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[12]. The notion of one dimensional observer is very important in physics
and has been applied in information theory [5, 6]. A new concept of
topological entropy has been presented in [12] via multi-dimensional ob-
server. If X is a set, then a multi-dimensional observer of X is a mapping
µ : X →



i∈I
[0, 1] where I is an index set and



i∈I
[0, 1] = {g : I → [0, 1] | g

is a mapping }.

For example each information system can be considered as a multi-
dimensional observer. We recall that [9, 13] an information system is
a triple (X, I, F ) where X, and I are non-empty finite sets, and F =
{fi | fi is a map on X, and i ∈ I}. Since X is finite, then the im-
age of each fi is a finite set, so it can be correspond to a finite subset
of the interval [0, 1] via a one to one mapping gi. Thus up to these
correspondences an information system (X, I, F ) can be denoted by
a finite dimensional observer µ : X →



i∈I
[0, 1] defined by µ(x) =

(g1(f1(x)), g2(f2(x)), ..., g|I|(f|I|(x)), where X and I are finite sets, and
x ∈ X.

Fuzzy information system is considered an information system by allow-
ing each fi to take it’s values in the interval [0, 1] [10]. Hence it is also
an example of a multi-dimensional observer.

It is known that many nature processes are modeled by stochastic (or
random) process on finite spaces. In fact a stochastic process [2, 3] on a
finite space X is a sequence S = (Sn), where (Sn) is a random variable
on X with values in A = {a1, ..., a|A|} where n ∈ I, and I is N or
N0 = N


{0} or Z. If we correspond the image of each Sn with a finite

subset of the interval [0, 1] by a one to one map gn, then a stochastic
process S = (Sn) can be considered as a multi-dimensional observer
µ : X →



i∈I
[0, 1] defined by µ = (gnoSn), where I is N or N0 = N


{0}

or Z.

Therefore an information system, a fuzzy information system and a
stochastic process are examples of multi-dimensional observers. The
reader must pay attention to this point that the index set I in the
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definition of a multi-dimensional observer can be an uncountable set.

Let X be a set and f : X → X is a mapping. We denote f1 = f , f2 =
fof , . . . , fn−1 = fo...of , so we assume that {fn : n is a natural number}
is a semi-dynamical system on X. This dynamics on the set X creates
a new kind of measurement from an observer viewpoint which is men-
tioned in the next definition.

Definition 1.1. If E is a subset of X, then the relative probability mea-
sure of E with respect to a multi-dimensional observer µ is the mapping
mfµ(E) : X →



i∈I
[0, 1] defined by:

mfµ(E)(x) = lim supn→∞
1
n

n−1
i=0 χE(f i(x))µ(f i(x)), where χE is the

characteristic function of E.

Thus, the image of x ∈ X given by mfµ is the function g : X → [0, 1]. Rel-
ative probability measure is an extension of probability measure. To
show this: we assume that (X,B,m) is a probability space, and f :
(X,B,m) → (X,B,m) is an ergodic map. If E is a member of the σ-
algebra B, and if the one dimensional observer µ : X → [0, 1] is the
characteristic function of X, then Birkhoff ergodic theorem [14] implies
that

mfµ(E)(x) = lim sup
n→∞

1
n

n−1

i=0

χE(f i(x))χX(f i(x)) = m(E) a.e., for all x ∈ X.

Thus in the crisp case the relative probability measure of measurable
sets is equal to the probability measure of them, almost everywhere.

The researchers show that relative probability measure has subadditivity
property, and if a sequence of intricate subsets of X tend to it, then their
relative probability measures tend to the relative probability measure of
X. An equivalence relation on partitions which preserve the relative
entropy of a multi-dimensional observer is found. Conditional entropy
from an observer viewpoint is considered in section four. If we denote
the relative entropy of a multi-dimensional observer of partition A given
C at x ∈ X by Hf

µ(A/C)(x), then in section 4 we prove that:

(i) Hf
µ(A ∨ C/D)(x) = Hf

µ(A/D)(x) + Hf
µ(C/A ∨ D)(x).
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(ii) If A ⊆ C then Hf
µ(A)(x)  Hf

µ(C)(x).
(iii) If C ⊆ D then Hf

µ(A/C)(x)  Hf
µ(A/D)(x).

(iv) Hf
µ(A ∨ C/D)(x)  Hf

µ(A/D)(x) + Hf
µ(C/D)(x).

The researchers also consider independent finite partitions.

In section five relative entropy of a relative measure preserving map is
defined and the main properties of it are deduced. Some invetigations
concerning entropy of dynamical systems and the fuzzy case can be seen
in [7, 8].

2. Properties of Relative Probability Measure

In this section, the researchers provide a study of some properties of
relative probability measure and provide examples. Let µ be a multi-
dimensional observer ofX and let mfµ be the relative probability measure
created by µ and a dynamics f : X → X. Moreover let A,B be two
subsets of X with A ∩ B = ∅. Then for x ∈ X we have:

mfµ(A ∪ B)(x) = lim sup
1
n
Σn−1
i=0 χA∪B(f i(x)).µ(f i(x)) =

lim sup
1
n
Σn−1
i=0 (χA(f

i(x)) + χB(f i(x))).µ(f i(x)) =

lim sup(
1
n
Σn−1
i=0 χA(f i(x)).µ(f i(x)) +

1
n
Σn−1
i=0 χB(f i(x)).µ(f i(x))) =

mfµ(A)(x) + mfµ(B)(x).

Assume that E,F are two subsets of X and E ⊆ F then F = E ∪
(F − E). Hence the above discussion implies that mfµ(F − E)(x) =
mfµ(F )(x) − mfµ(E)(x), for all x ∈ X. Now we define an order on the
values of relative probability measures. For this purpose we use the norm
of bounded functions. In fact if h : X → R is a bounded function then
it’s norm is defined by h = supx∈X |h(x)|.
If E and F are two subsets of X and µ and η are two multi-dimensional
observers of X then we say that mfµ(E)(x)  mfη(F )(x) if and only if
χE(x)µ(x)  χF (x)η(x).
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The straightforward calculations imply that relative probability mea-
sure mfµ(.) has the subadditivity property. Moreover if E ⊆ F then
mfµ(E)(x)  mfµ(F )(x), for all x ∈ X.

Theorem 2.1. If A1 ⊆ A2 ⊆ ... ⊆ X and A = ∪∞i=1An, then for all
x ∈ X,limn→∞ mfµ(An)(x) = mfµ(A)(x).

Proof. If B1 = A1 and Bn = An − An−1(n  2) then∪∞n=1Bn =
∪∞n=1An = A and Bn ∩ Bm = ∅, (n = m). Hence

lim
n→∞

mfµ(An)(x) = lim
n→∞

mfµ(∪ni=1Bi)(x) = lim
n→∞

Σni=1 m
f
µ(Bi)(x)

= Σ∞i=1 m
f
µ(Bi)(x)  mfµ(A)(x).

Since An ⊆ A then mfµ(An)(x)  mfµ(A)(x). Thus limn→∞ mfµ(An)(x) =
mfµ(A)(x). 

Example 2.2. Suppose X = R\{0, 1} and f : X → X is defined by
x → 1

x . If E = [0, 1] ∩ Q and µ : X →


i∈I
[0, 1] is defined by x → µ(x)

where µ(x) : I → [0, 1] is the map µ(x)(i) = 1
i+x+1 then

mfµ(E)(x) =






1
2µ(

1
x) if x ∈ (1,∞) ∩ Q

1
2µ(x) if x ∈ (0, 1) ∩ Q
0 otherwise.

3. Relative Entropy of a Multi-Dimensional Ob-
server for Partitions

In this section, the notion of relative entropy of a multi-dimensional ob-
server for partition A is defined and an example is provided. A partition
of X is a disjoin collection of elements of P (X) that its union is X,
whenever P (X) is a power set of X [11]. If ξ is a finite partition of X,
then the collection of elements of P (X) which are unions of elements
of ξ is a finite subset of P (X). We denote it by A(ξ) [11]. Conversely,
if C is a finite subset of P (X), then the non-empty sets of the form
B1 ∩ · · · ∩ Bn, whenever Bi = Cj or X − Cj for all Cj belong to C,
form a finite partition of X. We denote it by ξ(C). Suppose ξ and η
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are two finite partitions of X. We write ξ  η to mean that each ele-
ment of ξ is a union of elements of η [11]. Let A = {A1, ..., An}, and
C = {C1, ..., Cn} be two finite partitions of X. Then their join is the
partition: A ∨ C = {Ai ∩ Cj : 1  i  n, 1  j  k} [11]. A map
T : X → X is measure-preserving if mfµ(T−1E)(x) = mfµ(E)(x)for all
x ∈ X [11]. The map T can be called as a discrete dynamical system.

Let C,D be two subsets of P (X) we write C ⊂fµ D if for every C ∈ C
there exists D ∈ D with mfµ(D∆C)(x) = 0.

Definition 3.1. Let A be a finite subset of P (X) with ξ(A) = {A1, ..., An}. Then
the relative entropy of a multi-dimensional observer of A is the number
Hf
µ(A)(x) = −

n
i=1 mfµ(Ai)(x) log mfµ(Ai)(x).

Hf
µ(A)(x) is a multi-dimensional measure of the uncertainty removed

by performing the experiment with outcome {A1, ..., An} when a multi-
dimensional observer pointed to x. We assume 0 log 0 = 0.

If A = {X} then ξ(A) = {X, ∅}. Thus
Hf
µ(X)(x) = −mfµ(∅)(x) log (mfµ(∅)(x))− mfµ(X)(x) log (mfµ(X)(x))

= −mfµ(X)(x) log (mfµ(X)(x))

and if mfµ(X)(x) = 1 then Hf
µ(X) = 0. Here A represents the out-

come of a certain experiment so there is no uncertainty about the out-
come. Therefore the uncertainty of the observer is zero.
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and assume that f : X −→ X is the identity function. If E = {x1, x2}
then

mfµ(E)(x1) = lim sup
n→∞

1
n

n−1

i=0

χE(f i(x1))µ(f i(x1)) = µ(x1) = (0.85, 0.9, 0.75).

For j = 1, ..., 5 we have

mfµ(X)(xj) = lim sup
n→∞

1
n

n−1

i=0

χX(f i(xj))µ(f i(xj)) =

lim sup
n→∞

1
n

n−1

i=0

µ(f i(xj)) = µ(xj)

Let A = {{x1}, {x2}, {x3}, {x4}, {x5}}. Then

Hf
µ(A)(x1) = −

5

i=1

mfµ(Ai)(x1) log mfµ(Ai)(x1) =

−mfµ(A1)(x1) log mfµ(A1)(x1) =

−µ(x1) log µ(x1) = −µ(x1) log(0.9) = 0.11µ(x1) = (0.09, 0.1, 0.08).

Also we have

Hf
µ(A)(x4) = −

5

i=1

mfµ(Ai)(x4) log mfµ(Ai)(x4) =

−mfµ(A4)(x4) log mfµ(A4)(x4) =

−µ(x4) log µ(x4) = −µ(x4) log(0.86) = 0.15µ(x4) = (0.13, 0.13, 0.08).

If we compare Hf
µ(A)(x1) and Hf

µ(A)(x4), then we see that the relative
entropy of A when observer is pointed to x4 is more than the case in
which observer is pointed to x1. Thus the student x1 is more rulable
than x4.

Let A be a finite partition of P (X). Since mfµ(Ai)(x)  mfµ(X)(x) then
mfµ(Ai)(x)  mfµ(X)(x).
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the proof of some ergodic properties of the suggested measures.

We know the conditional probability play an important role in stochas-
tic processes, so in this section it is considered from the viewpoint of
an observer. Suppose A, C are subsets of P (X) with k and p members
respectively.

Definition 4.1. We define the relative entropy of a multi-dimensional
observer of A given C(called relative conditional entropy) by:

Hf
µ(A/C)(x) =

−
p

j=1

k

i=1

[mf
µ(Ai∩Cj)(x) log mf

µ(Ai∩Cj)(x)−mf
µ(Ai∩Cj)(x) log mf

µ(Cj)(x)].

In the case C = {∅, X} we have

Hf
µ(A/C)(x) =

−
k

i=1

[[mfµ(Ai∩∅)(x) log mfµ(Ai∩∅)(x)−mfµ(Ai∩∅)(x) log mfµ(∅)(x)]+

[mfµ(Ai ∩ X)(x) log mfµ(Ai ∩ X)(x) − mfµ(Ai ∩ X)(x) log mfµ(X)(x)]]

= −
k

i=1

[mfµ(Ai)(x) log mfµ(Ai)(x) − mfµ(Ai)(x) log mfµ(X)(x)]

= Hf
µ(A)(x) +

k

i=1

mfµ(X)(x) log mfµ(X)(x) = Hf
µ(A)(x)− Hf

µ(X)(x).

In the crisp case we have mfµ(X)(x) = 1. Hence in this case Hf
µ(A/C)(x)

= Hf
µ(A)(x). If ξ(A) = {Ai}, ξ(C) = {Cj}, ξ(D) = {Dk} are finite par-

titions of X, then {Ai∩Cj} for all and {Dk ∩Cj} are partitions of X. If
A =fµ D thenA ∩ C =fµ D ∩ C. Thus for given Ai ∩ Cj ∈ A ∩ C the exists
Dk ∩ Cm ∈ D ∩ C such that mfµ(Ai ∩ Cj)(x) = mfµ(Dk ∩ Cm)(x). Hence

Hf
µ(A/C)(x) =

−


i,j

[mfµ(Ai∩Cj)(x) log mfµ(Ai∩Cj)(x)−mfµ(Ai∩Cj)(x) log mfµ(Cj)(x)]
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= −


k,j

[mf
µ(Dk∩Cj)(x) log mf

µ(Dk∩Cj)(x)−mf
µ(Dk∩Cj)(x) log mf

µ(Cj)(x)]

= Hf
µ(D/C)(x).

Also in relative conditional entropy we have Hf
µ(A/C)(x) = Hf

µ(A/D)(x).

Theorem 4.2. Suppose that A, C,D are finite partitions of X. Then
Hf
µ(A ∨ C/D)(x) = Hf

µ(A/D)(x) + Hf
µ(C/A ∨ D)(x).

Proof. Let ξ(A) = {Ai}, ξ(C) = {Cj}, ξ(D) = {Dk}. Then

Hf
µ(A ∨ C/D)(x) =

−


i,j,k

[mfµ(Ai ∩ Cj ∩ Dk)(x) log mfµ(Ai ∩ Cj ∩ Dk)(x)

−mfµ(Ai ∩ Cj ∩ Dk)(x) log mfµ(Dk)(x)]

= −


i,j,k

[mfµ(Ai ∩ Cj ∩ Dk)(x) log mfµ(Ai ∩ Dk)(x)

−mfµ(Ai ∩ Cj ∩ Dk)(x) log mfµ(Dk)(x)]

−


i,j,k

[mfµ(Ai ∩ Cj ∩ Dk)(x) log mfµ(Ai ∩ Cj ∩ Dk)(x)

−mfµ(Ai ∩ Cj ∩ Dk)(x) log mfµ(Ai ∩ Dk)(x)]

= −


i,k

[mfµ(Ai ∩ Dk)(x) log mfµ(Ai ∩ Dk)(x)

−mfµ(Ai ∩ Dk)(x) log mfµ(Dk)(x)] + Hf
µ(C/A ∨ D)(x)

= Hf
µ(A/D)(x) + Hf

µ(C/A ∨ D)(x). 

The previous theorem implies if A, C are finite partitions of X then
Hf
µ(A ∨ C)(x) = Hf

µ(A)(x) + Hf
µ(C/A)(x).

Theorem 4.3. If A, C are finite partitions of X, and A ⊆ C then
Hf
µ(A)(x)  Hf

µ(C)(x).
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Proof. Let ξ(A) = {Ai}, ξ(C) = {Cj}. Then ξ(A)  ξ(C). For given
Cj ∈ C there exists Ai ∈ A such that Cj ⊆ Ai. Hence mfµ(Cj)(x) 
mfµ(Ai)(x). Thus log mfµ(Cj)(x)  log mfµ(Ai)(x). Hence

−mfµ(Ai)(x) log mfµ(Cj)(x)  −mfµ(Ai)(x) log mfµ(Ai)(x).

Therefore

−


i

mfµ(Ai)(x) log mfµ(Ai)(x)  −


i

mfµ(Ai)(x) log mfµ(Cj)(x).

Thus
Hf
µ(A)(x)  −



i

mfµ(Ai)(x) log mfµ(Cj)(x) =

−mfµ(X)(x) log mfµ(Cj)(x) = −mfµ(∪jCj)(x) log mfµ(Cj)(x) =

−


j

mfµ(Cj)(x) log mfµ(Cj)(x) = Hf
µ(C)(x). 

If A, C, D are finite partitions of X and A ⊆ C then ξ(A)  ξ(C). Since
A ∨ C = C then

Hf
µ(C/D)(x) = Hf

µ(A ∨ C/D)(x) =

Hf
µ(A/D)(x) + Hf

µ(C/A ∨ D)(x)  Hf
µ(A/D)(x).

Theorem 4.4. If A, C, D are finite partitions of X and C ⊆ D then
Hf
µ(A/C)(x)  Hf

µ(A/D)(x).

Proof. We first assume mfµ(Cj)(x) = 0 and mfµ(Dk)(x) = 0 for all
x ∈ X. Let i, j, be given and let φ : [0,∞] → R be defined by

φ(x) =


0 textif x = 0,
x log x if x = 0

then theorem 4.2 of [14] implies

φ(


k

mfµ(Dk ∩ Cj)(x)
mfµ(Cj)(x)

× mfµ(Ai ∩ Dk)(x)
mfµ(Dk)(x)

) 
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k

mfµ(Dk ∩ Cj)(x)
mfµ(Cj)(x)

φ(
mfµ(Ai ∩ Dk)(x)

mfµ(Dk)(x)
).

Thus

φ(
mfµ(Ai ∩ Cj)(x)

mfµ(Cj)(x)
) 



k

mfµ(Dk)(x)
mfµ(Cj)(x)

φ(
mfµ(Ai ∩ Dk)(x)

mfµ(Dk)(x)
).

Thus
mfµ(Ai ∩ Cj)(x)

mfµ(Cj)(x)
log

mfµ(Ai ∩ Cj)(x)
mfµ(Cj)(x)





k

mfµ(Dk)(x)
mfµ(Cj)(x)

mfµ(Ai ∩ Dk)(x)
mfµ(Dk)(x)

log
mfµ(Ai ∩ Dk)(x)

mfµ(Dk)(x)
.

Hence


i,j

mfµ(Ai ∩ Cj)(x) log
mfµ(Ai ∩ Cj)(x)

mfµ(Cj)(x)




i

mfµ(Ai ∩ Cj)(x) log
mfµ(Ai ∩ Cj)(x)

mfµ(Cj)(x)




i,k

mfµ(Ai ∩ Dk)(x) log
mfµ(Ai ∩ Dk)(x)

mfµ(Dk)(x)
.

Therefore



i,j

mfµ(Ai ∩ Cj)(x) log
mfµ(Ai ∩ Cj)(x)

mfµ(Cj)(x)




i,j

mfµ(Ai ∩ Cj)(x) log
mfµ(Ai ∩ Cj)(x)

mfµ(Cj)(x)




i,k

mfµ(Ai ∩ Dk)(x) log
mfµ(Ai ∩ Dk)(x)

mfµ(Dk)(x)
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i,k

mfµ(Ai ∩ Dk)(x) log
mfµ(Ai ∩ Dk)(x)

mfµ(Dk)(x)
.

Thus


i,j

[mfµ(Ai∩Cj)(x) log mfµ(Ai∩Cj)(x)−mfµ(Ai∩Cj)(x) log mfµ(Cj)(x)] 



i,k

[mfµ(Ai∩Dk)(x) log mfµ(Ai∩Dk)(x)−mfµ(Ai∩Dk)(x) log mfµ(Dk)(x)].

Hence
− Hf

µ(A/C)(x)  − Hf
µ(A/D)(x).

Thus
Hf
µ(A/C)(x)  Hf

µ(A/D)(x).

If mfµ(Dk)(x) = 0 for some k then

Hf
µ(A/C)(x)  Hf

µ(A/D)(x) = 0.

If mfµ(Cj)(x) = 0 for some j then there exists Dk ∈ D such that
mfµ(Dk)(x) = 0. Thus

Hf
µ(A/C)(x) = 0  Hf

µ(A/D)(x) = 0. 

In a special case if we take C = {∅, X}, then Hf
µ(A)(x) − Hf

µ(X)(x) 
Hf
µ(A/D)(x). Thus Hf

µ(A)(x)  Hf
µ(A/D)(x).

Theorem 4.5. If A, C, D are finite partitions of X then
Hf
µ(A ∨ C/D)(x)  Hf

µ(A/D)(x) + Hf
µ(C/D)(x).

Proof. Since A ∨ D ⊇ D then Hf
µ(C/A ∨ D)(x)  Hf

µ(C/D)(x). Hence

Hf
µ(A∨C/D)(x) = Hf

µ(A/D)(x)+ Hf
µ(C/A∨D)(x)  Hf

µ(A/D)(x)+ Hf
µ(C/D)(x). 

If we take D = {∅, X} then the above theorem implies Hf
µ(A ∨ C)(x) −

Hf
µ(X)(x)  Hf

µ(A)(x) − Hf
µ(X)(x) + Hf

µ(C)(x) − Hf
µ(X)(x).

Thus Hf
µ(A ∨ C)(x)  Hf

µ(A)(x) + Hf
µ(C)(x) − Hf

µ(X)(x).
Therefore Hf

µ(A ∨ C)(x)  Hf
µ(A)(x) + Hf

µ(C)(x).
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If A, and C are finite partitions of P (X) then we say A and C are
independent if mfµ(A ∩ C)(x) = mfµ(A)(x).mfµ(C)(x), where A ∈
A, C ∈ C, and x ∈ X.

Theorem 4.6.Assume A, C are finite partitions of (X, mfµ) and mfµ(X)(x)
=


1 for all x ∈ X, then Hf
µ(A/C)(x) = Hf

µ(A)(x) if and only if A
and C are independent.

Proof. If A and C are independent then it is clear that Hf
µ(A/C)(x) =

Hf
µ(A). Conversely: Let Hf

µ(A/C)(x) = Hf
µ(A)(x) for all x ∈ X, and let

φ be the function which is defined in the proof of theorem 4.3.Then
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µ(Ai∩Cj)(x) = ai.


j mfµ(Cj)(x). Therefore ai = mfµ(Ai)(x).

Hence mfµ(Ai ∩ Cj)(x) = mfµ(Ai)(x).mfµ(Cj)(x) for all i, j. 

5. Relative Entropy of a Multi-Dimensional
Observer of a Measure Preserving Transfor-
mation

In this section the notion of entropy is extended. [1, 4] The researchers
assume that T : X → X is a relative measure-preserving transformation
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If A, and C are finite partitions of P (X) then we say A and C are
independent if mfµ(A ∩ C)(x) = mfµ(A)(x).mfµ(C)(x), where A ∈
A, C ∈ C, and x ∈ X.

Theorem 4.6.Assume A, C are finite partitions of (X, mfµ) and mfµ(X)(x)
=


1 for all x ∈ X, then Hf
µ(A/C)(x) = Hf

µ(A)(x) if and only if A
and C are independent.

Proof. If A and C are independent then it is clear that Hf
µ(A/C)(x) =

Hf
µ(A). Conversely: Let Hf

µ(A/C)(x) = Hf
µ(A)(x) for all x ∈ X, and let

φ be the function which is defined in the proof of theorem 4.3.Then

φ(
k
j=1 mfµ(Cj)(x).m

f
µ(Ai∩Cj)(x)
mf

µ(Cj)(x)
) 
k
j=1 mfµ(Cj)(x)φ(m

f
µ(Ai∩Cj)(x)
mf

µ(Cj)(x)
).

Hence (
k
j=1 mfµ(Ai ∩ Cj)(x)) log(

k
j=1 mfµ(Ai ∩ Cj)(x))


k
j=1[m

f
µ(Cj)(x).m

f
µ(Ai∩Cj)(x)
mf

µ(Cj)(x)
log m

f
µ(Ai∩Cj)(x)
mf

µ(Cj)(x)
)].

Thus
mfµ(Ai)(x) log mfµ(Ai)(x) 

k
j=1 mfµ(Ai∩Cj)(x) log m

f
µ(Ai∩Cj)(x)
mf

µ(Cj)(x)
.

Hence −mfµ(Ai)(x) log mfµ(Ai)(x)  −
k
j=1[m

f
µ(Ai∩Cj)(x) log mfµ(Ai∩

Cj)(x) − mfµ(Ai ∩ Cj)(x) log mfµ(Cj)(x)].
The equality occures only when mfµ(Ai ∩ Cj)(x)/mfµ(Cj)(x) does
not depend to j, i.e. mfµ(Ai ∩ Cj)(x)/mfµ(Cj)(x) = ai or mfµ(Ai ∩
Cj)(x) = ai.mfµ(Cj)(x). Thus


j m

f
µ(Ai∩Cj)(x) = ai.


j mfµ(Cj)(x). Therefore ai = mfµ(Ai)(x).

Hence mfµ(Ai ∩ Cj)(x) = mfµ(Ai)(x).mfµ(Cj)(x) for all i, j. 

5. Relative Entropy of a Multi-Dimensional
Observer of a Measure Preserving Transfor-
mation

In this section the notion of entropy is extended. [1, 4] The researchers
assume that T : X → X is a relative measure-preserving transformation
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(relative dynamical system), and U0 is the set of all finite partitions of
X. For A ∈ U0 the function hfµ(T,A)(x) = limn→∞− 1

n
Hf
µ(∨n−1

i=0 T−iA)(x)
is called the relative entropy of T with respect to A and µ.
hfµ(T )(x) = supA∈U0

hfµ(T,A)(x) is called the relative entropy of T at X.

Theorem 5.1. If T : X → X is a relative dynamical system and A ∈ U0

then limn→∞( 1
n) H

f
µ(
n−1
i=0 T−iA)(x) exists.

Proof. Let an = sup[ Hf
µ(
n−1
i=0 T−iA)(x)]  0 , then

an+p = sup[ Hf
µ(
n+p−1
i=0 T−iA)(x)]  sup[ Hf

µ(
n−1
i=0 T−iA)(x)]

+ sup[ Hf
µ(
n+p−1
i=n T−iA)(x)] = an+sup[ Hf

µ(
p−1
i=0 T−iA)(x)] = an+ ap.

Thus lim an
n exists. 

Theorem 5.2. If A ∈ U0 then 1
n+1

Hf
µ(∨ni=0T

−iA)(x)  1
n
Hf
µ(∨n−1

i=0 T−iA)(x).

Proof. By induction we have Hf
µ(∨n−1

i=0 T−iA)(x) = Hf
µ(A)(x) +n−1

j=1
Hf
µ(A/ ∨ji=1 T−iA)(x).

Hence Hf
µ(∨n−1

i=0 T−iA)(x)  n Hf
µ(A/ ∨ni=0 T−iA)(x).

Thus n Hf
µ(∨ni=0T

−iA)(x) = n[ Hf
µ(∨n−1

i=0 T−iA)(x)+ Hf
µ(A/∨ni=0T

−iA)(x)] 
(n+ 1) Hf

µ(∨n−1
i=0 T−iA)(x).

Therefore 1
n+1

Hf
µ(∨ni=0T

−iA)(x)  1
n
Hf
µ(∨n−1

i=0 T−i)(x). 

For A, C ∈ U0 we have 1
n
Hf
µ(∨n−1

i=0 T−iA)(x)  1
n

n−1
i=0

Hf
µ(T−iA)(x) =

1
n

n−1
i=0

Hf
µ(A)(x) = Hf

µ(A)(x) and so hfµ(T,A)(x)  Hf
µ(A)(x).

Also since Hf
µ(
n−1
i=0 T−i(A ∨ C))(x) = Hf

µ(
n−1
i=0 T−iA ∨

n−1
i=0 T−iC)(x)

 Hf
µ(∨n−1

i=0 T−iA)(x) + Hf
µ(∨n−1

i=0 T−iC)(x), then
1
n
Hf
µ(∨n−1

i=0 T−i(A∨C))(x)  1
n
Hf
µ(∨n−1

i=0 T−iA)(x)+ 1
n
Hf
µ(∨n−1

i=0 T−iC)(x).
Hence hfµ(T,A ∨ C)(x)  hfµ(T,A)(x) + hfµ(T, C)(x).
Suppose A ⊆fµ C then for n  1 we have ∨n−1

i=0 T−iA ⊆fµ ∨n−1
i=0 T−iC. Thus

Hf
µ(∨n−1

i=0 T−iA)(x)  Hf
µ(∨n−1

i=0 T−iC)(x). Hence 1
n
Hf
µ(∨n−1

i=0 T−iA)(x) 
1
n
Hf
µ(∨n−1

i=0 T−iC)(x) so hfµ(T,A)(x)  hfµ(T, C)(x).

Theorem 5.3. If A, C ∈ U0 then hfµ(T,A)(x)  hfµ(T, C)(x)+ Hf
µ(A/C)(x).

Proof. Hf
µ(
n−1
i=0 T−iA)(x)  Hf

µ((
n−1
i=0 T−iA) ∨ (

n−1
i=0 T−iC))(x)

= Hf
µ(
n−1
i=0 T−iC)(x) + Hf

µ((
n−1
i=0 T−iA)/(

n−1
i=0 T−iC))(x).

Since Hf
µ((
n−1
i=0 T−iA)/(

n−1
i=0 T−iC))(x) 

n−1
i=0

Hf
µ((T−iA)/(

n−1
j=0 T−jC))(x)
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n−1
i=0

Hf
µ(T−iA/T−iC)(x) = n Hf

µ(A/C)(x) then
Hf
µ(
n−1
i=0 T−iA)(x)  Hf

µ(
n−1
i=0 T−iC)(x) + n Hf

µ(A/C)(x).
Therefore 1

n
Hf
µ(
n−1
i=0 T−iA)(x)  1

n
Hf
µ(
n−1
i=0 T−iC)(x) + Hf

µ(A/C)(x).
Hence
hfµ(T,A)(x)  hfµ(T, C)(x) + Hf

µ(A/C)(x). 

Theorem 5.4. If A ∈ U0, then hfµ(T,A)(x) = hfµ(T,∨ki=0T
−iA)(x),

where x ∈ X and k  1.

Proof.We have hfµ(T,∨ki=0T
−iA)(x) = limn→∞ 1

n
Hf
µ(
n−1
j=0 T−j(

k
i=0 T

−iA))(x)
= limn→∞ 1

n
Hf
µ(
k+n−1
i=0 T−iA)(x)

= limn→∞(k+n−1
n )( 1

k+n−1) H
f
µ(
k+n−1
i=0 T−iA)(x) = hfµ(T,A)(x). 

In the above theorem if we assume T is invertible, then for k  1 we
have hfµ(T,A)(x) = hfµ(T,∨ki=−kT iA)(x).

Theorem 5.5. If k > 0, and x ∈ X then
(i) hfµ(T k)(x) = khfµ(T )(x).
(ii) hfµ(T k)(x) = |k|hfµ(T )(x) when T is invertible.

Proof. (i) We have
hfµ(T k,

k−1
i=0 T−iA)(x) = limn→∞ 1

n
Hf
µ(
n−1
j=0 T−kj(

k−1
i=0 T−iA))(x)

= limn→∞ 1
n
Hf
µ(
n−1
j=0

k−1
i=0 T−kj−iA)(x) = limn→∞ k

nk
Hf
µ(
nk−1
i=0 T−iA)(x)

= khfµ(T,A)(x). Thus

khfµ(T )(x) = k supA∈U0
(hfµ(T,A)(x)) = supA∈U0

(khfµ(T,A)(x))
= supA∈U0

hfµ(T k,
k−1
i=0 T−iA)(x)  supA∈U0

hfµ(T k, C)(x) = hfµ(T k)(x).
We also have hfµ(T k,A)(x)  hfµ(T k,

k−1
i=0 T−iA)(x) = khfµ(T,A)(x).

Thus hfµ(T k)(x)  khfµ(T )(x).

(ii) This part follows part (i) and this fact which hfµ(T−1)(x) = hfµ(T )(x). 
As a result of the previous theorem one can construct relative measure
preserving maps with entropies larger than any positive real number.
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6. Conclusions

In this paper the researchers considered the multi-dimensional observer
as a model for realistic phenomena. Relative probability measures, rel-
ative entropy of partitions, relative conditional entropy, and relative
entropy of a relative measure preserving map via multi-dimensional ob-
servers were studied and examples were provided.
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