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1. Introduction

Singular differential equations have been used from a distance past for
describing a large number of natural phenomena ([7]). In the recent cen-
tury, some papers have been published about the existence of solutions
for different singular fractional differential equations ([2], [6], [6], [11],
[14]-[3]).

In 1996, Delbosco and Rodino studied the problem Dsu(t) = f(t, u)
with initial condition u(a) = b, where a > 0, b ∈ R, 0 < s < 1, and D is
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16 A. MANSOURI AND SH. REZAPOUR

the standard Riemann-Liouville fractional derivative ([6]). In 2005, Bai
and Liu investigated the existence of positive solutions for the problem
Dα

0 u(t) + f(t, u(t)) = 0 with boundary conditions u(0) = u(1) = 0,
where 0 < t < 1, 0 < α  2, and Dα

0 is the Riemann-Liouville
standard derivation ([3]). In 2008, Qiu and Bai studied the existence
of a positive solution for the nonlinear fractional differential equation
Dα

0+u(t) + f(t, u(t)) = 0 with boundary conditions u(0) = u(1) =
u(1) = 0, where 0 < t < 1, 2 < α < 3, Dα

0+ is the Caputo deriva-
tion and f : [0, 1] × [0,∞) → [0,∞) is such that limt→0+ f(t, .) = ∞
([9]). In 2010, Agarwal, O’Regan, and Stanek investigated the singular
fractional Dirichlet problem Dαu(t)+f(t, u(t), Dµu(t)) = 0 with bound-
ary value problem u(0) = u(1) = 0, where 1 < α  2, µ > 0, α− µ  1,
f ∈ Car([0, 1]×β), f is positive and singular at x = 0, and D is the stan-
dard Riemann-Liouville derivative [1]. In 2012, Cabada and Wang in-
vestigated the existence of positive solutions for the nonlinear fractional
differential equation Dαu(t) + f(t, u(t)) = 0 with boundary conditions
u(0) = u(1) = 0 and u(1) =

 1
0 u(s)ds, where 0 < t < 1, 2 < α < 3,

0 < λ < 2, D is the Caputo fractional derivative and f : [0, 1]× [0,∞)→
[0,∞) is a continuous function ([5]). In 2014, Li reviewed the existence
of solutions for singular problem Dqu(t) + f(t, u(t), Dσu(t)) = 0 with
boundary conditions u(0) = u(1) = 0 and u(1) = Dαu(t), where
0 < t < 1, 2 < q < 3, 0 < σ < 1, f : (0, 1] × R × R → R is a
continuous function that may have singularity at t = 0 and D is the
standard Caputo derivative ([10]). In 2016, the multi-singular pointwise
defined fractional integro-differential equation

Dµx(t) + f(t, x(t), x(t), Dβx(t), Ipx(t)) = 0

with boundary conditions x(0) = x(ξ), x(1) =
 η
0 x(s)ds and x

(j)(0) = 0
for j = 2, ..., [µ] − 1 was investigated, where 0 < t < 1, µ ∈ [2, 3),
x ∈ C1[0, 1], β, ξ, η ∈ (0, 1), p > 1, D is Caputo fractional derivative
and f : [0, 1]× R4 → R is a function such that f(t, ., ., ., .) is singular at
some point t ∈ [0, 1] ([14]). In fact we say that, Dαx(t) + f(t) = 0 is a
pointwise defined equation on [0, 1] if there exists set E ⊂ [0, 1] such that
the measure of Ec is zero and the equation holds on E ([15]). In 2017,
Shabibi, Rezapour, and Vaezpour investigated the singular fractional
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integro-differential equation

Dαx(t) + f(t, x(t), x(t), Dβx(t),
 t

0
h(ξ)x(ξ)dξ) = 0

with boundary conditions x(0) = x(0) and x(1) = Dβx(µ), where 0 <
t < 1, x ∈ C1[0, 1], α > 2, 0 < β, γ, µ < 1, h ∈ L1([0, 1]), ||h||1 = m, D
is the Caputo fractional derivative and f(t, x1, x2, x3, x4) is singular at
some points t ∈ [0, 1] ([16]). Using idea of these papers, we investigate
the existence of solutions for the folowing nonlinear pointwise defined
fractional integro-differential equation

Dαx(t) + f(t, x(t), Dβx(t),
 t

0
h(ξ)x(ξ)dξ, φ(x(t))) = 0 (1)

with boundary conditions x(j)(0) = 0 for j  2,
 µ
0 x(ξ)dξ = 0 and

x(1) = x(η), where α  2, η, µ, β ∈ (0, 1), φ : X → X is a map such
that

φ(x)− φ(y)  b1x− y+ b2x − y

for some non-negative real numbers b1 and b2 ∈ [0,∞) and all x, y ∈
X = C1[0, 1], where D is the Caputo fractional derivative and f ∈ L1 is
singular at some points [0, 1].

Here, we use .1 for the norm of L1([0, 1]), . for the sup norm of Y =
C[0, 1] and x∗ = max{x, x} for the norm of X = C1[0, 1]. The
Riemann-Liouville integral of order p with the lower bondary a  0 for a
function f : (a,∞)→ R is defined by Ip

a+
f(t) = 1

Γ(p)

 t
a(t− s)

p−1f(s)ds,
provided that the right-hand side is pointwise defined on (a,∞) ([8]). We
denote Ip

0+
f(t) by Ipf(t). The Caputo fractional derivative of order α >

0 is defined by cDαf(t) = 1
Γ(n−α)

 t
0

fn(s)
(t−s)α+1−nds, where n = [α] + 1 and

f : (a,∞)→ R is a function ([8]). Let Ψ be the family of nondecreasing
functions ψ : [0,∞) → [0,∞) such that

∞
n=1 ψ

n(t) < ∞ for all t >
0. One can check that ψ(t) < t for all t > 0 ([12]). Let T : X → X and
α : X × X → [0,∞) be two maps. Then, T is called an α-admissible
map whenever α(x, y)  1 implies α(Tx, Ty)  1 ([12]). Let (X, d) be a
metric space, where ψ ∈ Ψ and α : X×X → [0,∞) is a map. A self-map
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T : X → X is called an α-ψ-contraction whenever α(x, y)d(Tx, Ty) 
ψ(d(x, y)) for all x, y ∈ X ([12]).

Lemma 1.1. ([12]) Let (X, d) be a complete metric space, ψ ∈ Ψ, α :
X×X → [0,∞) a map and T : X → X an α-admissible α-ψ-contraction.
If T is continuous and there exists x0 ∈ X such that α(x0, Tx0)  1,
then T has a fixed point.

Lemma 1.2. ([13]) Let n − 1  α < n and x ∈ C(0, 1) ∩ L1(0, 1).
Then, we have IαDαx(t) = x(t) +

n−1
i=0 cit

i for some real constants
c0, . . . , cn−1.

2. Main Results

Now, we are ready to present our first key result.

Lemma 2.1. Let α  2, [α] = n − 1, µ, η ∈ (0, 1) and f ∈ L1([0, 1]).
The solution of the problem Dαx(t) + f(t) = 0 with the boundary con-
ditions x(j)(0) = 0 for j  2,

 µ
0 x(ξ) dξ = 0 and x(1) = x(η) is

x(t) =
 1
0 G(t, s)f(s)ds, where G(t, s) is given by G(t, s) = −(t−s)α−1

Γ(α) +
µ(1−η+t)−Aµ,η

Aµ,ηΓ(α−1) (1− s)α−2 + Aµ,η+µ(η+t−1)
Aµ,ηΓ(α)

(η− s)α−1 + Aµ,η(1−η)+t
Aµ,ηΓ(α+1) (µ− s)

α

whenever 0  s  t  1, s  µ, η, G(t, s) = −(t−s)α−1

Γ(α) +µ(1−η+t)−Aµ,η
Aµ,ηΓ(α−1) (1−

s)α−2 + Aµ,η+µ(η+t−1)
Aµ,ηΓ(α)

(η − s)α−1 whenever 0  s  t  1, µ  s  η,

G(t, s) = −(t−s)α−1

Γ(α) + µ(1−η+t)−Aµ,η
Aµ,ηΓ(α−1) (1−s)α−2+ Aµ,η(1−η)+t

Aµ,ηΓ(α+1) (µ−s)
α when-

ever 0  s  t  1, η  s  µ, G(t, s) = −(t−s)α−1

Γ(α) + µ(1−η+t)−Aµ,η
Aµ,ηΓ(α−1) (1−

s)α−2 whenever 0  s  t  1, µ, η  s, G(t, s) = µ(1−η+t)−Aµ,η
Aµ,ηΓ(α−1) (1 −

s)α−2+ Aµ,η+µ(η+t−1)
Aµ,ηΓ(α)

(η− s)α−1+ Aµ,η(1−η)+t
Aµ,ηΓ(α+1) (µ− s)

α whenever 0  t 
s  1, s  µ, η, G(t, s) = µ(1−η+t)−Aµ,η

Aµ,ηΓ(α−1) (1 − s)α−2 + Aµ,η+µ(η+t−1)
Aµ,ηΓ(α)

(η −
s)α−1 whenever 0  t  s  1, µ  s  η, G(t, s) = µ(1−η+t)−Aµ,η

Aµ,ηΓ(α−1) (1 −
s)α−2 + Aµ,η(1−η)+t

Aµ,ηΓ(α+1) (µ − s)α whenever 0  t  s  1, η  s  µ,

G(t, s) = µ(1−η+t)−Aµ,η
Aµ,ηΓ(α−1) (1− s)α−2 whenever 0  t  s  1, µ, η  s and

Aµ,η := µ(1− η) + µ2

2 > 0.
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Proof. Using some calculation, one can see that x(t) =
 1
0 G(t, s)f(s)ds

is a solution for the problemDαx(t)+f(t) = 0. Now consider the problem
Dαx(t) + f(t) = 0. Using Lemma 1.2, it is inferred that

x(t) = − 1
Γ(α)

 t

0
(t− s)α−1f(s)ds+ c0 + c1t,

where c0 and c1 are some real numbers. Hence

x(t) = − 1
Γ(α− 1)

 t

0
(t− s)α−2f(s)ds+ c1.

Since x(1) = x(η), we have

− 1
Γ(α− 1)

 1

0
(1−s)α−2f(s)ds+c1 = −

1
Γ(α)

 η

0
(η−s)α−1f(s)ds+c0+c1η

and so

c0 = −
1

Γ(α− 1)

 1

0
(1−s)α−2f(s)ds+ 1

Γ(α)

 η

0
(η−s)α−1f(s)ds+(1−η)c1.

It is easy to see that
 µ

0
x(ξ)dξ = − 1

Γ(α+ 1)

 µ

0
(µ− s)αf(s)ds− µ

Γ(α− 1)

×
 1

0
(1− s)α−2f(s)ds+ µ

Γ(α)

 η

0
(η− s)α−1f(s)ds+ µ(1− η)c1 + c1

µ2

2
.

Since
 µ
0 x(ξ)dξ = 0, we obtain

c1 =
1

Aµ,ηΓ(α+ 1)

 µ

0
(µ−s)αf(s)ds+ µ

Aµ,ηΓ(α− 1)

 1

0
(1−s)α−2f(s)ds

− µ

Aµ,ηΓ(α+ 1)

 η

0
(η − s)α−1f(s)ds,

where, Aµ,η := µ(1− η) + µ2

2 > 0. Thus,

c0 =
−1

Γ(α− 1)

 1

0
(1− s)α−2f(s)ds+
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1
Γ(α)

 η

0
(η − s)α−1f(s)ds+

1− η

Aµ,ηΓ(α+ 1)

 µ

0
(µ− s)αf(s)ds

+
µ(1− η)

Aµ,ηΓ(α− 1)

 1

0
(1− s)α−2f(s)ds− µ(1− η)

Aµ,ηΓ(α)

 η

0
(η − s)α−1f(s)ds

and so

x(t) = − 1
Γ(α)

 t

0
(t− s)α−1f(s)ds− 1

Γ(α− 1)

 1

0
(1− s)α−2f(s)ds

+
1

Γ(α)

 η

0
(η − s)α−1f(s)ds

+
1− η

Aµ,ηΓ(α+ 1)

 µ

0
(µ− s)αf(s)ds+

µ(1− η)
Aµ,ηΓ(α− 1)

 1

0
(1− s)α−2f(s)ds

− µ(1− η)
Aµ,ηΓ(α)

 η

0
(η − s)α−1f(s)ds+

t

Aµ,ηΓ(α+ 1)

 µ

0
(µ− s)αf(s)ds

+
µt

Aµ,ηΓ(α− 1)

 1

0
(1− s)α−2f(s)ds− µt

Aµ,ηΓ(α)

 η

0
(η − s)α−1f(s)ds.

Hence,

x(t) = − 1
Γ(α)

 t

0
(t−s)α−1f(s)ds+µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)

 1

0
(1−s)α−2f(s)

+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)

 η

0
(η − s)α−1f(s)ds+

Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)

 µ

0
(µ− s)αf(s)ds.

Now, some easy calculations show us that x(t) =
 1
0 G(t, s)f(s)ds. 

Note that, the mappings G and ∂G
∂t are continuous respect to t. Let f be

a map on [0, 1]×X2 such that f is singular at some points of [0, 1]. Define
the function F : X → X by

Fx(t) = −
1

Γ(α)

 t

0

(t− s)α−1f(s, x(s), Dβx(s),
 s

0

h(ξ)x(ξ)dξ, φ(x(s)))ds
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+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)

 1

0

(1−s)α−2f(s, x(s), Dβx(s),
 s

0

h(ξ)x(ξ)dξ, φ(x(s)))ds

+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)

 η

0

(η−s)α−1f(s, x(s), Dβx(s),
 s

0

h(ξ)x(ξ)dξ, φ(x(s)))ds

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)

 µ

0

(µ− s)αf(s, x(s), Dβx(s),
 s

0

h(ξ)x(ξ)dξ, φ(x(s)))ds

for all t ∈ [0, 1]. Then, we have

F x(t) =
 1

0

∂G

∂t
(t, s)f(s, x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

= − 1
Γ(α− 1)

 t

0
(t− s)α−2f(s, x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
µ

Aµ,ηΓ(α− 1)

 1

0
(1−s)α−2f(s, x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
µ

Aµ,ηΓ(α)

 η

0
(η − s)α−1f(s, x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
1

Aµ,ηΓ(α+ 1)

 µ

0
(µ− s)αf(s, x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s))ds.

Our key note is that the singular pointwise defined equation (1) has a
solution if and only if the map F has a fixed point. Now, we give our
main result.

Theorem 2.2. Let α  2, [α] = n− 1, µ, η ∈ (0, 1), h ∈ L1([0, 1]) with
h1 := m, φ : X → R be such that

|φ(x(t))− φ(y(t))|  b1|x(t)− y(t)|+ b2|x(t)− y(t)|

for some b1, b2 ∈ [0,∞). Assume that f : [0, 1] ×X5 → R is a mapping
which is singular on some points [0, 1] and

|f(t, x1, ..., x5)− f(t, y1, ..., y5)| 
k0

i=1

ai(t)Λi(x1 − y1, ..., x5 − y5)

for all x1, x2, y1, y2 ∈ X and almost all t ∈ [0, 1], where k0 ∈ N,
ai : [0, 1]→ R+, âi ∈ L1[0, 1], âi(s) = (1− s)α−2ai(s), Λi : X5 → R+ is
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a nondecreasing mapping respect to all components with Λi(z,z,z,z,z)
zγi →

qi as z → 0+ for some γi > 0, qi ∈ R+ (1  i  k0). Suppose
that |f(t, x1, ..., x5)|  g(t)K(x1, ..., x5) for all (x1, ..., x5) ∈ X5 and
almost all t ∈ [0, 1], where a : [0, 1] → R+, ĝ ∈ L1[0, 1], K : X5 →
R+ is a nondecreasing mapping respect all their components such that
limz→0+

K(z,z,z,z,z)
z ∈ [0, B), where B = (∆ĝ1Lα,µ,η)−1, Aµ,η = µ(1 −

η) + µ2

2 , ∆ = max{1, 1
Γ(2−β) ,m, b1 + b2} and

Lα,µ,η = max{
1

Γ(α)
+
µ(2− η)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µη

Aµ,ηΓ(α)
+
Aµ,η(1− η) + 1
Aµ,ηΓ(α+ 1)

,

1
Γ(α− 1) +

µ

Aµ,ηΓ(α− 1)
+

µ

Aµ,ηΓ(α)
+

1
Aµ,ηΓ(α+ 1)

}.

If
k0

i=1 âi[0,1]qi∆γi < 1
Lα,µ,η

, then the pointwise defined equation (1)

with boundary conditions x(j)(0) = 0 for j  2,
 µ
0 x(ξ) dξ = 0 and

x(1) = x(η) has a solution.

Proof. First we show that the map F is continuous. Let x, y ∈ X. Then,
we have

|Fx(t)− Fy(t)|  | −
1

Γ(α)
×

 t

0
(t− s)α−1f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
×

 1

0
(1− s)α−2f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
×
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 µ

0
(µ− s)αf(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
1

Γ(α)

 t

0
(t− s)α−1f(s, y(s), y(s), Dβy(s),

 s

0
h(ξ)y(ξ)dξ, φ(y(s)))ds

−µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
×

 1

0
(1− s)α−2f(s, y(s), y(s), Dβy(s),

 s

0
h(ξ)y(ξ)dξ, φ(y(s)))ds

−Aµ,η + µ(η + t− 1)
Aµ,ηΓ(α)

×
 η

0
(η − s)α−1f(s, y(s), y(s), Dβy(s),

 s

0
h(ξ)y(ξ)dξ, φ(y(s)))ds

−Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)αf(s, y(s), y(s), Dβy(s),

 s

0
h(ξ)y(ξ)dξ, φ(y(s)))ds|

 1
Γ(α)

 t

0
(t− s)α−1|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))

−f(s, y(s), y(s), Dβy(s),
 s

0
h(ξ)y(ξ)dξ, φ(y(s)))|ds

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
×

 1

0
(1− s)α−2|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))

−f(s, y(s), y(s), Dβy(s),
 s

0
h(ξ)y(ξ)dξ, φ(y(s)))|ds

+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1|f(s, x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))
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−f(s, y(s), y(s), Dβy(s),
 s

0
h(ξ)y(ξ)dξ, φ(y(s)))|ds

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)α|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))

−f(s, y(s), y(s), Dβy(s),
 s

0
h(ξ)y(ξ)dξ, φ(y(s)))|ds

 1
Γ(α)

×

 t

0
(t− s)α−1

k0

i=1

ai(s)[Λi(x(s)− y(s), x(s)− y(s), Dβx(s)−Dβy(s),

 s

0
h(ξ)x(ξ)dξ −

 s

0
h(ξ)y(ξ)dξ, φ(x(s))− φ(y(s)))]ds

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
×

 1

0
(1− s)α−2

k0

i=1

ai(s)[Λi(x(s)− y(s), x(s)− y(s),

Dβx(s)−Dβy(s),
 s

0
h(ξ)x(ξ)dξ

−
 s

0
h(ξ)y(ξ)dξ, φ(x(s))− φ(y(s)))]ds

+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1

k0

i=1

ai(s)[Λi(x(s)− y(s), x(s)− y(s),

Dβx(s)−Dβy(s),
 s

0
h(ξ)x(ξ)dξ

−
 s

0
h(ξ)y(ξ)dξ, φ(x(s))− φ(y(s)))]ds
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+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)α

k0

i=1

ai(s)[Λi(x(s)− y(s), x(s)− y(s),

Dβx(s)−Dβy(s),
 s

0
h(ξ)x(ξ)dξ

−
 s

0
h(ξ)y(ξ)dξ, φ(x(s))− φ(y(s)))]ds

 1
Γ(α)

×

k0

i=1

 t

0
(t− s)α−1ai(s)[Λi(|x(s)− y(s)|, |x(s)− y(s)|, |Dβ(x(s)− y(s))|,

|
 s

0
h(ξ)(x(ξ)− y(ξ))dξ|, |φ(x(s))− φ(y(s))|)]ds

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
×

k0

i=1

 1

0
(1− s)α−2ai(s)[Λi(|x(s)− y(s)|, |x(s)− y(s)|,

|Dβ(x(s)− y(s))|, |
 s

0
h(ξ)(x(ξ)− y(ξ))dξ|, |φ(x(s))− φ(y(s))|)]ds

+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
×

k0

i=1

 η

0
(η − s)α−1ai(s)[Λi(|x(s)− y(s)|, |x(s)− y(s)|,

|Dβ(x(s)− y(s))|, |
 s

0
h(ξ)(x(ξ)− y(ξ))dξ|, |φ(x(s))− φ(y(s))|)]ds

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
×
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k0

i=1

 µ

0
(µ− s)αai(s)[Λi(|x(s)− y(s)|, |x(s)− y(s)|,

|Dβ(x(s)− y(s))|, |
 s

0
h(ξ)(x(ξ)− y(ξ))dξ|, |φ(x(s))− φ(y(s))|)]ds.

Since Dβx(t) = 1
Γ(1−β)

 t
0 x

(s)/(t− s)βds for 0 < β < 1, we have

|Dβx(t)|  1
Γ(1− β)

 t

0
|x(s)|/(t− s)βds

 x
Γ(1− β)

 1

0
1/(t− s)βds =

x
Γ(2− β)

and so

|Dβx(t)−Dβy(t)| = |Dβ(x(t)− y(t))|  x
 − y

Γ(2− β)
.

Thus
|Fx(t)− Fy(t)| 

1
Γ(α)

k0

i=1

 t

0
(t− s)α−1[Λi(x− y, x − y, x

 − y
Γ(2− β)

,

mx− y, b1x− y+ b2x − y)]ds

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
×

k0

i=1

 1

0
(1− s)α−2ai(s)[Λi(x− y, x − y, x

 − y
Γ(2− β)

,

mx− y, b1x− y+ b2x − y)]ds

+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
×

k0

i=1

 η

0
(η − s)α−1ai(s)[Λi(x− y, x − y, x

 − y
Γ(2− β)

,



INVESTIGATING A SOLUTION OF A MULTI-SINGULAR ... 27

mx− y, b1x− y+ b2x − y)]ds

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
×

k0

i=1

 µ

0
(µ− s)αai(s)[Λi(x− y, x − y, x

 − y
Γ(2− β)

,

mx− y, b1x− y+ b2x − y)]ds

 1
Γ(α)

k0

i=1

Λi(x− y∗, x− y∗,
x− y∗
Γ(2− β)

,

mx− y∗, b1x− y∗ + b2x− y∗)
 t

0
(t− s)α−1ai(s)ds

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)

k0

i=1

Λi(x− y∗, x− y∗,
x− y∗
Γ(2− β)

,

mx− y∗, b1x− y∗ + b2x− y∗)
 1

0
(1− s)α−2ai(s)ds

+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)

k0

i=1

Λi(x− y∗, x− y∗,
x− y∗
Γ(2− β)

,

mx− y∗, b1x− y∗ + b2x− y∗)
 η

0
(η − s)α−1ai(s)ds

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)

k0

i=1

Λi(x− y∗, x− y∗,
x− y∗
Γ(2− β)

,

mx− y∗, b1x− y∗ + b2x− y∗)
 µ

0
(µ− s)αai(s)ds

 1
Γ(α)

k0

i=1

Λi(∆x− y∗,∆x− y∗,∆x− y∗,

∆x− y∗,∆x− y∗)
 1

0
(1− s)α−2ai(s)ds
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+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)

k0

i=1

Λi(∆x− y∗,∆x− y∗,∆x− y∗,

∆x− y∗,∆x− y∗)
 1

0
(1− s)α−2ai(s)ds

+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)

k0

i=1

Λi(∆x− y∗,∆x− y∗,∆x− y∗,

∆x− y∗,∆x− y∗)
 1

0
(1− s)α−2ai(s)ds

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)

k0

i=1

Λi(∆x− y∗,∆x− y∗,∆x− y∗,

∆x− y∗,∆x− y∗)
 1

0
(1− s)α−2ai(s)ds

=
1

Γ(α)
×

k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗)

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
×

k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,∆x− y∗,

∆x− y∗,∆x− y∗) +
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)

k0

i=1

âi1

Λi(∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗)

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)

×
k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗)
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=
k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗)

×( 1
Γ(α)

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
),

where ∆ = max{1, 1
Γ(2−β) ,m, b1 + b2}. This implies that

Fx − Fy 

k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗)

×( 1
Γ(α)

+
µ(2− η)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µη

Aµ,ηΓ(α)
+
Aµ,η(1− η) + 1
Aµ,ηΓ(α+ 1)

).

Let x, y ∈ X. Then, we have

|F x(t)− F y(t)| 

|− 1
Γ(α− 1)

 t

0
(t−s)α−2f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
µ

Aµ,ηΓ(α− 1)
×

 1

0
(1− s)α−2f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
µ

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
1

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)αf(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
1

Γ(α− 1)×
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=
k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗)

×( 1
Γ(α)

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
),

where ∆ = max{1, 1
Γ(2−β) ,m, b1 + b2}. This implies that

Fx − Fy 

k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗)

×( 1
Γ(α)

+
µ(2− η)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µη

Aµ,ηΓ(α)
+
Aµ,η(1− η) + 1
Aµ,ηΓ(α+ 1)

).

Let x, y ∈ X. Then, we have

|F x(t)− F y(t)| 

|− 1
Γ(α− 1)

 t

0
(t−s)α−2f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
µ

Aµ,ηΓ(α− 1)
×

 1

0
(1− s)α−2f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
µ

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
1

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)αf(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
1

Γ(α− 1)×
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=
k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗)

×( 1
Γ(α)

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
),

where ∆ = max{1, 1
Γ(2−β) ,m, b1 + b2}. This implies that

Fx − Fy 

k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗)

×( 1
Γ(α)

+
µ(2− η)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µη

Aµ,ηΓ(α)
+
Aµ,η(1− η) + 1
Aµ,ηΓ(α+ 1)

).

Let x, y ∈ X. Then, we have

|F x(t)− F y(t)| 

|− 1
Γ(α− 1)

 t

0
(t−s)α−2f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
µ

Aµ,ηΓ(α− 1)
×

 1

0
(1− s)α−2f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
µ

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
1

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)αf(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
1

Γ(α− 1)×
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 t

0
(t− s)α−2f(s, y(s), y(s), Dβy(s),

 s

0
h(ξ)y(ξ)dξ, φ(y(s)))ds

− µ

Aµ,ηΓ(α− 1)
×

 1

0
(1− s)α−2f(s, y(s), y(s), Dβy(s),

 s

0
h(ξ)y(ξ)dξ, φ(y(s)))ds

− µ

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1f(s, y(s), y(s), Dβy(s),

 s

0
h(ξ)y(ξ)dξ, φ(y(s)))ds

− 1
Aµ,ηΓ(α+ 1)

×
 µ

0
(µ− s)αf(s, y(s), y(s), Dβy(s),

 s

0
h(ξ)y(ξ)dξ, φ(y(s)))ds|

 1
Γ(α− 1)×

 t

0
(t− s)α−2|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))

−f(s, y(s), y(s), Dβy(s),
 s

0
h(ξ)y(ξ)dξ, φ(y(s)))|ds

+
µ

Aµ,ηΓ(α− 1)
×

 1

0
(1− s)α−2|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))

−f(s, y(s), y(s), Dβy(s),
 s

0
h(ξ)y(ξ)dξ, φ(y(s)))|ds

+
µ

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))

−f(s, y(s), y(s), Dβy(s),
 s

0
h(ξ)y(ξ)dξ, φ(y(s)))|ds
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+
1

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)α|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))

−f(s, y(s), y(s), Dβy(s),
 s

0
h(ξ)y(ξ)dξ, φ(y(s)))|ds

 1
Γ(α− 1)×

 t

0
(t− s)α−2

k0

i=1

ai(s)[Λi(x(s)− y(s), x(s)− y(s), Dβx(s)−Dβy(s),

 s

0
h(ξ)x(ξ)dξ −

 s

0
h(ξ)y(ξ)dξ, φ(x(s))− φ(y(s)))]ds

+
µ

Aµ,ηΓ(α− 1)

 1

0
(1− s)α−2

k0

i=1

ai(s)[Λi(x(s)− y(s), x(s)− y(s),

Dβx(s)−Dβy(s),
 s

0
h(ξ)x(ξ)dξ −

 s

0
h(ξ)y(ξ)dξ, φ(x(s))− φ(y(s)))]ds

+
µ

Aµ,ηΓ(α)

 η

0
(η − s)α−1

k0

i=1

ai(s)[Λi(x(s)− y(s), x(s)− y(s),

Dβx(s)−Dβy(s),
 s

0
h(ξ)x(ξ)dξ −

 s

0
h(ξ)y(ξ)dξ, φ(x(s))− φ(y(s)))]ds

+
1

Aµ,ηΓ(α+ 1)

 µ

0
(µ− s)α

k0

i=1

ai(s)[Λi(x(s)− y(s), x(s)− y(s),

Dβx(s)−Dβy(s),
 s

0
h(ξ)x(ξ)dξ −

 s

0
h(ξ)y(ξ)dξ, φ(x(s))− φ(y(s)))]ds

 1
Γ(α− 1)×

k0

i=1

 t

0
(t− s)α−2ai(s)[Λi(|x(s)− y(s)|, |x(s)− y(s)|, |Dβ(x(s)− y(s))|,
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|
 s

0
h(ξ)(x(ξ)− y(ξ))dξ|, |φ(x(s))− φ(y(s))|)]ds

+
µ

Aµ,ηΓ(α− 1)

k0

i=1

 1

0
(1− s)α−2ai(s)[Λi(|x(s)− y(s)|, |x(s)− y(s)|,

|Dβ(x(s)− y(s))|, |
 s

0
h(ξ)(x(ξ)− y(ξ))dξ|, |φ(x(s))− φ(y(s))|)]ds

+
µ

Aµ,ηΓ(α)
×

k0

i=1

 η

0
(η − s)α−1ai(s)[Λi(|x(s)− y(s)|, |x(s)− y(s)|, |Dβ(x(s)− y(s))|,

|
 s

0
h(ξ)(x(ξ)− y(ξ))dξ|, |φ(x(s))− φ(y(s))|)]ds

+
1

Aµ,ηΓ(α+ 1)

k0

i=1

 µ

0
(µ− s)αai(s)[Λi(|x(s)− y(s)|, |x(s)− y(s)|,

|Dβ(x(s)− y(s))|, |
 s

0
h(ξ)(x(ξ)− y(ξ))dξ|, |φ(x(s))− φ(y(s))|)]ds

 1
Γ(α− 1)

k0

i=1

 t

0
(t− s)α−2[Λi(x− y, x − y, x

 − y
Γ(2− β)

,

mx− y, b1x− y+ b2x − y)]ds

+
µ

Aµ,ηΓ(α− 1)

k0

i=1

 1

0
(1− s)α−2ai(s)[Λi(x− y, x − y, x

 − y
Γ(2− β)

,

mx− y, b1x− y+ b2x − y)]ds

+
µ

Aµ,ηΓ(α)

k0

i=1

 η

0
(η − s)α−1ai(s)[Λi(x− y, x − y, x

 − y
Γ(2− β)

,

mx− y, b1x− y+ b2x − y)]ds

+
1

Aµ,ηΓ(α+ 1)

k0

i=1

 µ

0
(µ− s)αai(s)[Λi(x− y, x − y, x

 − y
Γ(2− β)

,
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mx− y, b1x− y+ b2x − y)]ds

 1
Γ(α− 1)

k0

i=1

Λi(x− y∗, x− y∗,
x− y∗
Γ(2− β)

,

mx− y∗, b1x− y∗ + b2x− y∗)
 t

0
(t− s)α−2ai(s)ds

+
µ

Aµ,ηΓ(α− 1)

k0

i=1

Λi(x− y∗, x− y∗,
x− y∗
Γ(2− β)

,

mx− y∗, b1x− y∗ + b2x− y∗)
 1

0
(1− s)α−2ai(s)ds

+
µ

Aµ,ηΓ(α)

k0

i=1

Λi(x− y∗, x− y∗,
x− y∗
Γ(2− β)

,

mx− y∗, b1x− y∗ + b2x− y∗)
 η

0
(η − s)α−1ai(s)ds

+
1

Aµ,ηΓ(α+ 1)

k0

i=1

Λi(x− y∗, x− y∗,
x− y∗
Γ(2− β)

,

mx− y∗, b1x− y∗ + b2x− y∗)
 µ

0
(µ− s)αai(s)ds

 1
Γ(α− 1)

k0

i=1

Λi(∆x− y∗,∆x− y∗,∆x− y∗,

∆x− y∗,∆x− y∗)
 1

0
(1− s)α−2ai(s)ds

+
µ

Aµ,ηΓ(α− 1)

k0

i=1

Λi(∆x− y∗,∆x− y∗,∆x− y∗,

∆x− y∗,∆x− y∗)
 1

0
(1− s)α−2ai(s)ds

+
µ

Aµ,ηΓ(α)

k0

i=1

Λi(∆x− y∗,∆x− y∗,∆x− y∗,
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∆x− y∗,∆x− y∗)
 1

0
(1− s)α−2ai(s)ds

+
1

Aµ,ηΓ(α+ 1)

k0

i=1

Λi(∆x− y∗,∆x− y∗,∆x− y∗,

∆x− y∗,∆x− y∗)
 1

0
(1− s)α−2ai(s)ds

=
1

Γ(α− 1)×

k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗)

+
µ

Aµ,ηΓ(α− 1)

k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,∆x− y∗,

∆x− y∗,∆x− y∗) +
µ

Aµ,ηΓ(α)

k0

i=1

âi1

Λi(∆x−y∗,∆x−y∗,∆x−y∗,∆x−y∗,∆x−y∗)+
1

Aµ,ηΓ(α+ 1)

×
k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗)

=
k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗)

×( 1
Γ(α− 1) +

µ

Aµ,ηΓ(α− 1)
+

µ

Aµ,ηΓ(α)
+

1
Aµ,ηΓ(α+ 1)

)

Hence,
F x − F y 

k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗)
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×( 1
Γ(α− 1) +

µ

Aµ,ηΓ(α− 1)
+

µ

Aµ,ηΓ(α)
+

1
Aµ,ηΓ(α+ 1)

)

and so
Fx − Fy∗ 

k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗)

×max{ 1
Γ(α)

+
µ(2− η)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µη

Aµ,ηΓ(α)
+
Aµ,η(1− η) + 1
Aµ,ηΓ(α+ 1)

,

1
Γ(α− 1) +

µ

Aµ,ηΓ(α− 1)
+

µ

Aµ,ηΓ(α)
+

1
Aµ,ηΓ(α+ 1)

}.

If

Lα,µ,η = max{
1

Γ(α)
+
µ(2− η)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µη

Aµ,ηΓ(α)
+
Aµ,η(1− η) + 1
Aµ,ηΓ(α+ 1)

,

1
Γ(α− 1) +

µ

Aµ,ηΓ(α− 1)
+

µ

Aµ,ηΓ(α)
+

1
Aµ,ηΓ(α+ 1)

},

then

Fx − Fy∗  Lα,µ,η

k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,

∆x− y∗,∆x− y∗,∆x− y∗). (2)

Let 0 <   1 be given. Since limx→0+
Λi(z,z,z,z,z)

zγi = qi for 1  i  k0,
there exists δi := δi() such that z ∈ (0, δi] implies |Λi(z,z,z,z,z)zγi − qi| < 

and so Λi(z,z,z,z,z)
zγi <  + qi. This consequents 0  Λi(z, z, z, z, z) <

(+ qi)zγi . Put δ := min{δ1, ..., δk0 , }. In this case, z ∈ (0, δ] implies

0  Λi(z, z, z, z, z) < (+ qi)zγi (3)

for all 1  i  k0. By using (3), we get

Λi(∆x− y∗, ...,∆x− y∗)  (+ qi)(∆x− y∗)γi  (+ qi)∆γiγi . (4)
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×( 1
Γ(α− 1) +

µ

Aµ,ηΓ(α− 1)
+

µ

Aµ,ηΓ(α)
+

1
Aµ,ηΓ(α+ 1)

)

and so
Fx − Fy∗ 

k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗,∆x− y∗)

×max{ 1
Γ(α)

+
µ(2− η)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µη

Aµ,ηΓ(α)
+
Aµ,η(1− η) + 1
Aµ,ηΓ(α+ 1)

,

1
Γ(α− 1) +

µ

Aµ,ηΓ(α− 1)
+

µ

Aµ,ηΓ(α)
+

1
Aµ,ηΓ(α+ 1)

}.

If

Lα,µ,η = max{
1

Γ(α)
+
µ(2− η)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µη

Aµ,ηΓ(α)
+
Aµ,η(1− η) + 1
Aµ,ηΓ(α+ 1)

,

1
Γ(α− 1) +

µ

Aµ,ηΓ(α− 1)
+

µ

Aµ,ηΓ(α)
+

1
Aµ,ηΓ(α+ 1)

},

then

Fx − Fy∗  Lα,µ,η

k0

i=1

âi1Λi(∆x− y∗,∆x− y∗,

∆x− y∗,∆x− y∗,∆x− y∗). (2)

Let 0 <   1 be given. Since limx→0+
Λi(z,z,z,z,z)

zγi = qi for 1  i  k0,
there exists δi := δi() such that z ∈ (0, δi] implies |Λi(z,z,z,z,z)zγi − qi| < 

and so Λi(z,z,z,z,z)
zγi <  + qi. This consequents 0  Λi(z, z, z, z, z) <

(+ qi)zγi . Put δ := min{δ1, ..., δk0 , }. In this case, z ∈ (0, δ] implies

0  Λi(z, z, z, z, z) < (+ qi)zγi (3)

for all 1  i  k0. By using (3), we get

Λi(∆x− y∗, ...,∆x− y∗)  (+ qi)(∆x− y∗)γi  (+ qi)∆γiγi . (4)
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Now using (2) and (4), we obtain

Fx − Fy∗  Lα,µ,η

k0

i=1

âi1(+ qi)∆γiγi .

Put γ := min{γ1, ..., γk0}. Since   1, γ  γi for all 1  i  k0 and so

Fx − Fy∗  γLα,µ,η

k0

i=1

âi1(+ qi)∆γi .

This shows that F is continuous. Since Lα,µ,η
k0

i=1 âi1qi∆γi < 1,
there is 1 > 0 such that Lα,µ,η

k0
i=1 âi1(qi + 1)∆γi < 1. Put θ :=

limz→0+
K(z,z,z,z,z)

z ∈ [0, B). Then, we have θ := limz→0+
K(∆z,...,∆z)

∆z and
so for each  > 0 there exists δ() > 0 such that z ∈ (0, δ()] implies
0  K(∆z,...,∆z)

∆z − θ < . Hence, 0  K(∆z, ...,∆z) < (θ + )∆z and

0  K(∆δ(), ...,∆δ()) < (θ + )∆δ().

Since θ ∈ [0, B), θ
B < 1. Choose 0 > 0 such that θ+0

B < 1. Let r0 :=
min{δ(0), δ(1)}. Then, r  r0 implies 0  K(∆r, ...,∆r) < (θ +
0)∆r. Since limz→0+

Λi(z,z,z,z,z)
zγi = qi, there is r1 > 0 such that z ∈ (0, r1]

implies

Λi(∆z, ...,∆z) < (qi + 0)(∆z)γi (5)

for i = 1, ..., k0. Put r = min{r0, r1
2 ,

1
2} and C = {x ∈ X : x∗  r}.

Define α : X2 → R by α(x, y) = 1 whenever x, y ∈ C and α(x, y) = 0
otherwise. Let x, y ∈ X be given. If α(x, y)  1, then x, y ∈ C and so
for every t ∈ [0, 1] we have

|Fx(t)| 
 t

0
|G(t, s)|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

 1
Γ(α)

 t

0
(t− s)α−1|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))|ds

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
×
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 1

0
(1− s)α−2|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))|ds

+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))|ds

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)α|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))|ds

 1
Γ(α)

 t

0
(t−s)α−1g(s)K(x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
×

 1

0
(1− s)α−2g(s)K(x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1g(s)K(x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)αg(s)K(x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

 1
Γ(α)

 t

0
(t−s)α−1g(s)K(|x(s)|, |x(s)|, |Dβx(s)|,

 s

0
|h(ξ)||x(ξ)|dξ, |φ(x(s))|)ds

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
×

 1

0
(1−s)α−2g(s)K(|x(s)|, |x(s)|, |Dβx(s)|,

 s

0
|h(ξ)||x(ξ)|dξ, |φ(x(s))|)ds
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 1

0
(1− s)α−2|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))|ds

+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))|ds

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)α|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))|ds

 1
Γ(α)

 t

0
(t−s)α−1g(s)K(x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
×

 1

0
(1− s)α−2g(s)K(x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1g(s)K(x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)αg(s)K(x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

 1
Γ(α)

 t

0
(t−s)α−1g(s)K(|x(s)|, |x(s)|, |Dβx(s)|,

 s

0
|h(ξ)||x(ξ)|dξ, |φ(x(s))|)ds

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
×

 1

0
(1−s)α−2g(s)K(|x(s)|, |x(s)|, |Dβx(s)|,

 s

0
|h(ξ)||x(ξ)|dξ, |φ(x(s))|)ds
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+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
×

 η

0
(η−s)α−1g(s)K(|x(s)|, |x(s)|, |Dβx(s)|,

 s

0
|h(ξ)||x(ξ)|dξ, |φ(x(s))|)ds

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)αg(s)K(|x(s)|, |x(s)|, |Dβx(s)|,

 s

0
|h(ξ)||x(ξ)|dξ, |φ(x(s))|)ds

 1
Γ(α)

 t

0
(t−s)α−1g(s)K(x, x, x

Γ(2− β)
,mx, b1x+b2x)ds

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
×

 1

0
(1− s)α−2g(s)K(x, x, x

Γ(2− β)
,mx, b1x+ b2x)ds

+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1g(s)K(x, x, x

Γ(2− β)
,mx, b1x+ b2x)ds

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)αg(s)K(x, x, x

Γ(2− β)
,mx, b1x+ b2x)ds

 1
Γ(α)

K(x, x, x
Γ(2− β)

,mx, b1x+b2x)
 1

0
(1−s)α−2g(s)ds

+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
K(x, x, x

Γ(2− β)
,mx, b1x+ b2x)

×
 1

0
(1− s)α−2g(s)ds

+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
K(x, x, x

Γ(2− β)
,mx, b1x+ b2x)
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×
 1

0
(1− s)α−2g(s)ds

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
×

K(x, x, x
Γ(2− β)

,mx, b1x+ b2x)×
 1

0
(1− s)α−2g(s)ds

 K(∆x∗,∆x∗,∆x∗,∆x∗,∆x∗)ĝ1[
1

Γ(α)
+

µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
]

 K(∆r,∆r,∆r,∆r,∆r)ĝ1[
1

Γ(α)
+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)

+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)
+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
]

 ∆r(θ + )ĝ1[
1

Γ(α)
+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
]

= r(∆(θ + )ĝ1[
1

Γ(α)
+
µ(1− η + t)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µ(η + t− 1)

Aµ,ηΓ(α)

+
Aµ,η(1− η) + t

Aµ,ηΓ(α+ 1)
]).

and so
Fx 

r(∆(θ+)ĝ1[
1

Γ(α)
+
µ(2− η)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µη

Aµ,ηΓ(α)
+
Aµ,η(1− η) + 1
Aµ,ηΓ(α+ 1)

])  r.

Also, we have
|F x(t)| 

|− 1
Γ(α− 1)

 t

0
(t−s)α−2f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds
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+
µ

Aµ,ηΓ(α− 1)
×

 1

0
(1− s)α−2f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
µ

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
1

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)αf(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds|

 1
Γ(α− 1)×

 t

0
(t− s)α−2|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))|ds

+
µ

Aµ,ηΓ(α− 1)
×

 1

0
(1− s)α−2|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))|ds

+
µ

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))|ds

+
1

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)α|f(s, x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))|ds

 1
Γ(α− 1)×

 t

0
(t− s)α−2g(s)K(x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds
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+
µ

Aµ,ηΓ(α− 1)
×

 1

0
(1− s)α−2g(s)K(x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
µ

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1g(s)K(x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

+
1

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)αg(s)K(x(s), x(s), Dβx(s),

 s

0
h(ξ)x(ξ)dξ, φ(x(s)))ds

 1
Γ(α− 1)×

 t

0
(t− s)α−2g(s)K(x, x, x

Γ(2− β)
,mx, b1x+ b2x)ds

+
µ

Aµ,ηΓ(α− 1)
×

 1

0
(1− s)α−2g(s)K(x, x, x

Γ(2− β)
,mx, b1x+ b2x)ds

+
µ

Aµ,ηΓ(α)
×

 η

0
(η − s)α−1g(s)K(x, x, x

Γ(2− β)
,mx, b1x+ b2x)ds

+
1

Aµ,ηΓ(α+ 1)
×

 µ

0
(µ− s)αg(s)K(x, x, x

Γ(2− β)
,mx, b1x+ b2x)ds

 1
Γ(α− 1)×

K(x, x, x
Γ(2− β)

,mx, b1x+ b2x)
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0
(1− s)α−2g(s)ds
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+
µ

Aµ,ηΓ(α− 1)
×

K(x, x, x
Γ(2− β)

,mx, b1x+ b2x)
 1

0
(1− s)α−2g(s)ds

+
µ

Aµ,ηΓ(α)
×

K(x, x, x
Γ(2− β)

,mx, b1x+ b2x)
 1

0
(1− s)α−2g(s)ds

+
1

Aµ,ηΓ(α+ 1)
×

K(x, x, x
Γ(2− β)

,mx, b1x+ b2x)
 1

0
(1− s)α−2g(s)ds

 K(∆x∗, ...,∆x∗)ĝ1×

[
1

Γ(α− 1) +
µ

Aµ,ηΓ(α− 1)
+

µ

Aµ,ηΓ(α)
+

1
Aµ,ηΓ(α+ 1)

]

 K(∆r, ...,∆r)ĝ1[
1

Γ(α− 1)+
µ

Aµ,ηΓ(α− 1)
+

µ

Aµ,ηΓ(α)
+

1
Aµ,ηΓ(α+ 1)

]

 (∆r)(θ+0)ĝ1[
1

Γ(α− 1)+
µ

Aµ,ηΓ(α− 1)
+

µ

Aµ,ηΓ(α)
+

1
Aµ,ηΓ(α+ 1)

]

and so
F x 

(∆r)(θ+0)ĝ1[
1

Γ(α− 1)+
µ

Aµ,ηΓ(α− 1)
+

µ

Aµ,ηΓ(α)
+

1
Aµ,ηΓ(α+ 1)

]  r.

Hence, Fx∗  r and so Fx ∈ C. Using a similar proof, we can show
that Fy ∈ C. This implies α(Fx, Fy)  1 and so F is α- admissible.
It is obvious that C = ∅. Choose x0 ∈ C. Hence, Fx0 ∈ C and so
α(x0, Fx0)  1. Let x, y ∈ C. Then, x− y∗  x∗ + y∗  2r  r1.
Also using (2), we have

Fx − Fy∗  Lα,µ,η

k0

i=1

âi1Λi(∆x− y∗, ...,∆x− y∗).
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1

Γ(α− 1)+
µ

Aµ,ηΓ(α− 1)
+

µ

Aµ,ηΓ(α)
+

1
Aµ,ηΓ(α+ 1)

]

 (∆r)(θ+0)ĝ1[
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Now using (5), we conclude that

Fx − Fy∗  Lα,µ,η

k0

i=1

âi1(qi + 1)(∆x− y∗)γi

 Lα,µ,η

k0

i=1

âi1(qi + 1)∆γix− yγi∗

 Lα,µ,η[
k0

i=1

âi1(qi + 1)∆γi ]x− yγ∗ ,

where γ = min{γ1, ..., γk0}. Since x− y∗  1, x− y
γi
∗  x− yγ∗ for

all 1  i  k0. Put τ := Lα,µ,η
k0

i=1 âi1qi∆γi . Note that, 0  τ < 1.
Define the map ψ : R+ → R+ by ψ(t) = τtγ whenever t ∈ [0, 1) and
ψ(t) = τt whenever t ∈ [1,∞). Then, ψ is nondecreasing and

∞

i=1

ψi(t) = τtγ + τ2t2γ + ... 
∞

i=1

τ itγ =
τ

1− τ
tγ <∞

for t ∈ [0, 1).
Also, we have

∞
i=1 ψ

i(t) = τ
1−τ t < ∞ for t ∈ [1,∞). Thus,

∞
i=1 ψ

i(t)
is a convergent series for all t  0 and so ψ ∈ Ψ. Also, we have
α(x, y)Fx, Fy∗  ψ(x − y∗). If x /∈ C or y /∈ C, then the above in-
equality holds obviously. This shows that α(x, y)d(Fx, Fy)  ψ(d(x, y))
for all x, y ∈ X. Now using Lemma 1.1, F has a fixed point that is the
solution for problem (1). 

Here, we provide an example to illustrate our main result.

Example 2.3.: Consider the pointwise defined problem

D
5
2x(t) =

1
100p(t)

(|x(t)|+|x(t)|+|D
1
2x(t)|+|

 t

0

x(ξ)√
ξ
dξ|+|sin(x(t))|) (∗)

with boundary conditions
 1
3
0 x(ξ)dξ = 0, x(1) = x(14) and x

(0) = 0,
where p(t) = 0 whenever t ∈ [0, 1] ∩ Q and p(t) = 1 − t whenever
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i=1 âi1qi∆γi . Note that, 0  τ < 1.
Define the map ψ : R+ → R+ by ψ(t) = τtγ whenever t ∈ [0, 1) and
ψ(t) = τt whenever t ∈ [1,∞). Then, ψ is nondecreasing and

∞

i=1

ψi(t) = τtγ + τ2t2γ + ... 
∞

i=1

τ itγ =
τ

1− τ
tγ <∞

for t ∈ [0, 1).
Also, we have

∞
i=1 ψ

i(t) = τ
1−τ t < ∞ for t ∈ [1,∞). Thus,

∞
i=1 ψ

i(t)
is a convergent series for all t  0 and so ψ ∈ Ψ. Also, we have
α(x, y)Fx, Fy∗  ψ(x − y∗). If x /∈ C or y /∈ C, then the above in-
equality holds obviously. This shows that α(x, y)d(Fx, Fy)  ψ(d(x, y))
for all x, y ∈ X. Now using Lemma 1.1, F has a fixed point that is the
solution for problem (1). 

Here, we provide an example to illustrate our main result.

Example 2.3.: Consider the pointwise defined problem

D
5
2x(t) =

1
100p(t)

(|x(t)|+|x(t)|+|D
1
2x(t)|+|

 t

0

x(ξ)√
ξ
dξ|+|sin(x(t))|) (∗)

with boundary conditions
 1
3
0 x(ξ)dξ = 0, x(1) = x(14) and x

(0) = 0,
where p(t) = 0 whenever t ∈ [0, 1] ∩ Q and p(t) = 1 − t whenever

INVESTIGATING A SOLUTION OF A MULTI-SINGULAR ... 43

Now using (5), we conclude that

Fx − Fy∗  Lα,µ,η

k0

i=1
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t ∈ [0, 1] ∩ Qc. Put α = 1
2 , β = 1

2 , µ =
1
3 , η =

1
4 , k0 = 1, γ1 = 1,

a1(t) = g(t) = 1
p(t) , b1 = 1, b2 = 0, h(ξ) =

x(ξ)√
ξ
, φ(x) = sin(x) and

K(x1, ..., x5) = Λ1(x1, ..., x5) =
1
100

(|x1|+ ...+ |x5|).

Then, we have

|φ(x)− φ(y)| = |sin(x)− sin(y)|  |x− y| = b1|x− y|,

|f(t, x1, ....x5)− f1(t, y1, ..., y5)|  a1(t)[|x1 − y1|+ ...+ |x5 − y5|],
q1 = limz→0+

Λ1(z,z,z,z,z)
zγ1 = limz→0+

5|z|
100z = 0.05, a1, g ∈ L1, m :=

h1 = 2, ĝ[0,1] = â1[0,1] =
 1
0

1
p(s)(1 − s)α−2ds =

 1
0

(1−s)
1
2

1−s ds =
 1
0

1√
1−s

ds = 2, |f(t, x1, ..., x5)|  g(t)K(x1, ..., x5), K,Λ1 are nonnega-

tive and nondecreasing respect to x1, ..., x5, Aµ,η = µ(1− η) + µ2

2 = 11
36 ,

∆ = max{1, 1
Γ(2− β)

,m, b1 + b2} = max{1,
1

Γ(32)
, 2, 1} = 2,

Lα,µ,η = max{ 1
Γ(α)

+
µ(2− η)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µη

Aµ,ηΓ(α)
+
Aµ,η(1− η) + 1
Aµ,ηΓ(α+ 1)

,

1
Γ(α− 1) +

µ

Aµ,ηΓ(α− 1)
+

µ

Aµ,ηΓ(α)
+

1
Aµ,ηΓ(α+ 1)

}

= max{ 1
Γ(52)

+
1
3(2−

1
4)−

11
36

11
36Γ(

3
2)

+
11
36 +

1
3 .

1
4

11
36Γ(

5
2)

+
11
36(1−

1
4) + 1

11
36Γ(

7
2)

,

1
Γ(32)

+
1
3

11
36Γ(

3
2)
+

1
3

11
36Γ(

5
2)
+

1
11
36Γ(

7
2)
}

 max{3.944, 3.957} = 3.957,

B = (∆ĝ1Lα,µ,η)−1  (4× 3.957)−1  0.0695,

lim
z→0+

K(z, z, z, z, z)
z

= 0.05 ∈ [0, B)

and
k0

i=1

âi[0,1]qi∆γi = 2× 0.05× 21 = 0.2 < 1
3.957

=
1

Lα,µ,η
.
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t ∈ [0, 1] ∩ Qc. Put α = 1
2 , β = 1

2 , µ =
1
3 , η =

1
4 , k0 = 1, γ1 = 1,

a1(t) = g(t) = 1
p(t) , b1 = 1, b2 = 0, h(ξ) =

x(ξ)√
ξ
, φ(x) = sin(x) and

K(x1, ..., x5) = Λ1(x1, ..., x5) =
1
100

(|x1|+ ...+ |x5|).

Then, we have

|φ(x)− φ(y)| = |sin(x)− sin(y)|  |x− y| = b1|x− y|,

|f(t, x1, ....x5)− f1(t, y1, ..., y5)|  a1(t)[|x1 − y1|+ ...+ |x5 − y5|],
q1 = limz→0+

Λ1(z,z,z,z,z)
zγ1 = limz→0+

5|z|
100z = 0.05, a1, g ∈ L1, m :=

h1 = 2, ĝ[0,1] = â1[0,1] =
 1
0

1
p(s)(1 − s)α−2ds =

 1
0

(1−s)
1
2

1−s ds =
 1
0

1√
1−s

ds = 2, |f(t, x1, ..., x5)|  g(t)K(x1, ..., x5), K,Λ1 are nonnega-

tive and nondecreasing respect to x1, ..., x5, Aµ,η = µ(1− η) + µ2

2 = 11
36 ,

∆ = max{1, 1
Γ(2− β)

,m, b1 + b2} = max{1,
1

Γ(32)
, 2, 1} = 2,

Lα,µ,η = max{ 1
Γ(α)

+
µ(2− η)−Aµ,η

Aµ,ηΓ(α− 1)
+
Aµ,η + µη

Aµ,ηΓ(α)
+
Aµ,η(1− η) + 1
Aµ,ηΓ(α+ 1)

,

1
Γ(α− 1) +

µ

Aµ,ηΓ(α− 1)
+

µ

Aµ,ηΓ(α)
+

1
Aµ,ηΓ(α+ 1)

}

= max{ 1
Γ(52)

+
1
3(2−

1
4)−

11
36

11
36Γ(

3
2)

+
11
36 +

1
3 .

1
4

11
36Γ(

5
2)

+
11
36(1−

1
4) + 1

11
36Γ(

7
2)

,

1
Γ(32)

+
1
3

11
36Γ(

3
2)
+

1
3

11
36Γ(

5
2)
+

1
11
36Γ(

7
2)
}

 max{3.944, 3.957} = 3.957,

B = (∆ĝ1Lα,µ,η)−1  (4× 3.957)−1  0.0695,

lim
z→0+

K(z, z, z, z, z)
z

= 0.05 ∈ [0, B)

and
k0

i=1

âi[0,1]qi∆γi = 2× 0.05× 21 = 0.2 < 1
3.957

=
1

Lα,µ,η
.
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Now using Theorem 2.2, the problem (∗) has a solution.
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