Journal of Mathematical Extension

Vol. 18, No. 1, (2024) (4)1-44

URL: https://doi.org/10.30495/IME.2024.2675
ISSN: 1735-8299

Original Research Paper

An Inertial Type Subgradient Extragradient
Method for Common Fixed Point and
Variational Inequalities Problems in Real
Banach Space

B. Ali*

Bayero University

J.T. Ajio

Bayero University

Abstract. In this paper, we introduce a new inertial type algorithm
with self - adaptive step - size technique for approximating a common
element of the set of solutions of pseudomonotone variational inequal-
ity problem and the set of common fixed point of a finite family of
generic generalized nonspreading mappings in uniformly smooth and 2
- uniformly convex real Banach space. Furthermore, we prove a strong
convergence theorem of our algorithm without prior knowledge of the
Lipschitz constant of the operator under some mild assumptions. We
also give numerical examples to illustrate the performance of our algo-
rithm. Our result generalize and improve many existing results in the
literature.

AMS Subject Classification: MSC 47H09; 47TH10; 47H05; 47J25
Keywords and Phrases: variational inequality problem, inertial sub-
gradient extragradient method, Strong convergence, Monotone map-
ping, Fixed point, Banach spaces

Received: February 2023; Accepted: May 2024
*Corresponding Author



B. ALT AND J.T. AJIO

1 Introduction

Let E be a real Banach space and E* be its dual space. Let C be
a nonempty, closed and convex subset of E/, and A : C — E* be a
mapping. The problem of finding a point z* € C such that

<Ax*,y—ac*>20, VyEC’, (1)

is called a wvariational inequality problem. The set of solutions of varia-
tional inequality problem (1) is denoted by VI(C, A). The study of varia-
tional inequality problem originates from solving minimization problems
involving infinite-dimensional functions and calculus of variation. As an
analytical application of mechanics to the solution of partial differential
equations in infinite-dimensional spaces (see, for example, [14, 36] and
references therein ). Hartman and Stampacchia [ 8] initiated the system-
atic study of the theory of variational inequality problem in 1966. Later
in 1967 Lions and Stampacchia [30] studied the existence and uniqueness
of the solution. Since then, the theory of variational inequality problem
has received much attention due to its wide applications in various areas
of pure and applied sciences, such as optimal control, image recovery,
resource allocations, networking, transportation, signal processing and
so on (see, for example, [31, 23, 14, 5] and references therein). The
constraints can clearly be expressed as variational inequality problems
and (or) as fixed point problems. Consequently, the problem of finding
common elements of the set of solutions of variational inequality prob-
lems and the set of fixed points of nonlinear operators has become an
interesting area of research for many researchers working in the area
of nonlinear operator theory (see, for example, [3, 33, 34, 19] and the
references contained in them).

Many researchers in their quest to find solutions of variational inequality
problems have proposed and analyzed various iterative approximation
methods (see for example, [22, 9, 18]). A number of results on iterative
methods proposed for approximating solutions of variational inequality
problems are studied such that the operator A was often considered to
be inverse strongly monotone (see, for instance [17, 28] and references
therein). In order to relax the inverse strongly monotone condition im-
posed on the operator A, Korpelevich [26] proposed the following extra-
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gradient method in a finite dimensional Euclidean space R":

z1=xz¢€C
Yn = Po(an — AA(zn)), (2)
Tnt1 = Po(zn, — MNA(yn)) Yn >0,

where A € (0, %), A is monotone and Lipschitz and Pg is the metric
projection onto C. They proved that the sequence {x,} generated by
algorithm (2) converges weakly to a solution of problem (1). However,
it is notice that the extragradient method require the computation at
each step of the iteration process two projections onto a closed and
convex subset C' of H. This might affect the efficiency of the extragra-
dient method if the feasible set is not simple enough which might also
increase the computational cost. In order to overcome this drawback,
Several modifications of the extragradient method were proposed (see,
for example [11, 10, 25, 20, 50, 19] and references therein) for solving
variational inequality problem (1). In particular, Tseng [50] proposed
the following Tseng’s extragradient method

rn=x€C
Tnt1 = Yn — A(A(yn) — A(2n)) Yn 20,

where A € (0, %), A is monotone and Lipschitz and Pg is the metric
projection onto C. They proved that the sequence {z,} generated by
algorithm (3) converges weakly to a solution of problem (1) in a real
Hilbert space. Another modification of the extragradient method was
proposed by Censor et al. [11] as follows:

xo € H,

Yo = Po(n — M(z0)),

Th={2€ H: (xn— ANA(2p) = Yn,z — yn) < 0},
Tny1 = Pr,(zn — AM(yn)), V n>0.

(4)

They modified the extragradient method (2) by replacing the second
projection onto a closed and convex subset C' with a projection onto the
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half space T),. Algorithm (4) is therefore called subgradient extragra-
dient method. Observe that, the set T, is a half space, thus algorithm
(4) is simpler to implement than algorithm (2). They proved that the
sequence {x,} generated by algorithm (4) converges weakly to a solution
of problem (1) in a real Hilbert space under some mild assumptions.
Recently, Kraikaew and Saejung [27] in order to obtain strong conver-
gence, combined the subgradient extragradient method (4) with Halpern
method and thus proposed the following iterative algorithm:

(1'0 € H,
Yn = PC(xn - )\A(.Tn)),
T,={z€ H :{(x, — AA(xn) — Yn, 2 — Yn) < 0}, (5)

Zn = anxo + (1 — an) Pr, (xn — AA(yn)),
Tp41 = ﬁnxn + (1 — Bn)Szn, V n> 0,

where £, C [a,b] € (0,1), for some a,b € (0,1) and {ay,} is a sequence
in [0,1] satisfying Jingo a, = 0 and > 2 o, = co. They proved that
the sequence {x,} generated by algorithm (5) converges strongly to a
point x* € VI(C,A) N F(S) in a real Hilbert space under some mild
assumptions.

Rezapour and Zakeri [11] see also [12] studied the problem of finding a
common element of the set of fixed points of some nonlinear mappings,
the set of solutions to a variational inclusion problems and the set of so-
lutions of some generalized equilibrium problem in a real Hilbert space.
Still in the setting of Hilbrt space, Rezapour et al. [13] studied an ex-
tragradient methods for solving split feasibility problems, generalized
equilibrium problems, and fixed point problems involving some nonlin-
ear operators.

Chidume et al. [13] proposed the following Krasnoselskii type algo-
rithm in a uniformly smooth, 2 - uniformly convex real Banach space
for approximating common element of solutions of a variational inequal-
ity problem and common fixed point of a countable family of relatively



AN INERTIAL TYPE SUBGRADIENT EXTRAGRADIENT...

nonexpansive mappings as:

,

To=x € E,

o = Tl (T — AA(2,),

T,={z€ E: {(Jax, — NA(zn) — Jyn, 2 — yn) < 0},
tn = Uy, J (T2 — M(yn)),

2n = J HanJxg + (1 — an)Jt,),

Tpi1 = J T ANJxp + (1= N)J(Sz,)), V n>0,

(6)

where A is monotone, A € (0,1) such that A < %, a is a constant, K is
Lipschitz constant and {a,,} is a sequence in [0, 1] satisfying ngngo an =0
and y >, a;, = oo. They proved that the sequence {z,} generated by
algorithm (6) converges strongly to a point 2* = I p(g) v 1(c,4)To under
some mild assumptions.

Observe that all the methods mentioned above require a prior knowledge
of the Lipschitz constant of the operator A as input parameter which is
very difficult to estimate when solving some practical problems.

Ma [32] introduced a new subgradient extragradient method with a self
adaptive step size for solving monotone variational inequality problems
in Banach space without prior knowledge of Lipschitz constant of the
operator. They proved that the sequence {z,} generated by the pro-
posed algorithm converges strongly to a point & = Iy, 4)Jxo under
some mild assumptions.

Algorithm A

(Step 0) Take \g > 0,z € E be a given starting point, € (0, 1).
(Step 1) Given the current iterate x,, compute

Yn = HC(J‘Tn - )\nA(xn))a

If x,, = yn, then stop: x,, is a solution. Otherwise, go to step 2.

(Step 2) Construct the set T,, = {w € E : (Ja, — \yA(zpn) — Jyn, w —
yn) < 0}, and compute

zn = 1, (Jxn — \A(yn)), Tpi1 = J Handzo + (1 — an)Jzy),
(Step 3) compute

12

: Tn—Yn n—2Zn 2 .
dpt = {mm{“;@(xnhgﬂi{zﬂyg),xn}, if (A@n) = Alyn), 20 — ) >0,

s otherwise,
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Set n :=n + 1 and return to step 1.

However, in 1964 Polyak [10] introduced the technique of inertial ex-
trapolation process as a means of speeding up the rate of convergence
of iterative methods.

Many researchers have proposed and analyzed a large number of iner-
tial type iterative schemes (see, for example [16, 48, 36] and references
therein).

Very recently, Tan and Qin [17] introduced the following Viscosity type
inertial subgradient extragradient algorithm for solving monotone vari-
ational inequality problem in real Hilbert spaces. They proved that the
sequence {x,} generated by the proposed algorithm converges strongly
to an element =" = Py r(¢, 4)f(7") under some mild assumptions.
Algorithm B

Initialization: Set 7 > 0,A\; > 0, € (0,1). Choose a nonnegative real
sequence {ay,} such that Y 2 | a,, < 4+00. Let xg, 21 € H be arbitrarily
chosen.

Iterative steps: Calculate z,.1 as follows:

Up = Tp + Tn(Tn — Tn-1),
Yn = Po(un — AnA(un)),
T, ={z€ H: (up, — MA(upn) — Yn, 2z — yn) < 0}, (7)
zn = Pr, (un — AA(Yn)),
( Tn+1 = 1/)nf(xn) + (1 — Pn)2n, Von>1,

T, otherwise,

— {mln{|xn_9;nl||77—} ) Zf Tn 7& Tn—1,
n =

(9)

s — {min{m,)\n fany L, if Au, — Ay, #0,
An + Q, otherwise,

where {7,} and {\,} are updated by (8) and (9) respectively.

On the other hand, Vuong [51] used the extragradient method (2) to

solve pseudomonotone variational inequalities problems in Hilbert spaces,

and thus, proved that the sequence {z,,} generated by algorithm (2) con-

verges weakly to a solution of problem (1).
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Motivated by the above works, in this paper, we introduce a new in-
ertial type subgradient extragradient algorithm with self adaptive step
size technique for approximating common element in the set of solutions
of pseudomonotone variational inequality problem and the set of com-
mon fixed point of a finite family of generic generalized nonspreading
mappings in uniformly smooth and 2 - uniformly convex Banach space.
Furthermore, we prove a strong convergence of our algorithm to a so-
lution of the stated problem without prior knowledge of the Lipschitz
constant of the operator under some mild assumptions. Our result gen-
eralize and extend many existing results in the literature. We give some
numerical examples in order to illustrates the performance of our pro-
posed algorithm. Our result generalize and extend many existing results
in the literature such as those in [27, 13, 41, 12, 43].

2 Preliminaries

Throughout this paper, we denote by N the set of positive integers and
R the set of real numbers. Let E be a real Banach space with norm ||.||,
and let E* be the dual space of F, and Sg = {z € E : ||z|| = 1} is the
unit sphere of E. We denote the value of y* € E* at € E by (z,y*).
When {z,} is a sequence in F, we denote the strong convergence of {x,, }
to z € E by x,, — = and the weak convergence by x,, — x. The modulus
d of convexity of E is the function dg : (0,2] — [0, 1] defined by

|z + 9|

dp(€e) = inf{l— 5

Hlzll < Lyl <1, (|2 —yll > €}

E is uniformly convex if and only if dg(e) > 0 for every € € (0,2]. The
space E is said to be 2-uniformly convex if there exists a constant ¢ > 0
such that dp(€) > ce? for every € € (0, 2]. Observe that every 2-uniformly
convex Banach space is uniformly convex.

A Banach space E is called smooth if the limit

e+ tyl] e
t—0 t

exists for all z,y € Sg and for any A € (0,1), if |[Az+ (1 — N)y|| < 1 for
all x,y € Sg with « # y, then FE is said to be strictly convex.

7
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The modulus of smoothness of E is the function pg : [0,00) — [0, 00)
defined by

|z + 7yl — [lz = 7yl
2

pe(T) = sup{ —1:z,y € Sg}.

FE is called uniformly smooth if the lin%p%m =0 ; ¢ - uniformly smooth
T—

if there exists a positive constant C,; such that pg(7) < Cy(7)? for any
7> 0.

Observe that every ¢ - uniformly smooth Banach space is uniformly
smooth. Also, every uniformly convex Banach space is strictly con-
vex and reflexive. Typical examples of such spaces, (see, for example

Chidume [12], pp. 34, 54) are Ly,l, and W, which are ¢ - uniformly
smooth for 1 < ¢ < 2; 2 - uniformly smooth and uniformly convex (see,
for instance [52]). The normalized duality mapping J from E into 25

is defined by

Jr ={a* € E* : (z,2%) = ||=|[.[|z"*]|, [|z*]] = ||z}
forall x € E.

Remark 2.1. Observe that the normalized duality mapping J has the
following basic properties (see, for more details [12]):

(T1) If E is smooth Banach space, then J is single - valued mapping
from F into E*;

(T2) If E is strictly convex Banach space, then J is one to one;

(T3) If E is uniformly smooth Banach space, then J is uniformly norm
to norm continuous on each bounded subset of E;

(T4) If E is reflexive Banach space, then J is surjective;

(T5) If E is reflexive, smooth and strictly convex Banach space with
dual £* and J* : B* — E is the normalized duality mapping in
E*, then J* = J 1,

(T6) If E is reflexive, smooth and strictly convex Banach space, then
the normalized duality mapping J is single - valued, one to one
and onto.
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A Banach space F is uniformly smooth if and only if E* is uniformly
convex.

Let E be a reflexive, smooth and strictly convex Banach space and
C be a nonempty, closed and convex subset of E (see, for more details

[3]).-
A mapping ¢ : E x E — [0,00) defined by

¢(x,y) = [[x|* — 2(z, Jy) + lyl[>, ¥ =,y € E, (10)

Observe that in a Hilbert space H, ¢(x,y) = ||z —y||?, V z,y € H.
Obviously, the functional ¢ satisfies the following properties (see, for
more details [3]).

(lll =1lyl)? < olx,y) < (2l +lyl)% ¥V zye B (11)

o(x,y) = ¢z, 2) + o2, y) +2(x — 2,2z = Jy), V x,y,2€ E; (12)

o(z,y) = (v, Jo—Jy)+(y—=, Jy) < ||z[|||Jz—Ty||+||y—z|l||y]], Yo,y € E;
(13)

o(z, Jfl(aJx +(1—a)Jy)) <ad(z,z)+ (1 —a)d(z,y), ¥ =,y E(E,)
14
and a € (0,1).

Remark 2.2. Let E be a strictly convexr Banach space, then for all
x,y € E, ¢(x,y) =0 if and only if x =y (see, for ezample [75]).

Define a functional V' : E x E* — [0, 00) (see for example [3]) by
Viz,z*) = ||z||* — 2(x, ") + ||y||*>, Yz € E, and z*€ E*. (15)
The following relation is easily verified,

V(z,2*) = ¢(x,J H(z*)), Yo € E, and z* € E*. (16)

Observe that the mapping ¢ defined by fixing z € E, and g(z*) =
V(z,x*) for all 2* € E* is a continuous, convex function from E* into
R.
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Lemma 2.3. [3] Let E be a strictly convez, reflexive and smooth Banach
space, and let V' be as defined in (15). Then

V(z,z*)+2(J " —z,y*) < V(z,z*+y*) Yz € E, and z*,y* € E*.
(17)

Let E be a reflexive, strictly convex and smooth Banach space and C' be

a nonempty, closed and convex subset of F.

It is shown that, see Alber [3] for each x € E, there exists a unique

element k € C' (written as Ilcx) such that

¢(k, ) = inf ¢(y, ).
yeC

The mapping llg : E — C defined by llgx = k, is called generalized
projection (see, for example [3]).

Note, if E is a Hilbert space H, then Ilg is a metric projection of H
onto C.

Lemma 2.4. (see for more details [2],[7]) Let E be a smooth, reflex-
we and strictly convex Banach space and C' be a nonempty, closed and
convex subset of E. Then the following inequalities hold:

o(z,llcy) + ¢(lcy,y) < d(v,y), V x€C and y € E; (18)

If z€E and z¢e€C, then z=leox <= (z—y, Jz—Jz) > 0,
(19)
forally e C.

Lemma 2.5. [79] Let E be a uniformly smooth Banach space and r > 0.
Then, there exists a continuous, strictly increasing and convex function
g :1[0,2r] — [0, 00) with g(0) =0 and

$(u, I (tTx+(1-1)Jy)) < té(u, x)+(1-t)p(u,y)—t(1-t)g(|[Jz—JTy]]),
(20)

V tel0,1], ue E and z,y € B;(0) where B.(0) :={h € E : ||h|| <

r}.

Lemma 2.6. [75] Let E be a uniformly conver and smooth Banach

space and {un} and {\,} be two sequences in E. If lim d(tn, An) =0

and either {u,} or {\,} is bounded, then lim |t — Anl| = 0.
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Lemma 2.7. [0, 52] Let E be a 2 - uniformly convex Banach space.
Then, there exists T > 0 such that

1
e~y < 6(zy), ¥ wyeR. (21)

Remark 2.8. Without loss of generality, we may assume T € (0, 1).
Definition 2.9. Let T : C — C be a mapping.

1. A point z € C is called a fixed point of T if Tx = x, where F(T') :=
{z € C: Tz =z} is the set of fixed point of T'.

2. A point x € C is said to be asymptotic fixed point of T, if there
exists sequence {x,} C C such that z,, — z and lim ||z, —Tz,|| =
n—oo

0. We denote the set of all asymptotic fixed point of 7' by F' (T).

3. T is said to be quasi - ¢ - nonexpansive if F(T) # (), and

o(p,Tz) < ¢(p,x), ¥V x€C and pe F(T). (22)

4. T is called nonspreading [24] if for all z,y € C' and
¢(Tz,Ty) + ¢(Ty, Tx) < ¢(Tx,y) + (Ty, x). (23)

5. T is called generalized nonspreading [1] for all z,y € C' if there
exist «, 3,7,0 € R such that

ag(Tz, Ty) + (1 — a)p(z, Ty) + {o(Ty, Tx) — ¢(Ty,x)}

6. T is called generic (a, 8,7, 9,¢€,§) generalized nonspreading [10] if
for all z,y € C the following inequalities holds: (i) (a+S+~y+0) >
0; (ii) (a + B8) > 0; and (iii)

ap(Tx, Ty) + Bé(z, Ty) + v¢(Tx,y) + 6é(z,y)

11
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Remark 2.10. Observe that, (i) if « + = —y — 6 = 1, then
generic (a, 3,7, 9, €,£)— generalized nonspreading mapping reduces
to generalized nonspreading; (ii) if « = 1, = 9§ = & = 0 and
v =& = —1 then generic (o, 3,7, 6, €,&)— generalized nonspreading
mapping reduces to nonspreading mapping; (iii) if « = 1,5 =
v=§&=¢e¢=0,0 = —1 then generic (a,f,7,0,¢,)— generalized
nonspreading mapping reduces to nonexrpansive mapping.

7. T is called demiclosed at zero if for any sequence {z,} C C with
z, — ¢ € C and

||zn, — Txn|| — 0 as n — o0, then Tz =wx.

Definition 2.11. Let A: C — E* be a mapping. Then A is said to be

1. monotone if the following inequality hold

(Ar — Ay,x —y) >0, Vz,yecC.

2. pseudomonotone if

(A(z),y —2) 2 0= (A(y),y —2) 20, Vaz,yeCl.

3. Lipschitz continuous if there exists a constant L > 0 such that

|Az — Ayl| < Lz —y[|, Va,yeC.

4. weakly sequentially continuous if for any {z,} C C such that z,, —
x implies Az, — Azx.

Definition 2.12. [37, 29] Let A: C — E* be an operator. The Minty
variational inequality problem (MV IP) consist of finding a point z* € C
such that

(A(z"),y—z*) >0, VyeC. (25)

The set of solutions of (25) is denoted by M (C, A). Some existing results
for the (MVIP) have been presented in [29]. Also, the assumption that
M(C, A) # 0 has been used in solving the variational inequality problem
VI(C,A) in finite dimensional spaces (see, for example [15]).



AN INERTIAL TYPE SUBGRADIENT EXTRAGRADIENT...

Lemma 2.13. [77] Consider the variational inequality problem VI(C, A).

Suppose the mapping h : [0,1] — E* defined by h(t) = A(tx+ (1 —t)y)
and t € [0,1] is continuous for all x,y € C (i.e, h is hemicontinuous),
then M(C,A) C VI(C,A). Moreover, if A is pseudomonotone, then
VI(C,A) is closed, convex and VI(C,A) = M(C, A).

Lemma 2.14. [55] If {b,} is a sequence of nonnegative real numbers
satisfying the following inequality:

bn+l < (1 - wn)bn + wnan + Y, N2> 0,

where (i) {n} C [0,1], D07 ¢p = 00; (#) limsup oy, < 0; (4ii) v, > 0
and Y > | Y < 00, then, b, — 0 as n — .

Lemma 2.15. [75] Let {b,} be a sequence of real numbers such that
there exists a subsequence {by,} of {bn} such that b,, < by,+1 for all
i € N. Then, there exists a nondecreasing sequence {my} C N such that
my — oo and the following properties are satisfied for all k € N;

bmk S bmk-l—l and bk S bmk+17
In fact, my =max{j <k:bj <bji1}.

Lemma 2.16. [/0] Let E be a strictly convex Banach space with a uni-
formly Gateaux differentiable norm, let C' be a nonempty, closed and
convex subset of E and let'T" be a generic generalized nonspreading map-

ping of C' into itself such that F(T) is nonempty. Then F(T) = F(T).

Lemma 2.17. [35] Let E be a smooth and strictly convex Banach space,
let C' be a nonempty, closed and convex subset of E and let T be a quasi
- nonexpansive mapping from C into itself such that F(T) is nonempty.
Assume that

o(u,Ty) < ¢(u,y),
for allu € F(T) and y € C. Then F(T) is closed and convez.

Lemma 2.18. [/0] Let E be smooth and strictly convex Banach space
and C' be a nonempty, closed and conver subset of E. LetT : C — C
be generic (o, 5,7,0,¢,&) - generalized nonspreading mapping. Assume
F(T) # 0, then T is quasi - nonexpansive and hence F(T) is closed and

13
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convex.
We give the proof of Lemma 2.18 for the sake of completeness.
Proof. Since T : C — C is generic (a,3,7,0,¢,§) - generalized non-
spreading mapping with F(T) # (0, then for anyy € C, let p € F(T) and
replace x with p in equation (24) of definition (2.9), we obtain

a¢(Tz,Ty) + Bé(x, Ty) + vd(Tx,y) + d¢(z,y)
< €{¢(Ty7 T‘T) - ¢(Ty7 x)} + §{¢(y7 T.T) - ¢(y7 x)}

ag(p, Ty) + Bé(p, Ty) +vé(p, y) + 06(p, y)
< e{p(Ty,p) — ¢(Ty,p)} + {o(y,p) — ¢(y,p)}

ad(p, Ty) + Bo(p, Ty) +1¢(p,y) + 6¢(p,y) < 0.
This implies that
(a+B)o(p, Ty) + (v + 0)o(p,y) < 0.
Thus
(a+B)o(p, Ty) < —(v+9)o(p,y)

Using conditions (i) and (ii) of definition (2.9) (6), we have

o(p, Ty) < —((Zj:?ﬁ(p,y)
< oé(p,y)
o(p, Ty) < o(p,y). (26)

Hence, T is quasi - nonexpansive and by Lemma 2.17, we have that F(T')
1s closed and conver.
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3 Main Results

In this section, we first establish an important Lemma and then prove a
strong convergence theorem for finding a common element of the set of
solutions of pseudomonotone variational inequality problem and com-
mon fixed point of a finite family of generic generalized nonspreading
mappings in uniformly smooth and 2 - uniformly convex real Banach
space. Furthermore, to obtain strong convergence of our algorithm, we
make the following assumptions.

Assumption A

(A1) Let E be uniformly smooth and 2 - uniformly convex real Banach
space and C' be nonempty, closed and convex subset of E.

(A2) A: E — E* is pseudomonotone, L - Lipschitz continuous and
weakly sequentially continuous on F.

(A3) Foreachi e {1,2,..., M}, {T;} be a finite family of generic (o, 3,7, J, €, )
- generalized nonspreading mapping of F into itself such that
F(T;) = F(T;). Assume Q = F(Ty0Ty 10, ..., 0T1) = (M, F(T;) #

0.
(A4) The solution set T' = VI(C, A) NM, F(T;) # 0.

Assumption B, we assume that the control sequences satisfy:

(B1) {7n} is a positive sequence such that lim = =
n—oo - "n

(B2) {an} C (0,1) satisfies lim anp=0and > 7 a, = oc0.
(B3) B € (a,b), where 0 < a < b < 1.
Algorithm J

Initialization: Take A1 > 0, i, 6 € (0,1). Select initial data xg,z; € E.
Given z,,_1, x,, and 6, for each n > 1, choose 6,, such that 6,, € [0,6,].
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Iterative steps: Calculate z,11 and A,41 as follows:

Up = J Ty + 0p(Jrp_1 — Jay)),

Yn = Mo d N Jup — MA(un)),

Sp=A{z€ E: {(Jup, — \MA(up) — Jyn, z — yn) < 0},
2n = g, J N (Jun — MA(yn)),

wy, = J Y anJzg + (1 — an)Jz,),

Tl =J Y BuJzn + (1 = Bo)J(Twy)), ¥V n>1,

(27)

where T' = Ty o Thi—10, ..., 011, 0,, and An+t1 are updated by (28) and
(29) respectively.
b, = {min{lxﬂin-ln’e}’ if wn # oo,

(28)
0, otherwise

. Un —Yn 2 n—Z2n 2 -
o {7 )= >0,

An, otherwise

(29)
In order to prove the strong convergence result of algorithm (27), we
first prove the following lemma which plays an important role in the
proof of the main result.

Lemma 3.1. Suppose that {un}, {yn}, {zn}, {\n} are sequences gener-
ated by algorithm (27) and assumptions (Al) - (A4) hold, then

1. If uy, = yy, for some n > 1, then u, € VI(C, A).

2. The sequence {\,} generated by (29) is a nonincreasing sequence

and lim A\, =X > &.
n—oo

Proof. (1) Suppose that u, =y, for some n > 1. Then from algorithm
(27), we have

Uy = Hchl(Jun — M A(uy)).
Thus, u, € C. Using the definition of {yn} in algorithm (27) and the
property of generalized projection o onto C' in equation (19) of Lemma
2.4, we have

(Jup — AMA(up) — Jup,u, —y) >0, Vyel.
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Thus,
(=AM A(un)sun —y) = M (A(un),y —un) >0, VyeC.

Since \p, > 0, we obtain that (A(uy),y—u,) > 0. Hence, u, € VI(C, A).
(2) It follows from (29) that Ap+1 < An, for all n € N. Furthermore,
Since A is a Lipschitz continuous mapping with positive constant L, in
a case where (A(un) — A(Yn), 2n — yn) > 0, we obtain

plln = ynll* + lym = 2al?) o 201l[un = yullllyn — 2nll
2(A(un) = A(yn)s 20 = yn)  — 2l|A(un) = A(yn)|ll1zn = ynll

An—l—l =

[t — vl
= Llfun — yall
_ K

"

Since {\,} is a nonincreasing sequence which is bounded below by min{ %, A1},
we conclude that

; — H
A =AZ
Remark 3.2. From definition (28), we have that
lim 0, (p(z", xp—1) — ¢z, zp)) = 0.
n—o0

Proof. We have that 0,||z, — xn_1|| < 7, for each n > 1, which
together with lim > = 0 implies

n—oo - n
. Oy . Tn
lim —||xn — zp_1]] < lim — = 0. (30)
n—r00 Uy, n—+00 Qpy
Hence,
Oz, xn-1) = d(a*,n) = ||z = 22", Jzno1) + ||zn- |

—(l*[1? = 2(a*, Jz) + [[an]?)
= Hxn—lHZ - HanQ +2(2", Jrn — JTn_1)
lzn—1 = @al|([|#nl] + |J2n-1]])
2|z ||| Jzn—1 — Jzn |- (31)

IN
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Since F is uniformly smooth, then J is norm to norm uniformly contin-
uous on bounded subset of E, we obtain from (30) that

bn
lim ay.—||Jxp, — Jxpn_1]| = 0. (32)
n—00 Qp,

Thus,

. 0 On |\«
Lim o (= |J2n—1 = o[ (2| |+ [2n—1|]) + 2= [2*|[[| J2n—1 = J24]]) = 0.
n—00 oy, oy,

Hence,
lim O, (p(z*, xp—1) — ¢z, ) = 0. (33)

n—o0
Theorem 3.3. Suppose that assumptions (Al) — (A4) hold, and the
sequence {an} C (0,1) satisfy B, € (a,b), where 0 < a < b < 1,
limon, = 0 and Y 07 o, = oo. Let {xp} be the sequence generated

n—oo
by algorithm (27). Then {x,} converges strongly to a solution T =

Uy rca) 0, rer)@o-

Proof. The proof is divided into two steps.

Step 1: Let {x,} be the sequence generated by (27). Then {z,} is
bounded.

Let * € VI(C,A) N NM, F(T;). Now, Observe that y, € C, then we
have (A(z*),y, —x*) >0, for all n € N.

Since A is pseudomonotone, we have (A(yy), yn —z*) > 0, for all n € N.
Then

0< <A(yn)’yn — T+ 2 — Zn> = <A(yn)’yn - Zn> - <A(yn)7$* — Zn>
which implies that
(AYn)syn = 2zn) = (Alyn), 2" = z), ¥V neN. (34)

From the definition of S,, in algorithm (27) and the fact that z, € S,
we have that

(Jup, — M A(un) — JYn, 2n — yn) < 0.
Thus,
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= <Jun - )\nA(un) — JYn, 2n — yn> + >\n<A(un) - A(yn)v Zn — yn>
An{A(un) = A(Yn), 2n — Yn) (35)

Applying Lemma 2.4, we have

P(z”, zn) ?Z’(x*aHSnJ_l(Jun = AA(Yn)))

¢(a*, T (Jun = AAYn))) = (20, I~ (Jun — AnA(yn)))

|2 [[* = 2™, J(TH (Jun = AaA(yn))))

HIT T (Tun = X Alya))IP = |20l

+2(zn, J (T (Jun = A A(yn))) = 177 (Jun = A A(ya)) |
= l2*1* = 2(2*, Jun) + lunl® = (|[2al[* = 220, Jun) + [Jun]|?)

20, (A(yn), 2% — z)

= o(z%,up) — d(zn, un) + 20 (A(yn), 2° — 21)

Thus, from (12), (3 ), 35) and (29), we obtain

(
Un) —
(
¢($*, Zn) ( n) (Zm un) + 2\, <A( )a Yn — Zn>
) —
(
) —

IN

A

IA

o™, up [P (uns Yn) + ¢(Yns 2n) + 2(JUpn — JYn, Yn — 2n)]
F2X (A(Yn)s Yn — 2n)
(2", un) — ¢(un, Yn) — A(Yn, 2n)
—2(Jup — My AYn) — JYn, Yn — 2n)
o(x", un) — ¢(un, Yn) — (Yn, 2n)
+2X(A(un) — A(Yn)s 2n — Yn)

IN

< 0@ un) — ¢(Un, Yn) — G(Yns 2n)
2 (= gall® + [y = 20lP) (36)
n+1

From (36) and by Lemma 3.1 (2) and Lemma 2.7, we have
(@ zn) < O, un) — (un, Yn) — G(Yn, 2n)
(T¢(Un7 yn) + T¢(y7’b7 Z’Vl))

AT

4 At
An+1

= o un) = [(1 = =) ((¢(un, Yn) + &(yn, 2n))]
n+1

P(z*,un) — (1 = p7)((un, Yn) + ¢(Yn, 2n)) (37)
P(x", un) (38)

IA A
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Using the definition of {u,} in algorithm (27), we obtain

o(z*,up) = oz, J_l((l —0p)Jxn + 0pJxn_1))
= ||lz*|]* = 2(z*, J(JH(1 = 0,) Tz + O Jz0_1)))
TN = 00) Jan + O Jzni)|?
< (1= 60,0z, x) + Ond(z*, Tp_1) (39)

Applying the definition of {w,} in algorithm (27), we have

oz w,) = ox*, T HanJzo + (1 —an)Jz,))
= ||lz*|]* = 2(z*, J(J ranJxo + (1 — o) J 2n))
"‘Hj_l(anjfro +(1- an)Jzn)HQ
< oozt @o) + (1 — an)d(z”, 2n) (40)

Thus, using the definition of {z,41} in algorithm (27) and Lemma 2.18,
we have

O(x*, ang1) = o, T (Budzn + (1= Bn)J(Twy)))

= ||l2*|]® = 2(2*, J(J 7 Budzn + (1 = Ba)J (Twy)))
T (Brd zn + (1= Bn)J (Twy))||?
|2*|7 = 280 (2, Jzn) — 2(1 — Bn) (2™, J(Twy))
+Bn|uzn”2 (1_/3n)HJ(Twn)H2

IN

< Bno(a”, zn) + (1= Bp)d(a™, Twy)

= Bnod(z™,zn) + (1 — Bn)o(z™, Tar o Tar—10, ..., 011 (wy))
< Bno(a”, zn) + (1 = Bp)d(x™, Trr—10, ..., oT1 (wn))

< Bnd(@”,zn) + (1= Bn)o(z”, wy) (41)

Substituting (40) and (39) into (41), we have

B (", zn) + (1 = Bp)oand(z”, z0) + (1 — an)d(a”, zn)]
Bnd (2™, 2) + an(1l — Bn)o(z", o)

+(1 = Bn)(1 — an)d(z”, 2n)
= (Bn+ (1= Bn)(1 —an))d(z", 2) + an(l — Bn)p(x", o)
= (1= =Bn)an)o(x", 2n) + (1 = Bn)and(z”, o)
= (1—1=Bn)an)o(x", un) + (1 = Bp)and(z”, o)

(b(w*a x’rﬂ—l)

IIA
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(1= (1= Bn)an)[(1 = 0,)(z", 20) + Ong(z*, 2p—1)]
+(1 - /Bn)an¢(x*v xO)
max{¢(z*, xg), max{o(z*, z,), p(z*, xpn-1)}}

¢($*, xn—i—l)

IN

< max{g(z", o), max{g(z*, x1), ¢(x7, 20) } } (42)

Hence, {¢(z*,x,)} is bounded. Since 1|z, — z*||* < ¢(2*,z,), we have
that {x,} is bounded. Consequently, {u,}, {yn}, {zn} and {w,} are
also bounded. O

Step 2

We now prove that the sequence {z,} generated by algorithm (27) con-
verges strongly to a point & = HVI(C A NNY, F(1;)%0-

Proof. Let 7 =TI,/ 4) AM | (1) To- From equation (19) of Lemma
2.4, we have

(Jrg—Jz,z—2) <0, V zeVI(C,A).
From step 1, we have that, there exists Ny > 0, such that for all n > Nj,

d(r*, z2n) < P(2%,un) and G(x*,up) < (1=0,)P(z", 20) +0p (2", 20 —1),

and the following sequences {xy, }, {un}, {yn}, {zn} and {w, } are bounded.

Furthermore, we estimate ¢(z*, z,,41) using inequality (37) and Lemma
2.18 for every n > Njy.

P(x*, 1) = @b(ﬁ*ujil(ﬁnjzn"‘(l_ﬁn) (Twn)))

< 571(25(53* 2n) + (1= Bn)d(x™, Twy,)
= Bnod(x*, z,) + (1 — Bn)od(z™, Ty o Tar—10, ..., 011 (wy,))
< Bnd(@”,zn) + (1= Bn)o(z™, Tar—10, ..., oT1(wn))
< Bno(a, zn) + (1= Bp)d(@", wn)
< Bud(@", zn) + (1 = Bn)lam@(z", o) + (1 — an)P(z”, 2n)]
= Bud(z",20) + (1 = Bn)(1 — an)p(x™, 21)

(

—|—Oén( )¢ $*,$0)
= (Bn (1 - Bn)(l - an)) (:E*a Zn) + Oén(l - Bn)qb(l‘*,l‘o)

21
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(B + (1 = Bp)(1 — an))((z", un)
—(1 = p1)(@(Un, Yn) + &(Yn, 2n))) + an(l — Bn)d(z", x0)
(1= (1= Bn)an)(¢(z*, un)
—(1 = p7)(P(un, Yn) + ¢(Yn, 2n)) + an(l — Br)o(x*, x0)
P(x", un) — (1 — pu7)(P(tn, yn)
+0(Yns 2n)) + an(l = Br)o(a", x0) — (1 = Bn)an(P(x™, un)
—(1 = p7) (D (un, yn) + A(Yns 2n))
P(”, un) — (1 — p7)(P(un, yn)
+¢(Yns 2n)) + an(l = Bp)o(x", x0) — (1 — Bn)and(z™, un)
+(1 = Bn)an(l — u1)(@(tn, Yn) + &(Yn, 2n))
(1= (1= Bp)on)d(z", un)
—(1 = p1)(@(Un, Yn) + &(Yn, 2n)) + an(l — Brn)o(x", 20)
Fan (1 = Bn) (1 — pu7)(@(tn: Yn) + &(Yn, 2n))
(1= (1= Bn)an)d(z”, un)
—(1 = p7)(@(un, Yn) + ¢(Un, 2n)) + an(l — Br)(x*, x0)
0000 ((Un, Yn) + A(Yns 2n))
(1= (1= Bn)an)[(1 = 0n)p(x", 2p) + On(x*, T11)]
—(1 = p7) (D (un, Yn) + A(Yns 2n))
+an(l = Br)o(z", 20) + non(d(un, Yn) + A(Yn, 2n))
(1 —0n)p(x", xp) + Ondp(z", 2n—1)

—(1 = Br)an[(1 = On) (2", 2n) + Onp(a”, n—1)]

—(1 = p7)(@(Un, Yn) + &(Yn, 2n)) + an(l = Brn)o(x", 20)
+an0n( (Uns Yn) + A(Yn, 2n))
(1= 0n)p(27, 2n) + Ond(z”, 2p—1)

)
(

@%\

=1 = p7)(d(tn, Yn) + S(Yn, 2n)) + an(l = Bn) (2", zo)
+an0'n( Unp, yn) +¢(yn Zﬂ)) (43)

where o, = (1 — ) (1 — 7).
The remaining part of the proof will be divided into two cases.

Case I. Suppose that there exists N1 € N (N1 > Ny) such that{¢(z*, z,) }52 y,

is nonincreasing. Since the sequence {¢(z*, z,)}02; is bounded then it
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converges for all n > N; > Ny. That is,

lim (¢({L‘*, I‘n) - (b(x*a $n+1)) =0. (44)

n—00

This implies from (43) that

(1 - NT)(QS(Um yn) + qb(yn, Zn))
< On(P(z", 2n1) — O(x%, 2n)) + @™, 2n) — G(27, Tny1)
000 (G (tns Yn) + &(Yn, 2n)) + an(l — Bn)d(z™, o). (45)
Using (44), equation (33) of Remark 3.2 and condition (B2) together
with the boundedness of {u,}, {y,} and {z,}, we have from (45) that
(1 = p7)(D(un, Yn) + ¢(Yn, 20))
S Gn((b(x*? xn—l) - ¢(q’.*7 mn)) + ¢($*, mn) - ¢(x*7 xn+1)
+an0pn(A(Un, Yn) + ¢(Yn: 2n))
+an(l = Bp)o(z*, x0) — 0, as n — oco.
Hence,
rfl_?go(ﬁ(um yn) = Tgﬁg‘o¢<ym zn) =0.
Thus, from Lemma 2.6, we have that

lim ||y, — yn|| = T{Zj;o\lyn — zp|| = 0. (46)

n—oo

Using Lemma 2.5, Lemma 2.18 and the definitions of {zp+1}, {un}, {wn},
we obtain

d(*, wpg1) = P27, Jﬁl(ﬁnjzn + (1 = Bn)J(Twn)))

< Bud(x”, 20) + (1 = Bp)o(x™, Twn)
—Bn(1 = Brn)g(||zn — JTwy||)

= Bnod(x™,zn) + (1 — Bn)od(z™, Tar o Tar—10, ..., 011 (wy))
—Bn(1 = Bn)g([|Jzn — JTwy||)

< Bpd(x®, zn) + (1= Bp)é(z”, Tar—10, ..., oT1 (wy,))
—Bn(1 = Bn)g(||Jzn — JTwnl|)

< Bud(x, 2n) + (1 = Bn)d(z™, wn)

—Bn(1 = Bn)g(||Jzn — JTwnl|)
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(2", 2pt1) < Bud(a",zn) + (1= Bo)land(z™, 20) + (1 — an)d(z", 2n)]
—Bn(1 = Bn)g(||Jzn — JTwnl|)
= (Bn+ (1 =B —an))p(a",2zn) + (1 — Bp)and(z”, 20)
—Bn(1 = Bn)g([|Jz2n — JTwyl|)
= (1—=(1=0Bn)an)o(x™, z,) + (1 — Bn)and(z*, x0)
—Bn(1 = Bn)g([|Jzn — JTwyl|)
(1= (1= Bn)an)d(z*,un) + (1 = Bn)and(z*, x0)
—Bn(1 = Bn)g(||Jzn — JTwnl|)
= (1= (1= Bn)an)[l = 0n)o(x", zp) + Ond(z”, Tn1)]
+(1 = Bn)and(x*, x0) — Bu(l = Bn)g([|J2n — JTwn|[)
= (1 —=0n)d(z",zn) + Ond(z”, 2n—1)
—(1 = Br)an[(1 = On) (2", 2n) + Onp(a”, 1))
+(1 = Br)and(z*, 20) — Bn(1 = Bn)g(||J2n — JTwn||)
(1= 0n)p(x", 20) + Onp(2, 2n—1) + (1 — Bn)ang(x", 20)
—Bn(1 = Bn)g([|Jzn — JTwy]]). (47)

This implies from (47) that
0 < Bu(l=Bn)g(llJzn — JTwyl]) < d(a™, 2n) — (", Tns1)
+0n(d(27, Tp—1) — d(27, 2p)) + (1 = Bn)and(a®, xo).  (48)

From (44), equation (33) of Remark 3.2 together with condition (B2),
we have from (48) that

Bl = Bn)g(||Jzn — JTwyl])
< o(a”, wn) — (", Zny1) + On(D(2”, 2n1) — G(2", 20))

+(1 = Bp)and(z™,z9) — 0, as n — oc.

IA

IN

Thus, using the property of g in Lemma 2.5,we have

lz;mHJzn—JTwnH = 0. (49)

Since E* is uniformly smooth, then J~! is uniformly norm to norm
continuous on bounded subsets. Hence, we have from (49) that

lim ||zn, — Twyl|| = 0. (50)
n— oo
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Using the definition of {x,;} in algorithm (27), we have

Jrpy1 = Brnd zn + (1 - 6n)J(Twn)
Jxni1 —Jzn = (Bndzn + (1= Bn)J(Twy)) — Jzn

[Jzns1 — Jznl| = |[|Bndzn + (1 = Bn)J (Twn)
—[Bndzn + (1 = Bn)J 2]
= Q= Ba)(J(Twn) = Jzn)|]

= (1 =Bu)[lJ(Twn) — Jzn||.

Thus from this and (49), we have

n

Since E* is uniformly smooth, we have from (51) that

n

From the definition of {wy,} in algorithm (27), we have

Jwp —Jz = (anJzo+ (1 —an)dzn) — Jz,

[|Jwp, — Jzp|| = anl|Jzo — J24]]

Using condition (B2), we obtain

7£’L_>TIC}OHJ’LUTL—JZ”H =0. (53)

Since E* is uniformly smooth, we have from (53) that

Tim [Juy — 2] = 0. (54)

Thus, we have from (54) and (50) that

|| Twy, — wy|| = ||[Twn — 2n + 20 — wa|

< N[Twy, — zn|| + ||2n — wn|| — 0, as n — oc.

li}mHJ:EnH—Jan =0. (51)

lg”;‘onn-i-l — zn|| = 0. (52)

25
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Hence,
JLT&HTwn — wy|| = 0. (55)

From the definition of {u,} in algorithm (27) and equation (32) of Re-
mark 3.2, we obtain

[Jun, — Jxp|| = |[0p(Jzn—1 — Jzn)||
On
= an.a—Han_l—anH—>0, as n — oo.
Hence,

JZ_Q}OHJU”_JQU”H = 0. (56)

Since E* is uniformly smooth, then J~! is uniformly norm to norm
continuous on bounded subsets of E*, we have

Jim [l — ]| = 0. (57)
Furthermore, we have from (57) and (46) that

yn = 2nll = |lyn — Un + un — 24|

< Nyn — unl| + ||un — zp]| — 0, as n — .
Thus,

tim 3, — ]| = 0. (58)

n

From (58), (52) and (46), we obtain

l[Znt1 — 2Znll = ||Tagt1 — 20+ 20 — Yn + Yn — T4

<@g — zall + 120 = Yall + lyn — 20l| — 0,

as n — oo. Hence,

lim [|nr = zal] =0, (59)
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Furthermore, from (59), (52) and (54), we have

|2 —wnll = [|Tn — Tnt1 + Tnp1 — 20 + 20 — wa|

< Nlzn = gl + |41 — 2al| + [[2n — wal|] — 0,

as n — co. Thus,

lim ||z, — wy|| = 0. (60)
n—oo

Since {x,} is bounded, there exists a subsequence {x,, } C {z,} such
that z,, — «*, which implies that w,, — u* as & — o00. Since
klim || Twn,, —wn, || = 0, by Lemma 2.16 it follows that u* € ()2, F(T}).
—00

Next, we show that u* € VI(C, A).

We have {u,,} converges weakly to u* € C since ||zn, — un,|| —
0 as k — oo, then y,, — u* since ||yn, — un,|| — 0 as k — oo.
From the definition of y,, = IcJ 1 (Jun, — An, A(uy, )), we have from
equation (19) of Lemma 2.4 that for all z € C,

(Jun, — Ay A(un,) — JYn,, 2 — Yn,.) < 0.
This implies that

<Junk = JYny 2 — ynk> < )‘nk<A(unk)’Z - ynk>~

Then for all z € C, we have

1
)\7<Junk - Jy”k’ z = ynk) + <A(unk)7ynk - unk) < <A(unk)7 z = unk>(6]‘)
nk
Fixing z € C and letting kK — 400 in (61) also remembering that
||Yn, —tn, || — 0 as k — oo together with the fact that liminf\,, > 0,

n—oo
we have

lim inf(A(up, ), 2 — up,) > 0. (62)

n—oo

Let {ex} be a decreasing nonnegative sequence such that lim e = 0.

n—oo
For each e, we denote the smallest positive integer Ni such that for all
k > N,

(A(up, ),z — Up,) + e, >0 (63)
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Furthermore, as {¢j} is decreasing, it is easy to see that the sequence
{N}} is increasing. Thus, if there exists a subsequence {Unkj} C {un, },
such that for each j > 1, A(unkj) # 0, and setting

A(unkj)

Sp, = ————
" = T AGun, )P

we have <A(unkj), Snkj> =1 for each j > 1. It follows from (63) that for
each j > 1

(Aung, ), 2 + exsny, = uny ) 2 0. (64)

Thus, since A is pseudomonotone, we obtain from (64) that
(A(z + ersny, ), 2 + Ersmy,, — Uny,) = 0. (65)
Since {uy, } converges weakly to u* € C, and A is weakly sequentially
continuous, we have that A(uy, ) converges weakly to A(u*). If A(u*) =

0, then u* € VI(C, A). Suppose that A(u*) # 0. Then, by sequential
weak lower semicontinuity of the norm, we have the following

0 < || A" < liminfl[A(un, )]l
k—o0

Since {un,, } C {un,} and ex — 0 as k — oo, we obtain

. lim supeg 0
0 < lim sup||eg sy, || = lim sup( k ) < = ko0 < =0
ko0 § koo || A(un, )" 7 lminf||ACun, )|~ [[A(u)]]

Taking limit as j — oo in (65), we obtain
(A(z),z —u") > 0.

Thus, it follows from Lemma 2.13 that u* € VI(C, A). Furthermore,
from (55) and (60) we have that u* € F(T;) for all i € {1,2,..., M}, thus
u* € M, F(T;). Hence, u* € T.

Next, we show that {z,,} converges strongly to a point & = Ilpxg. Since
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{z,} is bounded, then, there exists a subsequence {z,,} C {z,} such
that z,, — v* and

limsup(z,, — 2, Jzg — JZ) = lim (x,, —Z,Jzg — JT)
n—00 k—o0
= (u —z,Jxg— JT). (66)

Thus, from equation (19) of Lemma 2.4 and (66), we have

limsup(z, — z,Jzg — Jz) = (W' —z,Jeog—JZ) <0 (67)

n—oo

Hence, it follows from (67) that

lim sup(w, — z, Jzg — Jz) <0 (68)

n—oo

Furthermore, from the definition of ¢(Z, x,+1) in algorithm (27), Lemma
2.18 and Lemma 2.3, we obtain

¢(j;7 J_l(ﬁnvjzn + (1 - 5n J(Twn)))

~

(b(i'? 3777,—}—1)

ININ IN CIN TN
&
BSS
&
N
S

IA
PP
< S
& &=
NN
S 3

+(1 = B[V (Z, andzo + (1 — an)J 2z — an(Jxog — JT))
2T NapJzo + (1 — an)Jzn)) — Z, —an (Jzo — JT))]
Brnd(Z, zn) + (1 = Bp)[V(Z, anJz + (1 — o) J 2p)

+2ay, (wy, — &, Jxg — JI)]

= Gnd(T,2n) + (1 — Bpn)[and(Z, ) + (1 — an)p(T, 25,)
+2ay, (wy, — &, Jrg — JI)]

Brnd(Z, 2n) + (1 = Bp)[(1 — an) (T, 2n)

+2a, (wy, — &, Jxg — JT)]

IA

29



30

B. ALT AND J.T. AJIO

A(Z, 1) < (Bat+ (1= Bn)(1 —an))d(Z, 2n)

+2(1 — Bn)an(wy, — T, Jxg — JT)

< B+ (1= 50)(1 = on))o(Z, un)
+2(1 — Bp)ap(wy, — T, Jxg — JI)

= (1= =08n)an)[(1 = 0,)(Z,2n) + 0nd(Z, Tn—1)]
+2(1 — Bn)an(wy, — &, Jxg — JI)

= (1—=0,)0(Z,2n) + 0n9(Z, Tn-1)
+2(1 — Bn)an(wy, — Z, Jxg — JT)
—(1 = Bn)an[(1 — 0n)B(Z, 2n) + 0nd(T, 2n—1)]

= (T, ) + 0n(0(Z, 2n—1) — H(T, 7))
—op[(1 = 0,)(Z, zp) + 00 d(Z, 2p—1)]
+2(1 — Bn)an(wy, — T, Jxg — JT)
+anBp[(1 = 00)0(T, 20n) + 00 (T, Tn—1)]

= (1= (1= Bn)an)d(T,zn) + O0n(d(Z, 2p—1) — ¢(Z, 1))
—an(1 = Bu)[0n(9(Z, Tn—1) — ¢(Z, 74))]
+2(1 — Bn)an(wy, — &, Jxg — JT). (69)

Setting ¥y, = (1= fBp)an, on = 2(wy, — &, Jxo— JT) and v, = [1 —ap (1 —

6n)]9n(¢(ju xn—l) - ¢(j7 xn))
Now, applying Lemma 2.14, (68), (69), equation (33) of Remark 3.2 and
from condition (B2), we obtain

lim ¢(z,x,) = 0.

n—oo

Thus, from Lemma 2.6, we have

lim ||z — z,|| = 0. (70)

n—0o0

Hence, x,, — & where T = Ilrxzy.
Case II. Suppose that the sequence {¢(p, x,)}5° ; is not a nonincreasing
sequence. Then, let {z,, } be a subsequence of {x,} such that

o(p, xn,) < (P, Tnyy1), for all keN.
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Then, using Lemma 2.15, there exists a nondecreasing sequence {ms} C
N such that mgs — o0 as s — oo, and,

¢(pa xms) S ¢(p, xmerl) and ¢(p7 ajs) S ¢(pa$ms+1)'

Since {¢(p, T, )} is bounded, then limg_, oo G(p, ., ) exist.
Therefore, using the same approach as in case (I), we have the following

(0) i ||, ~wm, || = 0, (6) i i, ~m || = O, i) Lirn | |2m, ~m, || = 0
(i0) lim || 41— T, || = 0.

Now, following the same steps as in the proof of case (I), we obtain

lim sup (W, +1 — &, Jrg — JT) = limsup (W, — &, Jxg — Jz) < 0. (71)
S§—00 S5—00

Furthermore, from (69) for all ms > Ny, we have

(T, xm1) < (1= (1= Bm,)am, )T, Tm,)

FOm, (A(Z, Tm,—1) — O(T, Tm,))
=, (1 = B, ) [Om, (9(Z, Tim—1) — O(Z, T,))]
+2(1 = B, am, (Wi, — &, Jxg — JI)

< (1= (1= Bm,)am,)d(Z; Tm,+1)
+0m, ((T; Trmy—1) — (T; Tim, )
=0, (1 = B, ) [Om, (9(Z, Tim—1) — G(Z, T,))]
+2(1 = B, ) am, (W, — &, Jxg — JT)

Hence,
(1 = Bm)m, d(T, Tinyv1)
<[1 = (1 = Bmy)am,|0m, ((Z, Tm,—1) — (T, Tm,))
+2(1 = B, ) ttm, (Wi, — &, Jxg — JIT)
Thus,

(1 = Bimy) i, d(Z, Ty 41)
< 2(1 = By ), (Wi, — T, Jzg — JT) (72)



32

B. ALT AND J.T. AJIO

Since 0 < (1 — B, )am, < 1 for all s > 0 and ¢(Z, Ty, ) < G(T, Tm,+1),
we have

QZ)(E, xms) < qs(j, -’rms-l,-l) < 2<wm5 - f, JSUQ - Jj:).
This implies

limsup ¢(Z, Ty, ) < limsup 2 (wy,, — T, Jxg — JT) < 0.
5§—00 5§—00

Thus,
lim sup ¢(Z, xm,) = 0,

S—00

which by Lemma 2.6, we have

lim ||z — xm,|| = 0.
S5—00

However, we know that ¢(z,zs) < &(Z,zm,+1) for all s € N, hence,
lim ¢(z,xs) = 0, which by Lemma 2.6, we have

S$—00
lim ||z — zs]| = 0.
5—00

Hence, s — & where = Ilrxg. O

Corollary 3.4. Let E be uniformly smooth and 2 - uniformly convex
Banach space, A : E — E* be a monotone and Lipschitz continuous
operator and {T;}M, be a finite family of generic (o, B8,7,9,¢€,&) - gener-
alized nonspreading mappings of E into itself. Let {uy}, {yn}, {wn} and
{zn} be sequences generated by algorithm (27) and {ay,} C (0,1) satisfy
Bn € (a,b) where 0 < a <b<1, lima, =0 and Y >7 | a,, = 00 be se-
n—oo

quences satisfying assumptions (Al) — (A4) of algorithm (27). Suppose
r=VvI(C,A) N ﬂf\il F(T;) # 0. Then, the sequence {x,} generated by
algorithm (27) converges strongly to a solution T = Ilpxy.
Proof. Observe that in this case the weak sequential continuity of A in
assumption (A2) of algorithm (27) has to be droped since it follows from
the monotonicity of A and (61) that

1

)\7<Junk = JYngs 2 = Yny,) + (Altn,)s Yny, — Uny,)
nk
< <A(unk)> z - unk)
< (AG), 2~ uny). (73)
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Furthermore, passing limit as k — oo in inequality (73) and applying
the fact that ||un, — yn,|| — 0, as k — oo, we obtain

(A(2),z—u") >0, V ze C.

Hence, it follows from Theorem (3.3) that the sequence {x,} converges
strongly to a solution T = Ilpxg.

Corollary 3.5. Let H be a real Hilbert space, A : H — H be pseu-
domonotone and Lipschitz continuous operator, and {Tz}f‘il be a finite
family of normally generalized hybrid mappings of H into itself. Let
{un}, {yn}, {wn} and {z,} be sequences generated by algorithm (27)
and By, € (a,b) where 0 < a < b <1, {ap} C (0,1) satisfy Jirgoan =0
and Y7 | oy, = 00 be sequences satisfying assumptions (Al) — (A4) of
algorithm (27). Suppose T = VI(C,A) N\ N, F(T;) # 0. Then, the
sequence {x,} generated by algorithm (27) converges strongly to a solu-
tion T = PF.%'(].

Proof. By Remark 2.10, the generic («, 8,7,9,€,&) - generalized non-
spreading mappings reduces to normally generalized hybrid mapping in
Hilbert space i.e, there exists ay, B1,71,01 € R such that

ar||Tz—Ty|[*+ By, [le—Tyl P+l Te—y|*+6illa—yl|* <0, Yo,y €C,

where oy = a—¢€,01 = B+¢€v =7 —C and &, = 0 + { satisfying
aopt+fi=a+p>0andar +b/i+mn+h=a+8+v+6>0. Thus
by Theorem (3.3), we have that the sequence {x,} converges strongly to
a solution T = Prxg.

4 Numerical Examples

In this section, we intend to demonstrate the efficiency of our Algorithm
3.1 with the aid of numerical experiments. Furthermore, we compare
our iterative method with the methods of Ma [32] (Alg. A), Chidume
et al. [13] (Alg. (6)) and Kraikaew and Saejung [27] (Alg. (5)).

Example 4.1. Let F = [3[0,1] and C = {z € L3[0,1] : (a,z) < b},

where a = t? + 1 and b = 1, with norm ||z|| = \/fol |z(t)|2dt and inner

33
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product (z,y) = [5 x(t)y(t)dt, for all z,y € L([0,1]), t € [0,1]. Define
metric projection PC as follows.

x, ifxeC
Pc(m') = (74)
a+ x, otherwise.

Let A : L3[0,1] — L2[0,1] be defined by A(z(t)) = e‘”x”f(fm(s)ds
for all © € L9[0,1], t,s € [0,1], then, A is pseudomonotone and uni-
formly continuous mapping (see [19]) and let T'(x fo s)ds, for all

x € L0, 1], t € [0,1], then T is nonexpansive mappmg which is also gen-
eralized nonspreading mapping. For the control parameters, we choose
as follows: Algorithm 27: a,, = n25, Bn = n+1) (1 —ay), Tn = o and

0, = Hn, Algorithm A: o, = IOOn’ Algorithm (6): «a, = 2,“ A= 0.5
Algorithm (5): «, = n%rl, Bn = (1 — o). We define the sequence
TOL,, := ||Zns1 — zx||? and apply the stopping criterion TOL,, < ¢ for
the iterative processes because the solution to the problem is unknown.
€ is the predetermined error. Here, the terminating condition is set to
¢ = 107°. For the numerical experiments illustrated in Figure 1 and
Table 1 below, we take into consideration the resulting cases.

Case 1: 29 = 2t and x; = t2.

Case 2: x¢ = t3 + 3t and x; = 4t° + 23 + ¢.

Case 3: 29 =6t6 +3t3 +t and 21 = ¢.

Case 4: 1o = 8t* +2t? and z; = 1/3t3 + 2.
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Table 1: Comparison of Alg. 27, Alg. A, Alg. (6) and Alg. (5).

Cases Alg. Alg. Alg. Alg.
27 A (6) (5)

1 Tter. 30 76 67 54
CPU 12.6322 13.1864 17.5749 17.2129
(time)

2 Iter. 26 105 68 103
CPU 6.6802 11.8637 10.7646 26.2987
(time)

3 Tter. 30 130 68 126
CPU 7.5148 17.2607 10.3812 41.8932
(time)

4 Tter. 29 135 69 136
CPU 7.2560 18.4226 10.6401 53.3921

(time)
10° 10!
N —+— Algorithm 3.1 : —F— Algorithm 3.1
i —&— Algorithm A off —&— Algorithm A
101 Algorithm 1.6 10 Algorithm 1.6
i
= —5— Algorithm 1.5 —a— Algorithm 1.5

TOL

0 10 20 30 40 50 60 70 80 0 20 40 60 80 100 120
Number of iterations Number of iterations
10° f 10° I
——+— Algorithm 3.4 ——+— Algorithm 3.1
—&— Algorithm A i —%— Algorithm A

-1 i Algorithm 1.6

10 | Agorithm 1.6
—e— Algorithm 1.5 L

—=— Algorithm 15

TOL
s

0 20 40 60 80 100 120 140 0 20 40 80 80 100 120 140
Number of iterations Number of iterations
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Figure 1: (Top Left): Case 1; (Top Right): Case 2; (Bottom
Left):Case 3; (Bottom Right): Case 4, the error plotting of com-
parison of Alg. 27, Alg. A, ALg. (6) and Alg. (5) for Example 4.1.

Example 4.2. Let E = RV, Define A: RN — RN by A(x) = Mz + g,
where the matrix M is formed as: M =V Y V' where V =TI — %
and > = diag(o11,012, -+ ,01n) are the householder and the diagonal

matrix, and

. s ~ N~
g cos 57 + 1 — C(cos 75 + 1)
g ]. B )
01 = Cos +1+ + &1

j:1727"'aNa

with C' been the present condition number of M ([19], Example 5.2). In
the numerical computation, we choose C = 104, ¢ = 0 and uniformly
take the vector v € RY in (—1,1). Thus, A is pseudomonotone and
Lipschitz continuous with K = ||M|| (see [19]). By setting C' = {z €
RN : ||z|| < 1}, Matlab is used to efficiently compute the projection onto
C. Moreover, we examine various instances of the problems dimension.
That is, N = 20, 30, 40, 60, with starting points z; = (1,1,...,1)" and
zg = (0,0,...,0)". In this example, we take the stopping criterion to be
e = 107° and obtain the numerical results shown in Table 2 and Figure
2.

Table 2: Numerical results for Example 4.2 with ¢ = 1075,

N Alg. Alg. Alg. Alg.
27 A (6) (5)

5 Tter. 832 8125 12053 1188
CPU 0.2196 0.9656 4.1120 0.3920

7 Tter. 1436 15696 10807 1532
CPU 0.2188 1.3669 3.3585 0.3680

11 Tter. 1860 17377 32919 1964
CPU 0.1195 0.9919 10.2074 0.5366

13 Tter. 2152 25691 22295 2903

CPU 0.2483 2.1576 8.2650 0.9547
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10’ 10!
—+— Algorithm 3.1 —F— Algorithm 3.1
—o— Algorithm A —&— Algorithm A
10°F Algorithm 1.6 10% Algorithm 1.6
‘ —E— Algorithm 1.5 i —&— Algorithm 1.5
10! 10!
B 102 3 102
O 10 21w

0 2000 4000 6000 8000 10000 12000 14000 0 2000 4000 6OO0  BOOD 10000 12000 14000 16000
Number of iterations Number of iterations

—+— Algorithm 3.1 1o
10° [ —&— Algorithm A —
Algorithm 1.6 Mgﬂﬂ:hm A.w
—a— 1. —O— Algorithm
Agorthm 1.5 100} Agorithm 16
107! 4 —a— Algorithm 1.5
2 10
10™
=
2 )
(e} -2
103 e 1w

23
10 PR+ \ 107
o w \
10°®

0 05 1 15 2 25 3 o0 SD

2 35 05 1 15 2 25 3
Number of iterations x10% Number of iterations x10*

Figure 2: The behavior of TOL,, with e = 10~° for Example 4.2: (Top
Left): N = 20; (Top Right): N = 30; (Bottom Left): N = 40;
(Bottom Right): N = 60.

5 Conclusion

This paper introduced a new inertial subgradient extragradient algo-
rithm with self adaptive step size for approximating common element
of the set of solutions of pseudomonotone variational inequality prob-
lem and common fixed point of a finite family of generic generalized
nonspreading mappings in uniformly smooth and 2 - uniformly convex
Banach space. Furthermore, we proved a strong convergence theorem of
our algorithm to a solution of the stated problem without prior knowl-
edge of the Lipschitz constant of the operator under some mild assump-
tions. We presented some numerical examples in order to illustrates the
performance of our proposed algorithm. Our result generalize and im-
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prove many existing results in the literature. For instance, our result is
presented in a more general setting of Banach space than Hilbert space,
there by extending the recent results such as those in [27, 41, 42, 43],
again the operators considered here, family of generic generalized non-
spreading mappings are more general than those considered in many
recent results such as those in [13, 41]. It is going to be of interest
for further studies in this direction to consider dropping the condition
of Uniform smoothness and 2-uniform convexity of the space also for a
more general operators than those considered here.
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