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Abstract. ORBIT is a derivative-free trust-region framework that
employs a radial basis function (RBF) interpolation to solve the compu-
tationally expensive optimization problems. The accuracy and stability
of RBFs depend on a so-called shape parameter and number of data
points. So, it is more appropriate to determine these parameters prop-
erly. In this paper, we evaluate the performance of ORBIT algorithm by
different types of RBFs, different numbers of data points and different
shape parameter values. We utilize Dolan-Moré performance profile and
Moré-Wild data profile to investigate the performance of algorithms. Fi-
nally, based on this numerical study we propose some recommendations
for the type of RBF, the number of data points and the shape parameter
value.
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1. Introduction

Consider the following unconstrained minimization problem

min f(x) x ∈ Rn, (1)
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where Rn denotes an n-dimensional Euclidean space and f : Rn −→ R is
a nonlinear, real-valued, and continuous function that is bounded from
below. We are interested in the case that the derivatives of f(x) are
not available or are computationally expensive. These kinds of problems
occur relatively frequently in the industry when the value of f(x) is
obtained from some physical, chemical or econometrical experiment or
measurement, see [2, 11].

An important class of optimization algorithms to solve the unconstrained
optimization problem (1) work based on the trust-region framework
which is a prominent class of iterative methods [23, 8, 10, 19]. In this
framework, the objective function is approximated by a model, and this
model is minimized in a neighborhood of the current iterate. We regard
the neighborhood as a trust-region. The trust-region methods have been
used by Levenberg [18] and Marquardt [15] for nonlinear least-squares
problems and by Goldfeld et al. [12] for unconstrained optimization. In
1970, trust-region frameworks have been revived by Powell for uncon-
strained optimization [20].

Some of these trust-region algorithms employ a radial basis function
(RBF) model, see for example [22]. One of the efficient algorithms of
this class is ORBIT, which was presented in 2008 by Wild et al. [28].
The RBF interpolations are derivative-free, so they are effective when
all derivatives of the objective function are unavailable, unreliable or
impractical to obtain or to approximate numerically. In ORBIT the RBF
models are often considered to interpolate a nonlinear function using
fewer function evaluations than required by nonlinear polynomial models
used by other techniques.

As we expected, the RBF interpolants can affect the efficiency of the
ORBIT algorithm. At the same time, the RBF interpolation depends on
the type of RBF and the number of data points. Also, some RBFs used
by ORBIT such as Gaussian and Multiquadric depend on a so-called
shape parameter. These parameters have a significant effect on the in-
terpolation model and therefore on the algorithm efficiency [1, 29]. Ac-
cordingly, it is more efficient to use a proportional shape parameter and
a proper number of data points to solve an optimization problem. In
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this paper, we evaluate the performance of ORBIT algorithm by differ-
ent types of RBF, different numbers of data points and different shape
parameter values. So, based on this numerical study we propose some
recommendations to select the appropriate options.

To investigate the performance of algorithms we utilize Dolan-Moré per-
formance profiles [4]. In addition, ORBIT uses a gradient-based conver-
gence test. Therefore, it may never be able to provide a high-accuracy
solution for some expensive functions [16]. In order to get solutions with
different accuracy, we apply a gradient-free convergence test to ORBIT
which is proposed by Elster and Neumaier [5]. Using this convergence
test we again evaluate the performance of ORBIT. Here, to show the
performance of different solvers we utilize Moré-Wild data profiles [16].

The rest of this paper is organized as follows. Section 2 gives a brief
description of RBF models and their properties. We review the frame-
work of ORBIT algorithm in Section 3. In Section 4, we investigate the
performance of ORBIT by different options. In addition, preliminarily
numerical results and some recommendations are provided in this sec-
tion. Finally, some conclusions are made in Section 5.

2. Radial Basis Functions

The RBF interpolants are truly meshless and simple enough tools to
model smooth and high-dimensional functions [6]. In scattered data in-
terpolation using RBFs, the approximation of a function f(X) at the
centers χ = {X1, . . . , XN} may be written as a linear combination of N
radial functions. It usually takes the following form:

sf,χ(X) =
N

j=1

αjφ(X −Xj) +
Q

k=1

βkpk(X). (2)
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Table 1: Some well-known functions that generate RBFs

Here, Q denotes the dimension of polynomial space πm−1(Rd), which
πm−1(Rd) corresponds to the linear space of d variables polynomials
provided that their total degree is less than or equal tom−1. It should be
noted that {p1, . . . , pQ} denotes a basis for polynomial space πm−1(Rd),
X = (x1, x2, . . . , xd) and d is the dimension of problem. α’s and β’s
are coefficients that should be determined and φ is an RBF. Some well-
known RBFs are listed in Table 1.

To cope with additional degrees of freedom, the interpolation conditions

sf,χ(Xj) = f(Xj), 1  j  N, (3)

are completed by the additional conditions

N

j=1

αjpk(Xj) = 0, 1  k  Q. (4)

Solvability of this system is therefore equivalent to solvability of the
system: 

Aφ,χ P
P T 0


c
b


=

f |χ
0


, (5)

where Aφ,χ = (φ(Xj − Xk)) ∈ RN×N , P = (pk(Xj)) ∈ RN×Q, f |χ =
(f(Xj)) ∈ RN , c = [c1, ..., cN ]T ∈ RN and b = [β1, β2, .., βQ]T . Also, P T

denotes the transpose of matrix P . This last system is obviously solvable
if the coefficient matrix on the left-hand side is invertible [26].

Definition 2.1. A radial basis function φ is called positive definite if

N

j=1

N

k=1

cjckφ(Xj −Xk) > 0

92 M. AHMADVAND, M. ESMAEILBEIGI, F. YAGHOOBI ANDA. KAMANDI

where Rn denotes an n-dimensional Euclidean space and f : Rn −→ R is
a nonlinear, real-valued, and continuous function that is bounded from
below. We are interested in the case that the derivatives of f(x) are
not available or are computationally expensive. These kinds of problems
occur relatively frequently in the industry when the value of f(x) is
obtained from some physical, chemical or econometrical experiment or
measurement, see [2, 11].

An important class of optimization algorithms to solve the unconstrained
optimization problem (1) work based on the trust-region framework
which is a prominent class of iterative methods [23, 8, 10, 19]. In this
framework, the objective function is approximated by a model, and this
model is minimized in a neighborhood of the current iterate. We regard
the neighborhood as a trust-region. The trust-region methods have been
used by Levenberg [18] and Marquardt [15] for nonlinear least-squares
problems and by Goldfeld et al. [12] for unconstrained optimization. In
1970, trust-region frameworks have been revived by Powell for uncon-
strained optimization [20].

Some of these trust-region algorithms employ a radial basis function
(RBF) model, see for example [22]. One of the efficient algorithms of
this class is ORBIT, which was presented in 2008 by Wild et al. [28].
The RBF interpolations are derivative-free, so they are effective when
all derivatives of the objective function are unavailable, unreliable or
impractical to obtain or to approximate numerically. In ORBIT the RBF
models are often considered to interpolate a nonlinear function using
fewer function evaluations than required by nonlinear polynomial models
used by other techniques.

As we expected, the RBF interpolants can affect the efficiency of the
ORBIT algorithm. At the same time, the RBF interpolation depends on
the type of RBF and the number of data points. Also, some RBFs used
by ORBIT such as Gaussian and Multiquadric depend on a so-called
shape parameter. These parameters have a significant effect on the in-
terpolation model and therefore on the algorithm efficiency [1, 29]. Ac-
cordingly, it is more efficient to use a proportional shape parameter and
a proper number of data points to solve an optimization problem. In

� �� ���������� �� ������������� �� �������� ��� �� �������

����� �� ���� ���������� ��������� ���� �������� ����

���� �� �������� ��������� ����������

����� � ��� � ����� ��������� ������

������������ ���� � ��� � �
�

����� � �� ��������� ������

������� ������������ ����� � ��� � �
��

����� � ��
���

��������� ������

�������� ���� � ��� � ����� �����
��

� ��������� ������

���� ����� ������ ����� � ����������������� ��� ���� � � � � ��������� ������

������� ������ � �����������
� � � � � ��������� ������

����� � ������� ��� ��������� �� ���������� ����� ��������� �����
�������� ����������� �� ��� ������ ����� �� � ��������� �����������
�������� ���� ����� ����� ������ �� ���� ���� �� ����� ������ �� ������ ��
����� ���� ���� � � � � ��� ������� � ����� ��� ���������� ����� ���������
� � ���� ��� � � � � ��� ��� � �� ��� ��������� �� �������� ��� ��� ���
��� ���������� ���� ������ �� ���������� ��� � �� �� ���� ���� �����
����� ���� ��� ������ �� ����� ��

�� ���� ���� ���������� ������� �� �������� ��� ������������� ������
�����

�������� � ������ � � � � �� ���

��� ��������� �� ��� ���������� ����������

��

���

�������� � �� � � � � �� ���

����������� �� ���� ������ �� ��������� ���������� �� ����������� �� ���
������� �

���� �
� � �

��
�
�

�
�

�
� ��
�

�
� ���

����� ���� � ����� � ���� � ���� � � � �������� � ����� � �� �
������� � �� � � � ���� ���� �� �� � �� ��� � � ���� ��� ��� ���

� � �����
� � ������� ��� ��������� �� ������ � � ���� ���� ������ �� ���������
�������� �� ��� ��������� ������ �� ��� ��������� ���� �� ���������� �����



PERFORMANCE EVALUATION OF ORBIT ALGORITHM ... 95

for any N pairwise distinct points X1, ..., XN ∈ Rd, and for all nonzero
C = [c1, ..., cN ]T ∈ RN . In addition, φ is called conditionally positive
definite of order m on Rd, if

N
j=1 cjp(Xj) = 0 for any polynomial p of

degree at most m− 1.

Equation (2) can be written without the polynomial
Q

k=1 βkpk(X). In
that case, to ensure the solvability of the resulted system, φ must be
unconditionally positive definite i.e.,

CTAφ,χC > 0, (6)

(e.g. φ can be Gaussian or Inverse multiquadric). However
Q

k=1 βkpk(X)
is required when φ is conditionally positive definite. For instance, sup-
pose that φ belongs to the Thin plate splines.

Definition 2.2. If φ : Rd −→ R is a radial basis function then support
of φ is defined as

supp(φ) = {X ∈ Rd;φ(X) = 0}.

If the supp(φ) is a compact set then φ is called compactly supported
RBF (CSRBF). Otherwise, φ is called globally supported RBF.

It must be noted that radial basis functions that are conditionally pos-
itive definite of order one (such as Multiquadric) can be used without
appending the constant term to solve the scattered data interpolation
problem [7]. Moreover, since positive definite or conditionally positive
definite functions are usually globally supported, the interpolation ma-
trix obtained by some RBFs is full and may be very ill-conditioned.

Although for improving the conditioning of the system of collocation
equations CSRBFs have been applied, the CSRBFs vanish beyond an
user’s defined threshold distance σ. Therefore, only the entries in the
collocation matrix corresponding to collocation nodes lying closer than
σ to a given CSRBF center are nonzero, and thus lead to a sparse ma-
trix. In fact, the interest in CSRBFs waning as it became evident that,
in order to obtain a good accuracy, the overlap distance σ should cover
most nodes in the points set, results in a populated matrix again [14].
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The accuracy and stability of infinitely smooth φ(x) depend on the num-
ber of data points p and the shape parameter value ε [29]. For a fixed ε,
as the number of data points increases, the RBF interpolation converges
to a sufficiently smooth function. For a fixed number of data points,
Madych [13] has shown that the accuracy of RBF interpolant can often
be significantly improved by increasing the shape parameter value.

However, increasing the shape parameter value or increasing the number
of data points has a severe effect on the stability of linear system (5). For
a fixed shape parameter the condition number of the matrix in the linear
system grows exponentially as the number of data points increases and
for a fixed number of data points, as the shape parameter becomes large
the condition number of the linear system grows and therefore causes the
function to become flatter, so its like a length scale [17, 24]. A smaller ε
leads to a more peaked RBF model. For example, see Figure 1.

Figure 1. A Gaussian model using different shape parameters

Note that some other types of RBFs such as Cubic and Thin plate spline
are shape-parameter-free. The advantage of using this category of RBFs
is that we are not more worried about choosing ε. Anyway in using of
RBFs, three important questions arise. Which radial basis function φ

should be used? which ε is the adequate shape parameter value? and
which p is the proper number of data points?

There are several strategies to answer these questions. For example,
a first attempt at providing guidelines for the selection of appropriate
basic functions can be found in [25]. Also, some works has been done in
response to choose the appropriate shape parameter ε, see [9, 3].
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where Rn denotes an n-dimensional Euclidean space and f : Rn −→ R is
a nonlinear, real-valued, and continuous function that is bounded from
below. We are interested in the case that the derivatives of f(x) are
not available or are computationally expensive. These kinds of problems
occur relatively frequently in the industry when the value of f(x) is
obtained from some physical, chemical or econometrical experiment or
measurement, see [2, 11].

An important class of optimization algorithms to solve the unconstrained
optimization problem (1) work based on the trust-region framework
which is a prominent class of iterative methods [23, 8, 10, 19]. In this
framework, the objective function is approximated by a model, and this
model is minimized in a neighborhood of the current iterate. We regard
the neighborhood as a trust-region. The trust-region methods have been
used by Levenberg [18] and Marquardt [15] for nonlinear least-squares
problems and by Goldfeld et al. [12] for unconstrained optimization. In
1970, trust-region frameworks have been revived by Powell for uncon-
strained optimization [20].

Some of these trust-region algorithms employ a radial basis function
(RBF) model, see for example [22]. One of the efficient algorithms of
this class is ORBIT, which was presented in 2008 by Wild et al. [28].
The RBF interpolations are derivative-free, so they are effective when
all derivatives of the objective function are unavailable, unreliable or
impractical to obtain or to approximate numerically. In ORBIT the RBF
models are often considered to interpolate a nonlinear function using
fewer function evaluations than required by nonlinear polynomial models
used by other techniques.

As we expected, the RBF interpolants can affect the efficiency of the
ORBIT algorithm. At the same time, the RBF interpolation depends on
the type of RBF and the number of data points. Also, some RBFs used
by ORBIT such as Gaussian and Multiquadric depend on a so-called
shape parameter. These parameters have a significant effect on the in-
terpolation model and therefore on the algorithm efficiency [1, 29]. Ac-
cordingly, it is more efficient to use a proportional shape parameter and
a proper number of data points to solve an optimization problem. In
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If we already know f(x), the simplest strategy to search the appropriate
value for the shape parameter (εopt) and the proper number of data
points (popt) is to perform a series of interpolation experiments with
different ε and p, and then to pick the best one. In this paper we utilize
this simple strategy to determine the appropriate options.

3. The ORBIT Algorithm

In this section we review the ORBIT algorithm. To this aim, we need
the following definitions and assumptions which are mostly borrowed
from [28].

Definition 3.1. A collection of vectors {vi}i∈I is called affinely depen-
dent if there exists a collection v1, ..., vk and scalars ai such that


ai = 0

and ai are not all 0, such that

k

1

ai.vi = 0;

it is called affinely independent if no such scalars ai exist.

Definition 3.2. For a (center, radius) pair (xk,∆k > 0) the trust-region
is defined as,

Bk = {x : x− xkk  ∆k}, (7)

where .k at iteration k can be the standard 2-norm or other norms.

Definition 3.3. In all of the trust-region algorithms at the iteration k
we should solve the minimization problem,

min
s

{mk(xk + s) : xk + s ∈ Bk}, (8)

that is so-called trust-region subproblem.

Given an approximate solution sk to (8), the pair (xk,∆k) is updated
according to the ratio,

ρk =
f(xk) − f(xk + sk)

mk(xk) −mk(xk + sk)
. (9)
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Remark 3.4. In the framework of ORBIT if ρk  η1, then the new
iterate is accepted and the trust-region radius is retained or increased.
We call such iterations successful.

Definition 3.5. Suppose that f ∈ C1[Bk]. For fixed κf , κg > 0, a model
m ∈ C1[Bk] is said to be fully linear on Bk if for all x ∈ Bk,

|f(x) −m(x)|  κf∆2 (10)

and
∇f(x) − ∇m(x)  κg∆. (11)

In order to avoid geometric conditions and forming the model in only
n + 1 function evaluations, ORBIT rely on fully linear interpolation
models. This definition ensures that first-order Taylor-like bounds exist
for the model within the compact neighborhood Bk.

It is enough for the purpose of global convergence to find an approximate
solution sk, we consider a sufficient reduction in the model as follows.

Assumption 3.6. For the model mk which ∇2mk = 0 and
∇2mk  κH , and for some prespecified constant κd ∈ (0, 1), we as-
sume that the trust-region step sk satisfies a sufficient decrease condition,

mk(xk)−mk(xk+sk) 
κd
2

∇mk(xk)min


∇mk(xk)
κH

,
∇mk(xk)
∇mk(xk)k

∆k


.

(12)
Considering mentioned the definitions and assumptions, now we can
present the iteration k of ORBIT algorithm. Given inputs κf , κg, g > 0,
0  η0  η1 < 1, 0 < γ0 < 1 < γ1, 0 < ∆0  ∆max, initial point x0 ∈ Rn

and the number of points p > n+1 to obtain a well-conditioned nonlinear
RBF model. An outline of the kth iteration of the ORBIT algorithm is
provided in Algorithm 1.

Step1: Find n+ 1 affinely independent points for obtaining fully linear
models.

Step2: Add up to p−n− 1 additional points to our interpolation set in
order to take advantage of the nonlinear benefits of RBFs.

Step3: Obtain RBF model.
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where Rn denotes an n-dimensional Euclidean space and f : Rn −→ R is
a nonlinear, real-valued, and continuous function that is bounded from
below. We are interested in the case that the derivatives of f(x) are
not available or are computationally expensive. These kinds of problems
occur relatively frequently in the industry when the value of f(x) is
obtained from some physical, chemical or econometrical experiment or
measurement, see [2, 11].

An important class of optimization algorithms to solve the unconstrained
optimization problem (1) work based on the trust-region framework
which is a prominent class of iterative methods [23, 8, 10, 19]. In this
framework, the objective function is approximated by a model, and this
model is minimized in a neighborhood of the current iterate. We regard
the neighborhood as a trust-region. The trust-region methods have been
used by Levenberg [18] and Marquardt [15] for nonlinear least-squares
problems and by Goldfeld et al. [12] for unconstrained optimization. In
1970, trust-region frameworks have been revived by Powell for uncon-
strained optimization [20].

Some of these trust-region algorithms employ a radial basis function
(RBF) model, see for example [22]. One of the efficient algorithms of
this class is ORBIT, which was presented in 2008 by Wild et al. [28].
The RBF interpolations are derivative-free, so they are effective when
all derivatives of the objective function are unavailable, unreliable or
impractical to obtain or to approximate numerically. In ORBIT the RBF
models are often considered to interpolate a nonlinear function using
fewer function evaluations than required by nonlinear polynomial models
used by other techniques.

As we expected, the RBF interpolants can affect the efficiency of the
ORBIT algorithm. At the same time, the RBF interpolation depends on
the type of RBF and the number of data points. Also, some RBFs used
by ORBIT such as Gaussian and Multiquadric depend on a so-called
shape parameter. These parameters have a significant effect on the in-
terpolation model and therefore on the algorithm efficiency [1, 29]. Ac-
cordingly, it is more efficient to use a proportional shape parameter and
a proper number of data points to solve an optimization problem. In
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Step4: While ∇mk(xk)  g
2 :

If mk is fully linear in Bk
g = {x ∈ Rn : xk − xk  g

2κg
}, return.

Else, Obtain a model mk that is fully linear in Bk
g,

Set ∆k = g
2κg

.

Step5: Approximately solve trust-region sub problem (8) to obtain a
step sk satisfying in sufficient decrease condition,
Evaluate f(xk + sk) and ρk by (9).

Step6: Update trust-region parameters:

k+1 =






min{γ1∆k,∆max}, if ρk  η1;
∆k, if ρk < η1 and mk is not fully linear on Bk,

γ0∆k if ρk < η1 and mk is fully linear on Bk.

xk+1 =






xk + sk, if ρk  η1;
xk + sk, if ρk  η0 and mk is fully linear on Bk,

xk, else.

Step7: Evaluate a model-improving point if ρk  η0 and mk is not fully
linear on Bk.

Remark 3.7. For more detail about Step1 and Step2, see algorithms
AffPoints and AddPoints respectively in [28].

Remark 3.8. If the model is not fully linear, the function is evaluated at
an additional so-called model-improving point in Step 7, to ensure that
the model is at least one step closer to being fully linear on Bk+1 = Bk.

It should be noted that, the global convergence of ORBIT algorithm
follows the global convergence of fully linear derivative-free trust-region
algorithms, by taking into account the necessary changes in the inter-
mediate lemmas [27].

4. Numerical Results and Analysis

In this section, we investigate the performance of ORBIT with different
types of RBFs, different numbers of data points and different shape
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parameter values. To save the convergence conditions described in [27],
we focus on a specific set

M = {Cubic,Gaussian,Multiquadric} (13)

of RBF interpolants, and try to perform a series of interpolation exper-
iments with different shape parameter values and different numbers of
data points, and then try to pick the best ε, p. Our experiments are listed
on a set of 60 nonlinear unconstrained problems from [2] with different
dimensions ranging from 3 to 12 in Table 2.

Table 2: Test problems
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where Rn denotes an n-dimensional Euclidean space and f : Rn −→ R is
a nonlinear, real-valued, and continuous function that is bounded from
below. We are interested in the case that the derivatives of f(x) are
not available or are computationally expensive. These kinds of problems
occur relatively frequently in the industry when the value of f(x) is
obtained from some physical, chemical or econometrical experiment or
measurement, see [2, 11].

An important class of optimization algorithms to solve the unconstrained
optimization problem (1) work based on the trust-region framework
which is a prominent class of iterative methods [23, 8, 10, 19]. In this
framework, the objective function is approximated by a model, and this
model is minimized in a neighborhood of the current iterate. We regard
the neighborhood as a trust-region. The trust-region methods have been
used by Levenberg [18] and Marquardt [15] for nonlinear least-squares
problems and by Goldfeld et al. [12] for unconstrained optimization. In
1970, trust-region frameworks have been revived by Powell for uncon-
strained optimization [20].

Some of these trust-region algorithms employ a radial basis function
(RBF) model, see for example [22]. One of the efficient algorithms of
this class is ORBIT, which was presented in 2008 by Wild et al. [28].
The RBF interpolations are derivative-free, so they are effective when
all derivatives of the objective function are unavailable, unreliable or
impractical to obtain or to approximate numerically. In ORBIT the RBF
models are often considered to interpolate a nonlinear function using
fewer function evaluations than required by nonlinear polynomial models
used by other techniques.

As we expected, the RBF interpolants can affect the efficiency of the
ORBIT algorithm. At the same time, the RBF interpolation depends on
the type of RBF and the number of data points. Also, some RBFs used
by ORBIT such as Gaussian and Multiquadric depend on a so-called
shape parameter. These parameters have a significant effect on the in-
terpolation model and therefore on the algorithm efficiency [1, 29]. Ac-
cordingly, it is more efficient to use a proportional shape parameter and
a proper number of data points to solve an optimization problem. In
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All tests are performed at standard starting points on a laptop(Intel
Core i5 2.60GHz, 4GRAM) under Windows 7 Ultimate and theMatlab
compiler (version 8.2) with default options.

We obtained the last version of ORBIT for box constrained optimization
at www.mcs.anl.gov/∼wild/orbit and modified it for unconstrained
optimization. It should be noted here that we used the trust-region 2-
norm, ∆max = 50, g = 10−5, η0 = 0, η1 = 0.2, γ0 = 0.5, γ1 = 2 and
κg = 10−3. Moreover, we declare that an algorithm is failed when the
number of iterations exceeds 600. The other parameters have been set
as in ORBIT.

As the Cubic is a shape-parameter-free interpolant, here we currently
choose the RBFs from the set:

M = {Gaussian,Multiquadric}. (14)

To our knowledge, using a large shape parameter value causes the sur-
rogate model to be very flat and this causes the algorithm to lose some
minimas. Therefore, we select the shape parameter value from the rea-
sonable set:

H = {.5, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 15, 20, 25, 30}. (15)

Also, we investigate four different numbers of data points, one with
p = 2n+1 which is recommended by Powell for NEWUOA [21], another
with p = n + 2 which is the minimum number of data points, still

another with p =
(n+ 1)(n+ 2)

2
which is the maximum number of data

points being interpolated corresponds to the number of points needed to
uniquely fit an interpolating quadratic model and the other with p = 3n
which is a new recommendation. Therefore, we select the number of data
points from the set,

P = {n+ 2, 2n+ 1, 3n,
(n+ 1)(n+ 2)

2
}. (16)

Tables 3, 4 contain average number of function evaluations (ANF) and
average minimum of function values (AFmin) for 60 tests using Gaussian
and Multiquadric respectively. Each element of these tables corresponds
to pair (ε, p), where ε ∈ H and p ∈ P.
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Table 3: Average number of function evaluations and average
minimum of function values using Gaussian

Table 4: Average number of function evaluations and average
minimum of function values using Multiquadric

Table 5: The best and worst (ε, p)

92 M. AHMADVAND, M. ESMAEILBEIGI, F. YAGHOOBI ANDA. KAMANDI

where Rn denotes an n-dimensional Euclidean space and f : Rn −→ R is
a nonlinear, real-valued, and continuous function that is bounded from
below. We are interested in the case that the derivatives of f(x) are
not available or are computationally expensive. These kinds of problems
occur relatively frequently in the industry when the value of f(x) is
obtained from some physical, chemical or econometrical experiment or
measurement, see [2, 11].

An important class of optimization algorithms to solve the unconstrained
optimization problem (1) work based on the trust-region framework
which is a prominent class of iterative methods [23, 8, 10, 19]. In this
framework, the objective function is approximated by a model, and this
model is minimized in a neighborhood of the current iterate. We regard
the neighborhood as a trust-region. The trust-region methods have been
used by Levenberg [18] and Marquardt [15] for nonlinear least-squares
problems and by Goldfeld et al. [12] for unconstrained optimization. In
1970, trust-region frameworks have been revived by Powell for uncon-
strained optimization [20].

Some of these trust-region algorithms employ a radial basis function
(RBF) model, see for example [22]. One of the efficient algorithms of
this class is ORBIT, which was presented in 2008 by Wild et al. [28].
The RBF interpolations are derivative-free, so they are effective when
all derivatives of the objective function are unavailable, unreliable or
impractical to obtain or to approximate numerically. In ORBIT the RBF
models are often considered to interpolate a nonlinear function using
fewer function evaluations than required by nonlinear polynomial models
used by other techniques.

As we expected, the RBF interpolants can affect the efficiency of the
ORBIT algorithm. At the same time, the RBF interpolation depends on
the type of RBF and the number of data points. Also, some RBFs used
by ORBIT such as Gaussian and Multiquadric depend on a so-called
shape parameter. These parameters have a significant effect on the in-
terpolation model and therefore on the algorithm efficiency [1, 29]. Ac-
cordingly, it is more efficient to use a proportional shape parameter and
a proper number of data points to solve an optimization problem. In
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In Table 5 we listed the three best and the worst ANF and AFmin. If we
consider the success of an algorithm to have a fewer number of function
evaluations then it is easy to see p = (n+1)(n+2)

2 is the best number of
data points.

Also, Figures 2 and 4 represent ANF for Gaussian and Multiquadric
respectively and Figures 3 and 5 show AFmin for Gaussian and Multi-
quadric respectively. Based on these figures the reported results in Tables
3 and 4 can easily be interpreted. These results are presented as some
recommendations in Sub Sect. 4.1.

Figure 2. ANF corresponding to Gaussian

We also show the performance of ORBIT using Cubic for 60 tests of
Table ?? with different numbers of data points by Dolan-Moré [4] tech-
nique. In this technique, we can choose a performance index as measure
of comparison among the considered algorithms and can illustrate the
results with a performance profile. Having a set K of benchmark prob-
lems and a set S of optimization algorithms the performance profile of
algorithm s ∈ S is defined as follows:

ρs(α) =
1

|K|size{k ∈ K : rk,s  α}, (17)
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where |K| is the cardinality of K and rk,s denotes the performance ratio,
and is defined by

rk,s =
tk,s

min{tk,s : s ∈ S} , (18)

Figure 3. AFmin corresponding to Gaussian

Figure 4. ANF corresponding to Multiquadric

where tk,s > 0 is a performance measure resulted for k ∈ K and s ∈ S.
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where Rn denotes an n-dimensional Euclidean space and f : Rn −→ R is
a nonlinear, real-valued, and continuous function that is bounded from
below. We are interested in the case that the derivatives of f(x) are
not available or are computationally expensive. These kinds of problems
occur relatively frequently in the industry when the value of f(x) is
obtained from some physical, chemical or econometrical experiment or
measurement, see [2, 11].

An important class of optimization algorithms to solve the unconstrained
optimization problem (1) work based on the trust-region framework
which is a prominent class of iterative methods [23, 8, 10, 19]. In this
framework, the objective function is approximated by a model, and this
model is minimized in a neighborhood of the current iterate. We regard
the neighborhood as a trust-region. The trust-region methods have been
used by Levenberg [18] and Marquardt [15] for nonlinear least-squares
problems and by Goldfeld et al. [12] for unconstrained optimization. In
1970, trust-region frameworks have been revived by Powell for uncon-
strained optimization [20].

Some of these trust-region algorithms employ a radial basis function
(RBF) model, see for example [22]. One of the efficient algorithms of
this class is ORBIT, which was presented in 2008 by Wild et al. [28].
The RBF interpolations are derivative-free, so they are effective when
all derivatives of the objective function are unavailable, unreliable or
impractical to obtain or to approximate numerically. In ORBIT the RBF
models are often considered to interpolate a nonlinear function using
fewer function evaluations than required by nonlinear polynomial models
used by other techniques.

As we expected, the RBF interpolants can affect the efficiency of the
ORBIT algorithm. At the same time, the RBF interpolation depends on
the type of RBF and the number of data points. Also, some RBFs used
by ORBIT such as Gaussian and Multiquadric depend on a so-called
shape parameter. These parameters have a significant effect on the in-
terpolation model and therefore on the algorithm efficiency [1, 29]. Ac-
cordingly, it is more efficient to use a proportional shape parameter and
a proper number of data points to solve an optimization problem. In
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This measure includes items such as the number of function evaluations
or the number of iterations. ρs(1) denotes to the fraction of problems
solved by s ∈ S perfoms the best and for α sufficiently large, ρs(α) de-
notes the fraction of problems solved by s ∈ S. So, we can conclude that
a performance profile is the probability distribution for the ratio rk,s, and
in general the algorithms with high values for ρs(α) are preferable [16].

Figure 5. AFmin corresponding to Multiquadric

Figure 6. Performance profiles for the number of function evaluations
using Cubic with different numbers of data points
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Figure 6 shows this process for the number of function evaluations by
Cubic with different numbers of data points. From this figure, p = 2n+1
is the best number of data points.

We eventually compare Gaussian, Multiquadric and Cubic. For this pur-
pose we equipped Gaussian and Multiquadric with the best (ε, p) and
Cubic with the best p, so we utilize the Dolan-Moré technique. It was
noted that the shape-parameter-based RBFs Gaussian and Multiquadric
are more successful, see Figure 7.

Figure 7. Performance profiles for the number of function evaluations
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fL is the best function value found by any of the solvers used to solve
f . In other words, we obtained the minimum values at each problem by
applying only a limit on the number of function evaluations at all the al-
gorithms. Then we set the better minimum obtained by the algorithms as
fL. The convergence test (19) was used by Elster and Neumaier [5]. The
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value f(x0). By decreasing τ the value obtained for f(x) is closer to fL,
and so we can hope to get a high-accuracy solution.

Here, applying the new convergence test (19) we investigate the per-
formance of ORBIT by Cubic, Gaussian and Multiquadric models. For
this purpose using the convergence test (19) with τ = 10−5 we consider
the 60 test problems of Table 2 and calculate the number of function
evaluations. To compare the RBFs we utilize Moré-Wild data profile [16]
as follows,

ds(κ) =
1

|K|size{k ∈ K :
tk,s

nk + 1
 κ}, (20)

where for k ∈ K and s ∈ S, tk,s is the number of function evaluations
required to satisfy (19) for a given τ and nk is the number of variables in
k. In this definition we can interpret κ as the number of simplex gradient
estimates, so ds(κ) denotes to the percentage of problems that can be
solved by the solver s with the equivalent of κ simplex gradient estimates,
corresponding to κ(n+ 1) function evaluations [16]. Setting κ ∈ [0, 100]
Figure 8 illustrates the data profiles for different RBFs. According to
this figure, for example if we have a budget of 50 gradients then ORBIT
can solve over 60%, 70% and 80% of the problems by using Gaussian,
Cubic and Multiquadric respectively.

Figure 8. Data profiles
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4.1 Recommendations

According to Figure 2 and Table 5, the best number of data points for
Gaussian is p = (n+1)(n+2)

2 . In addition, the first three top ANF are
obtained when ε = {2, 4, 7}, and according to Table 3 the first three
top AFmin by this data points number are obtained when ε = {1, .5, 2}
respectively. So, we can recommend that the reasonable ε may be one
of the values {.5, 1, 2, 4, 7} or in general in the interval [.5, 7].

On the other hand, according to Figure 4 and Table 5 the best number
of data points for Multiquadric is p = (n+1)(n+2)

2 . Also, the first three
top ANF are obtained when ε = {9, 1, 2}, and according to Table 4 the
first three top AFmin by this data points number are obtained when
ε = {.5, 5, 2} respectively. So, we can recommend that the reasonable ε
in this case may be one of the values {.5, 1, 2, 5, 9} or in general in the
interval [.5, 9].

We should here note that there are other methods to determine a good
shape parameter. In addition, many systematic approaches have been
suggested in the statistics literature such as LOOCV and MLE to de-
termine a good shape parameter. Using these statistical approaches can
be very useful and can be considered for ORBIT as future work.

In addition, according to Figures 7 and 8 we recommend the shape-
parameter-based RBFs such as Gaussian and Multiquadric as long as
an appropriate ε is selected.

5. Conclusions

ORBIT is one of the most famous trust-region algorithms that uses an
RBF interpolation in trust-region framework. Numerical results show
that the type of RBF, the number of data points, and the shape pa-
rameter value can affect the RBF interpolation models and thus the
efficiency of ORBIT. In this paper we have investigated the effect of
these options on the performance of ORBIT. To show the performance
of different solvers we utilize Dolan-Moré performance and Moré-Wild
data profiles. Based on the results, some recommendations were given
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on choosing the appropriate shape parameter and the number of data
points. Also, with respect to the performance profiles shape-parameter-
based RBFs are recommended provided that an appropriate shape pa-
rameter is selected. Although some suggestions are given in this paper
to determine a good shape parameter, there are many other approaches
(e.g. statistical approaches such as LOOCV and MLE) to determine a
good shape parameter. These approaches can be very useful and can be
considered for ORBIT as future work.
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