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1 Introduction

The concept of Lusternik-Schnirelman category(LS-category) was in-
troduced by Lusternik and Schnirelmann [13] and topological complexity
was introduced by Farber [7]. One can estimate the bound for topolog-
ical complexity by using LS-category.
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In Section 2, we give basic definitions, results and some well known
examples. Section 3 is devoted to discuss about some properties of LS-
category and topological complexity. From the definition of LS-category
in [2] and [12], cat(X) = n if n is the least positive integer such that X
is covered by n+ 1 contractible open subsets of X. But the definition of
LS-category in [7] says that cat(X) = n if n is the least positive integer
such that X is covered by n contractible open subsets of X. Theorem
2.20 is proved by using the definition of LS-category in [7]. But in [1],
authors used the definition of LS-category as in [2] and [12], and hence
derived Lemma 3.8, Corollary 3.11, Corollary 4.2 and Corollary 4.5.
Motivated by the findings of [1], we extend our study of LS-category and
topological complexity on product of manifolds. In Section 4, we give
the corrected version of these results as theorems 4.25 to 4.28. Further,
we find the LS-category and the topological complexity for product of
Dold manifolds, generalized Dold spaces and product spaces along with
some applications.

2 Preliminaries

We start this section, by recalling the definition of manifolds and
examples. After that we recall the definition and properties of the LS-
category and topological complexity.

Consider a Hausdorff space M in which each point has an open
neighborhood homeomorphic to R™. Then M is said to be a manifold of
dimension n, or more concisely an n-manifold. The following are some
examples of topological manifold.

Example 2.1. Consider 1 < m < n—1 and Gr,,(R") denotes the set of
all m-dimensional subspaces in R™. The space Gr,(R™) is known as real
Grassmann manifold [14] and it has dimension m(n —m). In particular,
Gri(R™"1) = RP™ is the real projective plane.

Example 2.2. Consider 1 < m < n — 1 and Gr,,(C") denotes the set
of all m-dimensional subspaces in C". The space Gr,,(C") is known
as complex Grassmann manifold [I4] and it has complex dimension
m(n — m)(real dimension of Gr,,(C") is 2m(n — m)). In particular,
Gri(C"1) = CP" is the complex projective plane. The cell structure
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on Gry,(C™) is defined as follows:

An m-tuple A = (Aq,...,\p) is called a Schubert symbol if 1 < \ <
oo < A < n. Consider C' := {(21,...,2,0,...,0) € C"}. The Schu-
bert cell E(X) for the Schubert symbol X is defined as E(\) = {V €
Grp(CY)| dim(V N Gry, (CY)) = 4, dim(V N Gryp,(CM 7)) = § — 1 for
j=1,2,...,m}. It is clear that E()\) is of even dimension and it gives
the cell structure on Gry, (C™) [14]. It is well known that the cup length
of Gry(C") is m(n —m).

Example 2.3. Consider the increasing sequence of subspaces of C™ as
{0} =VhcVicVaC---CV,=C" where dim(V;) = i. This is called
the complete flag on C". Denote Fl(n) = {Ve = ({0} =V C Vi C Vo C

- C V,, = C™)} be the set of all complete flags on C". Here Fl(n)

n(n—1)

is known as complete flag manifold with complex dimension (real
dimension of Fi(n) is n(n — 1)). The cell structure on Fi(n) is defined
as follows:

Let {e1,...,en} be the standard basis of C". Let F, = ({0} = Fy C
F, C F, C--- CF, =C"), where F; = {ej,...¢;} be the standard
complete flag of C™. Consider the symmetric group S,. For each w € .S,
define E(w) = {Vo € Fl(n)|dim(V, N F,) = #{i < plw(i) < ¢}, for
every 1 < p,g < n}. Then E(w) is an open cell of real dimension
2l(w), where l(w) = #{i < jlw(i) < w(j)}. For each w € S, we have
0<l(w) < @ This gives the cell structure on Fi(n) [11]. It is well

.. n(n—1
known that the cup length of Fi(n) is %

Example 2.4. Consider the space S™ x CP" with free Zs-action de-
fined by (x,z) — (—=x,2), it is known as Dold manifold with dimen-
sion m + 2n which is defined by Dold in 1956 and it is denoted by
D(m,n). The cohomology ring of D(m,n) with Zy coefficients is given
by H*(D(m,n),Zs) = CZ,,%% ?ﬁﬁ], where ¢ € H'(D(m,n)) and d €
H?(D(m,n)) are the generators of the ring H*(D(m,n)) with the prop-
erty that ¢t =0 and d"*! = 0 [6].

Throughout this work, we make the following notations fixed for our
convenience.

Notation 2.5. If X and X; are topological spaces, and R is a ring, then
(a) XF=Xx X x---xX.

k-times

3
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(b) (Grm(C™)* = Grp(C™) X Grp(C™) X -+ X Gry (C).
k-times

Xi:Xlxng-uxXk.

e

Il
i

()

(d) [] RP™ = RP™ x RP™ x --- x RP".

=t

=

(e)19f =1®---® 1.
k-ti
(f) (1®1)®(k—1):(1@1)@...@(1®1)_

(k-1)-times

H*(X;,R) = H*(X1,R) ® H*(X2,R) ® - -- ® H*(X},, R).

-

Il
—_

(2)
(h)

)

@~

("™ = ] @ [ua]" @ fus]"™ © -+ & ]

-
I

Definition 2.6. Let M be an m-dimensional space with a free Zo-action
and N be an n-dimensional Zo manifold. Then the diagonal Zs-action
on the product M x N is free. So the orbit space (M x N)/Zs is an
(m + n)-dimensional manifold. We call this manifold as a generalized
projective product space and denote it by X (M, N) [17]. And also note
that Dold manifold [0], projective product space [5], and the generalized
Dold manifold [10], are all examples of this class of manifolds. Consider
an m-dimensional manifold M and an n-dimensional manifold N with
inwolutions 7 : M — M and o : N — N such that o has nonempty fized

point set. Consider the space

— ____MxN___
X(M,N) = Gt

Then X (M, N) is the generalized Dold space with dimension m + n.
Example 2.7. Let n; be positive integers, 1 < i < r. Define

I 57
i=1

1,82, Lr )~ (=21, — T2, — Ty )
T

a manifold of dimension ) n;, which we call a projective product space

5], -

P(ny,ng,...,n,) = 0 where x; € S™. This is

Grm(cn)xf[ Smi
Example 2.8. Let X (Gr,,,(C"),ny,...,n,) = ( i=1

y,xl,...7xT)~(T(y),—x1,...7—xr) ’
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where 7 is the conjugation involution whose fixed point set is the real
Grassmann manifold Gr,,(R™). This induces a fiber bundle

Grm(C") — X (Grp(C™),nq,...,n,) 2 P(ny,...,n,), where
P(nq,...,n,) is the projective product space.

Fl(n)x ][] S™
Example 2.9. Let X(Fl(n),n1,...,n,) = —

. . . ! . (y’ml7"'mT‘)N(_O'(y)v*zlg"'fxT)7
where o is the conjugation involution, whose fixed point set is the real

flag manifold. This induces a fiber bundle Fi(n) — X (Fl(n),n1,...,n,)
LN P(nq,...,n,), where P(nq,...,n,) is the projective product space.

Definition 2.10. The Lusternik-Schnirelman category(LS-category) is
defined as the smallest integer k such that X may be covered by k open
subsets Vi, Va, ..., Vi of X with each inclusion V; — X is null-homotopic
and it is denoted by cat(X). If no such k exists, we will set cat(X) = oo.

Example 2.11. [3, Example 1.6] X is a contractible space if and only
if cat(X) = 1.

Definition 2.12. Consider the space X and a commutative ring R.
Then the cup-length [3] of X with coefficients in R denoted by cupr(X),
is the smallest integer k such that all (k + 1)-fold cup products vanish
in the reduced cohomology I:I(X; R). If such integer does not exist, then
cupr(X) = oo.

Theorem 2.13. [3, Proposition 1.5] The cup-length of a space X is less
than the LS-category of the space for all coefficients in R. In notation,
cupr(X) + 1 < cat(X).

Theorem 2.14. [3, Proposition 1.37] Suppose X and Y are path con-
nected spaces such that X XY is completely normal. Then
cat(X xY) < cat(X) + cat(Y) — 1.

Theorem 2.15. [3, Proposition 8.23] Let X be a simply connected sym-
plectic manifold. Then cat(X) = dzmT(X) + 1.

Theorem 2.16. [2, Theorem 3.5] Let X be a closed, connected n-
manifold with m(X) = Za. Then cat(X) = dim(X) + 1 if and only
if wi™X) 2L 0, where w is the nonzero element of H' (X, Zs).

5
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Definition 2.17. Let X be a path connected space and PX denote the
space of all continuous paths v : [0,1] — X in X. We denote by 7 :
PX — X x X, the map associating to any path v € PX, the pair of
its initial and end points. That is, ©(v) = (v(0),7(1)). A continuous
function s : X x X — PX such that the composition mwo s = id is the
identity map. Then s is called a section of m.

Definition 2.18. [7] The topological complexity TC(X) of a path con-
nected space X is the minimal integer k, such that the Cartesian product
X x X may be covered by k open subsets Uy, Us, ..., U such that for any
1=1,2,...,k, there exists a continuous motion planning s; : U; — PX
with 7o s; = id over U;. If no such k exists, then TC(X) = co.

Theorem 2.19. [7, Theorem 1] X is contractible if and only if TC(X) =
1.

Theorem 2.20. [7, Theorem 5] If X is path connected and paracompact,
then cat(X) < TC(X) < 2cat(X) — 1.

Theorem 2.21. [7, Theorem 11| For any path connected metric spaces
XandY, TC(X xY)<TC(X)+TC(Y)—1.

Consider the homomorphism —: H*(X;K)® H*(X;K) - H*(X; K)
defined by (u; ® v1) — (ug ® v2) = (—1)\U1|\u2|u1u2 ® v1v9 where K is
a field and |v1], |uz| denote the degrees of cohomology classes v; and
ug, respectively. The kernel of the homomorphism is called the ideal of
the zero-divisors of H*(X;K). The zero-divisors-cup-length(zcl) [7] of
H*(X;K) is the length of the longest nontrivial product in the ideal of
the zero-divisors of H*(X;K).

Theorem 2.22. [7, Theorem 7] The topological complexity of motion
planning is greater than the zero-divisors-cup-length of H*(X;K).

Theorem 2.23. [3, Lemma 28.1] Let X be a simply connected symplectic
manifold. Then TC(X) = dim(X) + 1.

Example 2.24. Consider the real projective plane RP". The cohomol-
ogy ring of RP"™ over the coefficient ring Zo, H*(RP™, Zs) is fi[ﬁ] , where
a € HYRP" Zy). Since a™ # 0, we have cupz,(RP") = n. There-

fore, cat(RP™) > n + 1, by Theorem 2.13. Also, by Theorem 1.7 in




LS-CATEGORY AND TOPOLOGICAL COMPLEXITY ...

[3], we have cat(RP™) < n + 1. This implies that the category of the
real projective plane RP™ is n + 1 [3, Example 1.8]. For CP", we have

H*(CP™7Z) = Zl  where w € H?(CP",7) such that w™ # 0. Since

UJ”+1 9
CP™ is a simply connected symplectic manifold, by Theorem 2.15, we

have cat(CP™) =n+ 1.

Theorem 2.25. [15, Corollary 2.7] The LS-category of the Dold mani-
fold D(m,n) is m+n+ 1.

Theorem 2.26. [15, Theorem 3.8] If m = 2"~! and n = 2!71, then
2m+2n —1 <TC(D(m,n)) <2m+2n+ 1.

Theorem 2.27. [, Proposition 2.4] Let X (M, N) be a generalized pro-
jective product space as defined in 2.6. Let {Vi,...,V,} be an (T)-
invariant categorical cover of M. Then cat(X (M, N)) < g+ cat(N/o)—
1.

Theorem 2.28. [!, Theorem 4.11] Let M be a compact, simply con-
nected and path connected space with an involution T such that T is
identity. Let N be a simply connected, path connected space with free
involution o. Then H*(X(M,N),Zs) = H*(M,Z2) @ H*(N/o,Z3).

Theorem 2.29. [/, Theorem 5.1] Let ny < --- < n,. Then
cat(X (Grm(C"),n1,...,ny)) =m(n —m) +ny +r.

Theorem 2.30. [/, Proposition 5.2] Let n; < --- <mn,. Then
z€lz, (Grm (C)) + zclz,(R™) +r < TC(X(Grm(C™),ny,...,n.)) <
2m(n —m) +2(ny +r) — 1.

3 LS-Category and Topological Complexity

This section is dedicated to discuss various characteristics of topological
complexity and LS-category. Additionally, we discover the topological
complexity and category for flag and Grassmann manifolds.

Theorem 3.1. Suppose X and Y are path connected spaces such that
X xY is completely normal. Then cat(X) < cat(X x Y).

7
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Proof. Consider the inclusion map i : X < X x Y. Suppose cat(X X

Y) = n. Then there exist n open subsets Uy, Us, ..., U, of X x Y such
n

that |J Ur = X xY with each inclusion U, < X x Y is null-homotopic.

k=1
Consider i~ (Uy), for each k = 1,2,...,n, i 1(U}) is open in X and have

n
the same property of Ug. Also, note that |J i~'(Ui) = X. This implies
k=1
that cat(X) < cat(X xY). O

Corollary 3.2. Suppose X and Y are path connected spaces such that
X x Y is completely normal and Y is contractible. Then cat(X) =
cat(X xY).

Proof. The proof follows from Theorem 2.14 and Theorem 3.1. [l

Example 3.3. Consider the space S x R. For any n, cat(S™) = 2 [3,
Example 1.6]. Also, R is contractible and so cat(R) = 1. Therefore,
cat(S™ x R) = cat(S™) = 2.

Theorem 3.4. Let X andY be path connected topological spaces. Then
TC(X) < TC(X xY). Further, if Y is contractible, then TC(X) =
TC(X xY).

Proof. Consider the inclusion map ¢ : X < X x Y and the projection
map p: X XY — X. Both are continuous and poi ~ idx. Then by
Theorem 3 of [7], TC(X) < TC(X xY). Equality follows from Theorem
2.19 and Theorem 2.21. O

Example 3.5. Consider the space R x X, where X = (S™)". Since R is
contractible, we have TC(R x X) =n+1if mis odd and TC(R x X) =
2n + 1 if m is even.

Theorem 3.6. Let X be a path connected and paracompact space with
dim(X) = 2n. If cat(X) = n + 1 such that w"™ # 0 for some w €
H*(X,K), where K is an infinite field, then TC(X) = 2cat(X) — 1.

Proof. Consider w®1—-1®w € H*(X,K) ® H*(X,K). Then
2n . .
<w®1 _ 1®w)2" — Z(_Dn(%) L2t Quw! = (—1)”(2n) " @ wn 7& 0.

4 i n
=0
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This implies that TC(X) > 2n + 1 = 2cat(X) — 1. By Theorem 2.20,
we have TC(X) = 2cat(X)—1. O

The following Example 3.7 shows that the equality TC(X) =
2cat(X) — 1 is not true in general.

Example 3.7. Let X = RP?. Then cat(X) = 3 and TC(X) = 4 [9,
Corollary 8.2]. Therefore, TC(X) =4 # 5 = 2cat(X) — 1.

Theorem 3.8. For any positive integers m and n with m < n — 1,
cat(Grpy (C")) = m(n —m) + 1 and TC(Gry,(C")) = 2m(n —m) + 1.

Proof. Since Gr,,(C") is a simply connected symplectic manifold, the
proof follows from Theorem 2.15 and Theorem 2.23. U

Theorem 3.9. For any positive integer n, cat(Fl(n)) = nn=l) 11 and

TC(FI(n)) = n(n— 1) + 1. ’

Proof. Fl(n) is a simply connected symplectic manifold. Therefore,
the proof follows from Theorem 2.15 and Theorem 2.23. O

Theorem 3.10. Let ny < --- < n,. Then cat(X(Fl(n),n1,...,n,)) =

2l g

Proof. The cohomology of the projective product space [5] and Theo-

rem 2.28 yields that the cup-length of X(Fl(n),ny,...,n,) is @ +
ni+r—1 Let 0 < < %, and consider U; = |J FE(w). Then for

l(w)<i
each i, U; is a subcomplex of Fl(n). Therefore, for each i, there exists a

conjugation invariant open neighborhood V; of U; such that V; retracts
n(n—1)

on Uj. Let V1 = 0, then {V; — V;_1},_§ is a conjugation invariant
categorical cover of Fl(n). It is already known that cat(P(nq,...,n,)) =
ni + r [10, Theorem 1.2]. Therefore, Theorem 2.13 and Theorem 2.27

gives the equality cat(X(Fl(n),ny,...,n,)) = @ +ni+r. O

Theorem 3.11. Let 1 < i < k, n; < --- < n,. Then zclz,(Fl(n)) +
zelz, R™) +r <TC(X(Fl(n),n1,...,n;)) <n(n—1)+2(n; +r) — 1.

Proof. By Theorem 2.28, we have zclyz, (X (Fl(n),ni,n2,...,n,)) =
zclz, (Fl(n)) + zclz,(R™) +r — 1. By Theorem 2.20, Theorem 2.22 and
Theorem 3.10, the proof follows. O

9
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4 LS-Category and Topological Complexity of
Product Spaces

In this section, we calculate the LS-category and the topological com-
plexity of product spaces.

k
Theorem 4.1. Consider the space [ X; with cat(X;) = n;+1 such that
i=1

k k
[w;]™ # 0, for some [w;] € HY(X;, R). Then cat (H XZ) => n;+1.
i=1 i=1

k
Proof. Consider the cohomology ring of [] X;. Then by

k k

Kiinneth formula, we have H* <H Xi, R) = H*(Xi, R).
i=1 i=1

Consider [w;] € H'(X;, R) such that [w;]™ # 0. Now define

a] = [wﬂ & 1®(k71)

as = 1® [wy] @ 192

ap = 1®(k71) ® [’wk].
Then

ai’ = [w]™ ® 1®(k-1) #0
ay? =1 [we]™ ® 19572 £ 0

k
This implies that a]*a3? ... azk = ®[w,]"z £ 0.
Therefore, cupr (H X) > Z n; + 1.

k
k N k
By Theorem 2.14, cat <H XZ) < >eat(Xy)—k+1=> (ni+1)—k+
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k k

1= Z n; + 1. This implies that cat (H Xl-> = > n;+ 1, by Theorem
=1 i=1 i=1

2. 13 U

Corollary 4.2. Consider the space X with cat(X) = n + 1 such that
[w]™ # 0, for some [w] € H*(X, R). Then cat(X") = kn + 1.

k
Corollary 4.3. For the product of real projective spaces || RP™,
i=1

k k
cat (H RP”i> => n;+1.

=1 =1

Proof. We know that H*(RP",Zy) = 2] 1f o € H'(RP",Z5), then
af # 0. Therefore, by Theorem 4.1, we get the result. Il

Corollary 4.4. Consider the product (RP™)%. Then cat((RP™)¥) =
kn + 1.

Proof. The proof follows from Corollary 4.3. O

Theorem 4.5. Let K be an infinite field and X; be path connected spaces

with TC(X;) = 2n; + 1, for all 1 < i < n. Suppose for each i, there

exists [w;] € H*(X;,K) such that ([w;] ® 1 — 1 ® [w;])?™ # 0. Then
k

k
Proof. For each i, ([w;]®1—1®[w;])?" = (_1)n(2ni) Jw]™ @ [w]™ £ 0.

ng

k
By Kiinneth formula, we have H* (H X, K) = H*(X;,K). Set
i=1 i=1

a1 = (fun] ® 19¢7) © (199) — (19%) @ ([wn] © 1°¢Y)
= (1® [we] ® 19¢%—) @ (19F) — (1%%) © (1 ® [wo] ® 122

ap = (150D @ [uwy]) ® (19%) = (1) @ (19FD @ [uy]).
Note that for each i € {1 2,...k}, we have
a; € ®H* X, K)® ®H* X;,K) such that a;™ # 0. From this, we

11
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k k k k
have zcl <H Xl-) > 3" 2n;. This implies that T'C (H XZ-> > > 2n;+
i=1 i=1 i=1 i=1

-

k
1. Therefore, by Theorem 2.21, we have TC <H Xl-) = 2n; + 1.
i=1

- =

Corollary 4.6. Consider the path connected space X with TC(X) =
2n 4+ 1. Suppose there exists (w] € H*(X,K) such that (w]®1—-1®
[w])?" # 0. Then TC(X™) = 2kn + 1.

Proof. The proof follows from Theorem 4.5. U

Corollary 4.7. For any positive integers m; and n; with m; < n; — 1,

k k
1 <i <k, we have cat (H Grmi((C"i)> =Y. mi(n; —m;) +1 and
i=1 i=1
k k
TC < Grmi(C”i)> =2> mi(n; —my;) + 1.
i=1 i=1

Proof. Gr,,(C") is a simply connected symplectic manifold. Let w; be
the symplectic 2-form on Gry,, (C™). If [w;] € H?(Gryp, (C™),R) repre-
sents the corresponding cohomology class of w;, then [wi]mi("i_mi) #0
and [w;]™ (M=) @ [, (i =m4) o£ 0. From Theorem 4.1, Theorem 4.5
and Theorem 3.8, the proof follows. O

Corollary 4.8. For any positive integers m and n with m < n, we have
cat((Grm(C")*) = km(n —m) + 1 and
TC((Grm(C™)F) = 2km(n —m) + 1.

Proof. The proof follows from Theorem 4.7, by replacing m; = m and
n; = n for all 7. O

Corollary 4.9. For any positive integers n > 2 and n; > 2, 1 <i <k,
we have the following.
k k k k
(a) cat <H (CP’”) =Y n+1and TC <H (CP’”) =2 n;+1
i=1 i=1 i=1 i=1
(b) cat ((CP™)*) =kn+1 and TC ((CP™)¥) = 2kn + 1.

Proof. (a) As Gri(C") = CP™ !, the proof follows from Theorem 4.7
by replacing m; = 1 and n; = n; + 1 for all 1.
(b) The proof follows from (a). O
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Corollary 4.10. For any positive integers n;, 1 <1 < k, we have

k k n;(n;—1)
cat (H Fl(nz)> =) “5—+1and
i=1

o @1 Fiw) 2( .

Proof. Fl(n) is a simply connected symplectic manifold. Let w; be
the symplectic 2-form on Fl(n). If [w;] € H?(Fl(n),R) represents

ni(n;—1)
the corresponding cohomology class of w;, then [w;]™ 2 % 0 and

ni(n;—1) ni(n;—
]

)
[wi] " 2 ®[wi]” 2 : # 0. Thus, the proof follows from Theorem 4.1,
Theorem 4.5 and Theorem 3.9. ]

Corollary 4.11. For any positive integer n, we have
cat((FI(n))*) = k(") £ 1 and TC((FI(n))¥) = kn(n — 1) + 1.

Proof. The proof follows from Theorem 4.10, by replacing n; = n for

all 4. g

Theorem 4.12. For any positive integers mai,...,mg and ny, ..., Nk,
k k

we have cat ( D(mi,ni)> = > (m;+n;) +1.
i=1 i=1

Proof. By Kiinneth formula, we have

Ry LA KA Zoled o Zoldd]
H* ( [T D(mi,n;),Ze | = Q H*(D(ms,n;),Z2) = @ Tt ® ST ),
i=1 i=1 =1\ ;

where ¢ @d;" # 0. Therefore, the proof follows from Theorem 4.1 and
Theorem 2.25. 0

Corollary 4.13. For any positive integers m and n, we have
cat((D(m,n))*) = k(m +n) + 1.

Proof. Replace m; = m and n; = n for all 4, in Theorem 4.12. This
completes the proof. O

k

Theorem 4.14. If m; = 2771, n; = 2471 1 < i <k, then > (2m; +
=1

k k '

i=1 i=1
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Proof. By Kiinneth formula we have

e . K Zales] - Zold]
H* | 1] D(mi,ni), Zs ® H*(D(mi,n;), Z2) = @ | 2,71 @ T
=1 =1

C;

k
Let a;,b; € {@ (Zj[fﬁ]l Zﬁ[ﬂﬂ [ ( ci r® dzﬁl['fl]ﬂ such that

=1 i

a=[a®l)e (1l 1)®(k71)] ®[1® 1)®k]
1® 1)®k‘] R[] (1 1)®(k—1)]

191D)®(eel)o(1e1)2F 2 g(1e1)%
10D 0[(101)@(eel)®(1e1)2¢2)

a,=[1©1)**" Ve (g o1)]e[(1e1)®
-[1e)* e [(1e1)** Ve (g 1)

and

(1®d)®(11)2F D g(1e1)%
— 19 1)®* @ [(1®d)® (1 ®1)2FD]
(191)®(1ed)®(1e1)2F 2] [(1e1)%
~ 101 e[(101)®(1®d)®(1e1)2¢2)]

be = [(1®1)2F D 9 (1ed)] @ [(121)%%
~[1® 1% @ [(191)2* D g (1 d)]

—

Now let p; = 2" — 1 and ¢; = 2% — 1, then af’ ...al*b{" ... b £ 0. So
k k
zero-divisors-cup-length is greater than or equal to Y (pi+¢;) = > (2" —

=1 i=1
k
14206 —1) = S8 (2.277142.2671-2) = 5™ (2m;+2n; —2). Therefore,

=1
the proof follows from Theorem 2.20, Theorem 2.22 and Theorem 2.26.
O
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Corollary 4.15. If m = 2"~ and n = 2!71, then
2k(m+n—1)4+ 1 <TC(D(m,n))*) < 2k(m +n) + 1.

Proof. The proof follows from Theorem 4.14, by replacing m; = m and
n; = n for all 1. O

Theorem 4.16. Let 1 <i¢ <k, n;; <---<ny,,. Then

k k
cat ( X(Grp,, (C™),n, . ... ,nm)> = > (mi(n;—m;)+na+ri—1)+1.
i=1 i=1

1
Proof. By Kiinneth formula, we have

k
H* (H X(Grmi(cni)anila R 7”@'”)722) =
i=1

k

QR H* (X (Grm,(C™),ni1, ..., nir,), Z2). From the cohomology of the
i=1
projective product spaces [5] and Theorem 2.28, the cup-length of

k k
H X(Grmi(C"i),nil, - ,nm) is Z(ﬂ%(nZ — ml) + n;1 + (Ti — 1)) By
=1 =1

)

k
Theorem 2.14, we have cat < X(Grpm, (C™),n1, ... ,nm)> <
=1

k k

> cat(X(Grm, (C™), ni, .. mary)) — b+ 1 = 32 (mi(ni — mi) + nax +
i—1 i=1
r; —1)+1, by Theorem 2.29. Therefore, the proof follows from Theorem
2.13. 0

Theorem 4.17. Let 1 <t <k, n;j1 <--- < ny,,. Then

k
> (zClz, (Gro,, (C™) + zclgz, (R™) +r; — 1) + 1 <

=1

k k
TC< X(Grmi((C”i),nil,...,nm)> < QZ(ml(nl—mz)—l—ml +r; —
=1 i=1

1)+ 1.

Proof. By Kiinneth formula and Theorem 2.28, we have
k

k
ZCZZQ <H AXV(G(T‘WLZ ((an)7 i1,y .. - 7”757‘»;)) = Z (ZCZZQ (Grml (Cnl)) +
i=1 i=1
zclz, (R™) + r; — 1). Therefore, the proof follows from Theorem 2.20,

Theorem 2.22, Theorem 2.30 and Theorem 4.16. ]
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Theorem 4.18. Let 1 <t <k, n;; <---<ny,,. Then

k k n(n —1)
cat(H X(Fl(ni),nil,...,nim)) is Z( S +n11+n—1) +1.

i=1 i=1
Proof. By Kiinneth formula, we have

k
H* (H X(Fl(nl)anllv 7ni7"7;)722> =
i=1

k

QR H*(X(Fl(n;),nit, ..., Nir,), Za). From the cohomology of the projec-
i=1
tive product spaces [5] and Theorem 2.28, the cup-length of

k k
[T X(Fl(ni),ni1, ... ,nip,) is > (M + ni1 + (r 1)) By Theo-
i=1 i=1

k
rem 2.14, we have cat <H X(Fl(n;),nity-- -, nm)> <
i=1

k
Z cat(X(Fl(n;),nit,...,nip,)) —k+1= Z (m(m 1) +ng o — 1) +
1 Thus the proof follows from Theorem 2 13 O

Theorem 4.19. Let 1 <<k, n;j1 <---<ny,,. Then

k
> (zcly, (Fl(ny)) + zclz,(R™) +r; — 1)+ 1 <
i=1

k k
C <H X (Fl(ng), i, .. n)> <2 (2 (w +ni i — 1>>
=1

i=1

Proof. By Kiinneth formula and Theorem 2.28, we have
k

zcly, (H X(Fl(ng),ni,- .. nm)) = Z(zchQ(Fl(nz)) + zclg, (R™) +

—1). The proof follows from Theorem 2 20, Theorem 2.22 and Theo-
rem 4.18. O

k
Theorem 4.20. TC <H S”i> =2k —n+ 1, where n is the number of

i=1
odd dimensional sphere in this product.

k

Proof. Let a; € H*(S™,Q). Consider S = [[(a; ® 1 — 1 ® a;)P, where
i=1

p is one if n; is odd and p is two if n; is even. Then S # 0. Therefore,
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k
the zero-divisors-cup-length of [] S™ is at least 2(k — m) + m. From

=1
Theorem 8 of [7], we have T'C'(S™) = 2 if m is odd and TC(S™) = 3 if
m is even and thus the proof follows from Theorem 2.21 and Theorem
2.22. O

[o.¢]

Theorem 4.21. Let S = [] SI", for each i, S is an m-dimensional
i=1

sphere. Then TC(S) = co.

Proof. Suppose that TC(S) < co. Then T'C(S) = k for some k € N.

k 00
Consider X = [[ S and Y = [] SI". Then X xY = S and by [7,
i=1 i=k+1
Theorem 13|, TC(X) > k + 1. This leads a contradiction to Theorem
3.4. Therefore, TC(S) = co. Also, note that cat(S) =oco. O

Remark 4.22. Since cup(RP*°) = oo and cup(CP*°) = oo, we have
cat(RP*>) = oo and cat(CP*°) = oco. Similarly, TC(RP>) = oo and
TC(CP*>®) = oc.

The authors Akhtaifar and Asadi Golmankhaneh [1] used unreduced
LS-category in their paper. The unreduced LS-category [2, 12] of a
space X is the least positive integer n such that X is covered by n + 1
contractible open subsets of X and we denote it by “cat(X). The reduced
LS-category of X is the least positive integer n such that X is covered by
n contractible open subsets of X and it is denoted by cat(X). Theorem
3.3 in [1] is same as the Theorem 5 in [7]. It is observed that Farber
[7] used the definition of reduced LS-category to prove Theorem 5 and
it does not hold for unreduced LS-category as shown in the following
example.

Example 4.23. Consider the sphere S™. In Example 1.6 in [3], it is
shown that the unreduced LS-category of S™ is 1 for any n. Hence by
Theorem 5 in [7], we have TC(S™) = 1 for all n. But by Theorem 8 in

[,

2 if n is odd
3 if n is even

TC(S™) = {

The authors in [!] assumed Theorem 5 of [7] for unreduced LS-
category to calculate the upper bound for topological complexity and

17
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proved Lemma 3.8, Corollary 3.11, Corollary 4.2 and Corollary 4.5.
From above discussion, the upper bound derived in Lemma 3.8, Corol-
lary 3.11, Corollary 4.2 and Corollary 4.5. in [I] are not true for unre-
duced LS-category. The Theorem 3.3 in [I] can be modified for unre-
duced LS-category as follows.

Theorem 4.24. If X is a path connected and paracompact space, then
Yeat(X)+1 <TC(X) < 2("cat(X)) + 1.

Proof. By the definition of reduced and unreduced LS-category,
Ycat(X)+1 = cat(X). Therefore, the result follows from Theorem 2.20.
O

Using the Theorem 4.24, the corrected version of Lemma 3.8, Corol-
lary 3.11, Corollary 4.2 and Corollary 4.5. in [1] are given as theorems
4.25 to 4.28, respectively and the proof of which follows directly.

Theorem 4.25. [I, Lemma 3.8] Let Gr,,(R") denote the real Grass-
mann of m—planes in R™. Then 5 < TC(Gra(R*)) < 7.

Theorem 4.26. [|, Corollary 3.11] For any positive integer m > 1, we
have 4m + 1 < TC((Gra(R*))™) < 6m + 1.

Theorem 4.27. [, Corollary 4.2] For any positive integer p > 2, we
have 3(2P) — 2 < TC(Gra(R¥+1)) < 2vF1 3,

Theorem 4.28. [I, Corollary 4.5] For any positive integer p > 2, we
have 3(2P) < TC(Gra(R**2)) < 2vF2 — 1.
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