
nions in (8) and (9), we have

Wn−rWn+r −W 2
n

=
�
Wn−rWn+r −W 2

n


+ ε (Wn−rWn+r+1 +Wn−r+1Wn+r −Wn+1Wn −WnWn+1) .

Then by using the Catalan’s like identity for the generalized bi-periodic
Fibonacci quaternions in [16, Theorem 3], and the Binet formula of the
sequence {Wn} in (4), we get

Wn−rWn+r −W 2
n

=
AB (αr − βr)

(αβ)r+1 [α∗β∗βr − β∗α∗αr]

+ε
AB

(ab)n


α∗β∗∗αn−1βn


1−


β

α

r
+ β∗∗α∗αn−1βn


1−


α

β

r

+

α∗∗β∗αnβn−1


1−


β

α

r
+ β∗α∗∗αnβn−1


1−


α

β

r

=
AB (αr − βr)

(αβ)r+1 [(α∗β∗βr − β∗α∗αr)

+ε (β (α∗β∗∗βr − β∗∗α∗αr) + α (α∗∗β∗βr − β∗α∗∗αr))] .

Similarly, it can be proven for odd n. 
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If we take r = 2 in the above theorem we obtain the following result
which gives the Cassini’s like identity for the generalized dual bi-periodic
Fibonacci quaternions.

Corollary 2.6. (Cassini’s like identity) For n  1, we have

W2(n−1)
W2(n+1) −W 2

2n

=
AB

�
α2 − β2



(αβ)3

�
α∗β∗β2 − β∗α∗α2



+ε
�
β
�
α∗β∗∗β2 − β∗∗α∗α2


+ α

�
α∗∗β∗β2 − β∗α∗∗α2



and the identity in [16, Corollary 1] gives us

W2(n−1)
W2(n+1) −W 2

2n

= W0W4 −W 2
2

+ε
AB

�
α2 − β2



(αβ)3

�
β
�
α∗β∗∗β2 − β∗∗α∗α2


+ α

�
α∗∗β∗β2 − β∗α∗∗α2


.

Next, we give the norm of the generalized dual bi-periodic Fibonacci
quaternions.

Theorem 2.7. The norm of the generalized dual bi-periodic Fibonacci
quaternions is

Nr

Wn


= T (n) + T (n+ 1) + ε2a (S (n) + S (n+ 2))

where

T (n) : =
a2ζ(n+1)

(ab)2n+2
2 


A2α2n

�
α2 + β2


− 4AB (αβ)n+1 +B2β2n

�
α2 + β2


,

S (n) : =
1

(ab)n
�
A2α2n−1 (α+ 2) +B2β2n−1 (β + 2)


.

Proof. By using the definition of the norm of the generalized dual bi-
periodic Fibonacci quaternions in (10), we have

Nr

Wn


= Wn

Wn = WnWn + ε
�
WnWn+1 +Wn+1Wn


,
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where Wn := Wn + εWn+1 is the conjugate of the generalized dual bi-
periodic Fibonacci quaternion Wn.

From [16, Theorem 6], we have

WnWn = w2
n + w2

n+1 + w2
n+2 + w2

n+3

= T (n) + T (n+ 1) ,

where

T (n) :=
a2ζ(n+1)

(ab)2n+2
2 


A2α2n

�
α2 + β2


− 4AB (αβ)n+1 +B2β2n

�
α2 + β2


.

And by using the Binet formula of the sequence {wn} , we have

WnWn+1 +Wn+1Wn

= 2wn+1 (wn + wn+2) + 2wn+3 (wn+2 + wn+4)

=
2a

(ab)n+3


(ab)2 (Aαn −Bβn)

�
Aαn−1

�
(ab) + α2


−Bβn−1

�
(ab) + β2



+
�
Aαn+2 −Bβn+2

 �
Aαn+1

�
(ab) + α2


−Bβn+1

�
(ab) + β2



=
2a

(ab)n+3


(ab)3 (Aαn −Bβn)

�
Aαn−1 (α+ 2)−Bβn−1 (β + 2)



+ (ab)
�
Aαn+2 −Bβn+2

 �
Aαn+1 (α+ 2)−Bβn+1 (β + 2)



=
2a

(ab)n
�
A2α2n − 2AB (αβ)n +B2β2n


+

4a
(ab)n

�
A2α2n−1 +AB (αβ)n +B2β2n−1



+
2a

(ab)n+2


A2α2n+4 − 2AB (αβ)n+2 +B2β2n+4



+
4a

(ab)n+2


A2α2n+3 +AB (αβ)n+2 +B2β2n+3



= 2a


1
(ab)n

�
A2α2n−1 (α+ 2) +B2β2n−1 (β + 2)



+
1

(ab)n+2

�
A2α2n+3 (α+ 2) +B2β2n+3 (β + 2)


.

If we substitute the value

S (n) :=
1

(ab)n
�
A2α2n−1 (α+ 2) +B2β2n−1 (β + 2)


,
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WnWn = w2
n + w2

n+1 + w2
n+2 + w2

n+3

= T (n) + T (n+ 1) ,

where

T (n) :=
a2ζ(n+1)

(ab)2n+2
2 


A2α2n

�
α2 + β2


− 4AB (αβ)n+1 +B2β2n

�
α2 + β2


.
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WnWn+1 +Wn+1Wn

= 2wn+1 (wn + wn+2) + 2wn+3 (wn+2 + wn+4)

=
2a

(ab)n+3


(ab)2 (Aαn −Bβn)

�
Aαn−1

�
(ab) + α2


−Bβn−1

�
(ab) + β2



+
�
Aαn+2 −Bβn+2

 �
Aαn+1

�
(ab) + α2


−Bβn+1

�
(ab) + β2



=
2a

(ab)n+3


(ab)3 (Aαn −Bβn)

�
Aαn−1 (α+ 2)−Bβn−1 (β + 2)



+ (ab)
�
Aαn+2 −Bβn+2

 �
Aαn+1 (α+ 2)−Bβn+1 (β + 2)
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2a

(ab)n
�
A2α2n − 2AB (αβ)n +B2β2n
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4a
(ab)n

�
A2α2n−1 +AB (αβ)n +B2β2n−1
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2a

(ab)n+2


A2α2n+4 − 2AB (αβ)n+2 +B2β2n+4
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(ab)n+2
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1
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where Wn := Wn + εWn+1 is the conjugate of the generalized dual bi-
periodic Fibonacci quaternion Wn.

From [16, Theorem 6], we have

WnWn = w2
n + w2

n+1 + w2
n+2 + w2

n+3

= T (n) + T (n+ 1) ,

where

T (n) :=
a2ζ(n+1)

(ab)2n+2
2 


A2α2n

�
α2 + β2


− 4AB (αβ)n+1 +B2β2n

�
α2 + β2


.

And by using the Binet formula of the sequence {wn} , we have

WnWn+1 +Wn+1Wn

= 2wn+1 (wn + wn+2) + 2wn+3 (wn+2 + wn+4)

=
2a

(ab)n+3


(ab)2 (Aαn −Bβn)

�
Aαn−1

�
(ab) + α2


−Bβn−1

�
(ab) + β2



+
�
Aαn+2 −Bβn+2

 �
Aαn+1

�
(ab) + α2


−Bβn+1

�
(ab) + β2



=
2a

(ab)n+3


(ab)3 (Aαn −Bβn)

�
Aαn−1 (α+ 2)−Bβn−1 (β + 2)



+ (ab)
�
Aαn+2 −Bβn+2

 �
Aαn+1 (α+ 2)−Bβn+1 (β + 2)



=
2a

(ab)n
�
A2α2n − 2AB (αβ)n +B2β2n


+

4a
(ab)n

�
A2α2n−1 +AB (αβ)n +B2β2n−1



+
2a

(ab)n+2


A2α2n+4 − 2AB (αβ)n+2 +B2β2n+4



+
4a

(ab)n+2


A2α2n+3 +AB (αβ)n+2 +B2β2n+3



= 2a


1
(ab)n

�
A2α2n−1 (α+ 2) +B2β2n−1 (β + 2)



+
1

(ab)n+2

�
A2α2n+3 (α+ 2) +B2β2n+3 (β + 2)


.

If we substitute the value

S (n) :=
1

(ab)n
�
A2α2n−1 (α+ 2) +B2β2n−1 (β + 2)


,

76 E. TAN AND I. GÖK
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into the above equation, we get

WnWn+1 +Wn+1Wn = 2a (S (n) + S (n+ 2)) .

Thus we obtain the desired result. 
Note that, if we take the initial conditions w0 = 0, w1 = 1 and a = b = 1,
we get the norm of the dual Fibonacci quaternion

Nr

Fn


= 3


f2n+3 + εf2n+4


,

which is given in [10, Theorem 2]. By using this formula, one can get
an advantage to calculate the norm of any generalized dual Fibonacci
quaternions.

Finally, we give some summation formulas for the generalized dual bi-
periodic Fibonacci quaternions.

Theorem 2.8. (Summation formulas) For n  1, we have

(i)
n−1

r=0

W2r =
W2n −W2n−2

ab
− Aα∗β2 −Bβ∗α2

(ab)2 + ε
Aα∗∗β −Bβ∗∗α

ab
,

(ii)
n−1

r=0

W2r+1 =
W2n+1 −W2n−1

ab
+
Aα∗∗β −Bβ∗∗α

ab
− ε

Aα∗ −Bβ∗

ab
.

Proof. (i) By using the equation (12), we have

n−1

r=0

W2r =
n−1

r=0

1

(ab)
2r+1

2 

Aα2r−1 (α∗ + εα∗∗α)−Bβ2r−1 (β∗ + εβ∗∗β)



= A (α∗ + εα∗∗α)
n−1

r=0

α2r−1

(ab)r
−B (β∗ + εβ∗∗β)

n−1

r=0

β2r−1

(ab)r

= A (α∗ + εα∗∗α)α−1
n−1

r=0


α2

ab

r
−B (β∗ + εβ∗∗β)β−1

n−1

r=0


β2

ab

r
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= A (α∗ + εα∗∗α)α−1


α2

ab

n
− 1

α2

ab − 1
−B (β∗ + εβ∗∗β)β−1


β2

ab

n
− 1

β2

ab − 1

= A (α∗ + εα∗∗α)

α2n−2

(ab)n
− 1
α2


−B (β∗ + εβ∗∗β)


β2n−2

(ab)n
− 1
β2



=
A (α∗ + εα∗∗α)α2n−2 −B (β∗ + εβ∗∗β)β2n−2

(ab)n

−A (α∗ + εα∗∗α)β2 −B (β∗ + εβ∗∗β)α2

(ab)2

=
Aα∗α2n−2 −Bβ∗β2n−2

(ab)n
− Aα∗β2 −Bβ∗α2

(ab)2

+ε

Aα∗∗α2n−1 −Bβ∗∗β2n−1

(ab)n
− Aα∗∗αβ2 −Bβ∗∗βα2

(ab)2


.

By making some necessary calculations, we obtain

n−1

r=0

W2r =
W2n −W2n−2

ab
− Aα∗β2 −Bβ∗α2

(ab)2

+ε

W2n+1 −W2n−1

ab
+
Aα∗∗β −Bβ∗∗α

ab



=
(W2n + εW2n+1)− (W2n−2 + εW2n−1)

ab

−Aα
∗β2 −Bβ∗α2

(ab)2 + ε
Aα∗∗β −Bβ∗∗α

ab

=
W2n −W2n−2

ab
− Aα∗β2 −Bβ∗α2

(ab)2 + ε
Aα∗∗β −Bβ∗∗α

ab
.

It can be proven for (ii) by using the similar procedure. 
Note that, if we take the initial conditions w0 = 0 and w1 = 1 in Theorem
2.8, we get the summation formulas for the dual bi-periodic Fibonacci
quaternions, and if we take the initial conditions w0 = 2 and w1 = b, by
switching a and b, in Theorem 2.8, we get the summation formulas for
the dual bi-periodic Lucas quaternions.
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3. Conclusion

In this paper, we defined the generalized dual bi-periodic Fibonacci
quaternions which is a further generalization of the dual Fibonacci quater-
nions in [1]. By means of this new generalization, we have a unified
approach to handle with many special dual quaternions in the litera-
ture. Also, the dual quaternions of unit length play an important role to
represent rigid body motions in three dimensional space. The results of
this paper would be interesting as an application in physics and robotic
motion besides the theory of dual quaternions in mathematics.
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