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1. Introduction

In this article we introduce some propositions on a sequence of indepen-
dent functions that will be needed. In other hand we intend to study a
particular series, which is not only interesting in itself, but provide ex-
amples illuminating many points of the general theory of trigonometric
series.

Definition 1.1. ([3]) A set of real measurable functions {f,(x)}\_, with
domain (0,1) is a set of independent functions if for every interval
I,,n=1,....N, the following condition is satisfied:

m{z € (0,1): fulz) € I,,n=1,.. N} =TI2_ m{z e (0,1) : fu(z) € I,}. (1)

An infinite sequence of functions {f,(x)}°% is a sequence (or system) of
independent functions (S.LF) if the set {f,(z)}_, is a set of independent
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functions for every N=1,2.3,....

If the measure of the set G on which functions f,,(x) are defined is
not 1 (but finite and positive), the definition of independence takes the
following form:

{fn(z)}N_, is a set of independent, functions if

m{z € G;fulx) € Lun = 1,2,..,N} = [m(G)] N, m{z €
G; fn(x) € In}v

for every interval I,,, n=1,2,...,N.

Theorem 1.2. ([3]) An S.LF. {{n(x)}32 1,z € (0,1), is an orthonormal

system if it satisfies, for n = 1,2,..., the conditions
[z =o [ vz =1.

Theorem 1.3. ([3]) The following inequality holds for every set {1, (z)} N
of independent functions which satisfy

n=1
1

Il =1, [[nlloe < M, / (@) dz=0; n=1,2..N, (2
0

N
)\( ) m{a: E 0 1 ’Z‘%ﬂbn | >t Za 1/2} < 2€*t2/4M27
n=1

for every t > 0.

Theorem 1.4. ([3,5]) (Khinchin’s inequality). For all numbers p > 2
and M > 1 there exist constants Cp s such that, for every polynomial

flx) = ny:l anPn(x) in an S.LF. {¢n(x)}72 that satisfies (2), the

mequality
N
£l < Cpprllfllz = Coar (Y an) /2,
n=1

will be satisfied.

Definition 1.5. ([1,3]) For n=1,2,5,..., the nth Rademacher function
1s defined by
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[ 1, ifioddandz € ((i—1)/2"i/2") = AL;
ra(z) = { —1, ifieven and x € ((i —1)/2",i/2") = AL. (3)

In addition, it will be convenient to suppose in what follows that ro(x) =
1 for x € (0,1) and that rp,(i/2") =0 fori=0,1,...,2"; n=0,1,....
Then we can give a more compact definition of the Rademacher func-
tions by the formula

rn(z) = sgnsin2"nr,z € [0,1],n =0,1,... . (4)

Theorem 1.6. ([3]) The functions {r,(x)}2>y; x € [0,1], form an S.LF.

Theorem 1.7. ([4]) Let (;v),v(Q) < 1, be a measurable space, and
let f € LY() satisfy the inequality

HfHLp(Q;U) <czog(p+2)7 p:1727 ) c>0.

Then the following inequality holds

/ ea:p(e:zp(w)\lﬂ))dv(x) < Ao
Q CAl

Theorem 1.8. ([3]) Let f € L'(0,1), and fort € R let

Af(t) =m{xz € (0,1) : |f(x)] > t};xf(t) =m{z € (0,1): f(z) > t}.

/01 Fo)da = — /_Z th g (1),

and if f € LP(0,1),0 < p < oo, then

Then

1 [e] [ee]
/0 |f(z)|Pdx = —/0 tPdNs(t) :p/0 PN () dL.
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2. Main Results

Theorem 2.1. For any even number p > 2 and for every series P(z) =
Py %wk(x);a: € (0,1), in an S.LE. {{n(x)}22, whose components
satisfy the conditions (2), the inequalities

> 1
1P, < 2M/p( Z 1/k)? 1/2and/ exp(exp(A1|P(z)|)dx < Ao,
k=1 0

will be satisfied, that M, \1, Ay are constants.
Proof. Let A(t) = m{z € (0,1);|P(x)| > t}, by Theorem 1.2, \(t) <
2exp(—t%/4M?), therefore according to Theorem 1.6

1Pl ={p [0 NOd P < (2p [ 0 eap(-£ /a0t .
0 0
In other hand

/ P exp(—t? /AM?)dt = 2P*1Mp/ exp(—u)uP/*Ldu = 2P" MPT(p/2),
0 0

then
I|Pllp < {2P MPpI(p/2)}'/7 = {28 MPp(p/2—-1)1}/7 = %QM(p)l/p(p—Z)””(p—4)l/p-.-l :

and it is trivial that

N oo
1P|, < M.2.(pH/P)P/? = 2M /p < 2M /(> (1/k))M? < 2M (> (1/k)*)V2.
k=1 k=1

For other inequality can be written that

oo 2711

CEDITOED D) PRI
k=1

n=0 k=27

and let )
Py(z) = 27%”(@ +-+ m%nﬂq(ﬂ?)-
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It is clear that
M

1En(@)lp < 1Pn(@)lloo < 52" = M.
In other hand
1 1
then || P, ()|, < min{M, /5" } therefore

M+ - |M -\ /FE
1P, < me{M ary MV S VR

n=1

with separate of last summation, it can be obtained

UOg;lp] C [ ) C [
M+\/1—n‘,’+M—\/af’ M+ /S -M+ /2P
IP@l < 3 7 DY — =

n=1 [log;lp]+1

and finally

. 2
| Pn(z)|lp < Mlog “”ﬂ/ - < e2log(p) < calog(p + 2).

Now by Theorem 1.5 can be written that fol exp(exp(A1|P(z)]))dx <
Ap. O

Corollary 2.2. For series P(z) = > 3% 1ri(z) the following inequali-
ties will be satisfied

[e.9]

1
I1Pllp < ev/p(D_(1/B)*)Y?  and /0 exp(exp(M|P(x)]))dr < A
k=1
that {r,(t)} is the Rademacher system, p > 2 is an even integer and
¢, A1, Ao are constants.
Now consider the system {¢n(x)} = {sin(2"z} over |o,27]. With a sim-
ple change of variable it can be obtained the system {¢,(t)} = {sin(2" 17t}
over |o, 1], (x — 27t).

Theorem 2.3. If the series a2 < oo, the function
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() =3 apsin(@ ), t € 0,1] | (5)
k=0
or equivalently
g(t) => apsin(2"t),t € [0,27] (6)
k=0

belongs to LY for every q > 0.

Proof. It is sufficient to prove the theorem for ¢ = 2,4,6,---. We shall
show that
1 oo
0 n=0

or equivalently

2T 0
| a0 < adib =123, ®)
0 n=0

where M}, is a constant depending only on k.
Denoting by S, (t) and S} (t), the partial sums of the series (5) and the
partial sums of the series (6) respectively.

So

1 1
/ SRt =" Ay, o Gy - i, / sin® (2™ T ) - sin® (27 T ot )dt
0 0

or equivalently

27 2m
/ (S:)?k (t)dt = Z Aar az, an Qo+ Qo / sin®t(2Mt) -+ sin T (27T ) dt
0 0

where
(a1 +a2+---+ay)!

allag! cee a,,!

Aa17a27"'7ar -

and the summations on the right are taken over the set

{mlam27'”mr7a17a27"' 7aT} )
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defined by the relations:
0<m; <n,0< oy <2k;i=1,2,--- ,m1 < r <2k a1+as+- - +a, = 2k.

Now it is easily verified that the integrals on the right vanish unless
ap, 9, ,ap are all even, that in this case they are less than or equal
1. Thus the right side of above relations are less than or equal of the

following term
D" Asyamany @l

Observing that

261 4,2 28r _ (12 4 2 21k
ZABLB% B a nfl1 n”?ZQ nﬁ—<a0+a1+"'+an).

It can be obtained (7) and (8) with S,,(¢) and S} (¢) replaced by f(t) and
g(t) respectively, My being now the upper bound of the ratio

Aop, - 28,/ ABy oy Br-

Notice
My < (2k)!1/2%k! = (K +1)---2k/2% < &P (9)

Since S, (t) — f(t) and S;(t) — g¢(t) for almost every ¢, finally with use
Fatous lemma the proof is complete. [

Corollary 2.4. The function exp(uf?(t)) is integrable for p > 0.

Corollary 2.5. For any even number p > 2 and series

< 4 .
f(z) = nz::l ESWQ xz; x € (0,2m),
the inequalities
o0 2w
£l < CVA_(1/mA2 and [ caplenpulf@)D)de < s
n=1

will be satisfied, that C, \1, Ao are constants.
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Proof. According to (9) the following inequality is satisfied:

171 < (M5 < {(D)E PR = V(Y ()%
n=1 n=1 n=1

For other inequality it can be written f(x) = Y 7 fn(x) such that
fo(z) = Z 2n_1 1sin2kz therefore

7T on
[fn(@)]lp < MANW\E:QWMM<§=1-
k=2n
In other hand
antl_q
2m C\/p
5@l < CVE 3 45 < VP gz =0
k=2
then || fr(2)|lp, < min{l, o } therefore
¢ f f
1 +
I1f (@)lp < )-
With separate of last summation, it can be obtained
ltogs V7] C\/p 00 C\/p N/
||f(l')||p < Z 2 9 : + Z : 9
n=0 n:[loggﬁ}—l-l
and finally

3
) = l£ﬁ+f<M@@+%,

5@l < togs P +1+ CyB(5er ;

2C /b

that « is a constant. Now by Theorem 1.5 can be written

27
/0 exp(exp(A|f(z)]))dz < Ag. O
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