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1 Introduction

Let M be an n-dimensional Riemannian manifold with a metric g =
gl-jd:cidxj and T'M be its tangent bundle. It turns out that the manifold
TM has some Riemannian metrics known in literature as: complete lift
metric or g9, diagonal lift metric or g1 + g3, lift metric go+ g3 and lift met-
ric g1 + g2, where g1 := g;;dx'dx?, go := 2¢;;dz'5y’ and g3 == g;;0y" 6y’
are all bilinear differential forms defined globally on TM. For verti-
cal, complete, and horizontal lift vector fields, the following results are
widely known as mentioned in [11]:

The vertical distribution on T M is parallel with respect to the Levi-
Civita connection of metric gs.

The horizontal distribution is parallel with respect to the Levi-Civita
connection of metric gy if and only if the metric on M is locally Eu-
clidean.

The complete lift of a vector field on M to T'M is concurrent with
respect to the metric go if and only if the vector field on M is concurrent.

The tangent bundle T'M over a Riemannian manifold M is locally flat
with respect to metric g; + g3 if and only if M is locally flat.

In addition in [9] we have:

The vertical, complete, and horizontal lifts of a vector field on M to
TM are parallel with respect to the metric go and g; + g3 if and only if
the vector field given on M is parallel.

The general Riemannian lift metric g on T'M is a combination of the
diagonal lift and complete lift metrics and it is, in some senses, more
general than those used previously [5]. The use of lifts has led to some
results in Riemann-Finsler geometry [13]. Here, we prove that:

Theorem: The complete, vertical and horizontal distributions on T M
are parallel with respect to the Riemannian connection of metric g.
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Theorem: A vector field on M is parallel if and only if its complete(
vertical, horizontal) lift to TM is parallel with respect to metric g. And
the complete lift of a vector field on M is concurrent if and only if it is
concurrent.

Theorem: The tangent bundle TM is locally flat with respect to the
metric g if and only if M is locally flat.

2 Preliminaries

A Riemannian metric on a smooth manifold M is a covariant tensor field
g of type (0,2) which is symmetric( ¢(X,Y) = g(Y, X)), and positive
definite( g(X, X) > 0 if X # 0). A Riemannian metric thus determines
an inner product on each tangent space 1), M, which is typically written
as < X,Y >:= ¢g(X,Y) for all X,Y € T,M where p € M. A man-
ifold together with a given Riemannian metric is called a Riemannian
manifold. Let (M, g) be a real n-dimensional Riemannian manifold and
(U, z) be a local chart on M, where the induced coordinates of the point
p € U are denoted by its image on R", x(p) or briefly (z%).[2]

Suppose that T'M is the tangent bundle of M and 7 is the natural
projection from T'M to M. Consider 7., : T,T'M +— Ty, M and let us

put:
Kermy, = {z € T,TM|7mw(z) = 0}, Vv e TM.

The vertical vector bundle or vertical distribution on T'M is defined by
VTM = J,era Kermy,. A non-linear connection or a horizontal dis-
tribution on TM is a complementary distribution HT'M for VI'M on
TTM. [1]

Using the induced coordinates (z%,3") on TM, where z* and 3 are
called respectively the position and the direction of a point on T'M, the
researchers introduce the local field of frames {0;,0;} on TTM where
0; = a?ci and 0; = a?;i' Let (M, g) be a Riemannian manifold with
components g;; € C°°(M), where C* (M) is the set of all C*>° functions
from M to R. If we put X}, = 0, —y*I'"} Om and X3, = 0j then { X}, X3}
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is the adapted local field of frames of TM and {dz", 3"} be the dual
basis of { X}, X}, where 6y = dy" 4+ y*T?.dz* and Ffj are the Christof-
fel symbols. Here, the indices 4,4, h,... and 7,7, h,... in relations run
over the range 1,2,...n.[3]

By means of the above mentioned dual basis, it is known that g; :=
gijdz'dz’, gy = 2g;;dz'dy’, and g3 = ¢;;0y'dy’ are all bilinear dif-
ferential forms defined globally on TM. It turns out that the man-
ifold TM has four Riemannian metrics go = 2g¢;;dz'6y?, g1 + g2 =
gijdxtda) + 2g;;dx'dy’, g1 + g3 = gijdxidal + g;;6y'6y’, and go + g3 =
2gi;da’ 6y’ + gi;6y oyl [11]

The tensor field
g = ag1 + bgz + cgs,

on T'M has the components:

< agij bgij >

bgij cgij )’

with respect to the dual basis of the adapted frame of T'M, where
a, b, and ¢ are certain positive real numbers. From linear algebra, we
have detj = (ac — b*)"detg®. Therefore, the tensor field § is a pseudo-

Riemannian metric on TM if ac — b # 0 and is a Riemannian metric
on TM if ac — b* > 0. [7]

Now, suppose that the set of all p-covariant and g-contravariant ten-
sors on M (®3M) is denoted by @ M and the set of all 1-forms and all
vector fields on M are denoted by Q!(M) and x(M) respectively.

A section on M is amap S : M — T'M such that moS = Id, and the set
of all sections on M is denoted by I'(M).

Let 7 : E— M be a vector bundle over a manifold M and I'(E)
denote the space of smooth sections on E. A connection on E is a map

V:x(M)xT'(E)—T(E),
written by (X,Y) — VxY, satisfying the following properties:

1) Vle—‘,—gXQ}/: fVX1Y+QVX2Y, f?.g € COO(M)a
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2) Vx(aY] +bYs) =aVxY] + bVxYo, a,beR",
3) Vx(fY) = [VxY + X())Y.
A linear or affine connection on M is a connection on T'M i.e, a map
Vi x (M) x x(M) — x(M),

satisfying properties (1)-(3) in the definition given above.

Let M be a Riemannian manifold, then there exists a unique affine
connection V on M which is symmetric( VxY — Vy X = [X,Y]) and
compatible with the Riemannian metric( Vx < Y,Z >=< VxY,Z >
+ < Y,VxZ >). This affine connection is called Levi-Civita or Rie-
mannian connection.

The Christoffel symbols Ffj of V with respect to a local frame {0;} is
defined by V,0; = Ffj@k.

3 Tensor Lift

3.1 Vertical lift

The vertical lift of f € C°°(M) is defined by f¥ = for.
Vertical lift of a vector field X on M ( with components X") to 7'M has

the components:
0
1%
X : < Xh > s

with respect to the induced coordinates on T'M.
Suppose that w is a one form on M, the vertical lift w"" of the 1-form
w is defined by w" = (w;)" (dz?)V, with respect to constant coefficients.

[11]

The vertical lifts can extend to a unique algebraic isomorphism of
the tensor algebra @M into the tensor algebra QT M with respect to
constant coefficients, by the conditions: (P ® Q)" = PV ® QY and
(P+R)Y = PV + RV, where P,Q, and R are arbitrary elements of @ M.

[11]
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The vertical lift of a 2-covariant tensor g € ®)M with local components
gij has components of the form:

v . ( 9 O

with respect to the induced coordinates on T'M.

3.2 Complete lift

For a function f on M, the complete lift of f is regarded in natural way
as a function on TM which is denoted by f¢ and defined in a coordinate
neighborhood U of M, where the local expression f¢ = 9f := y'0; f with
respect to the induced coordinates in 7= (U).

The complete lift of a vector field X on M is defined by X¢.f¢ =
(X.f)¢, where f € C>®(M). Thus the complete lift X¢ of X ( with
components X" on M) has the components:

Xh
C .
X .(aXh>,

with respect to the induced coordinates on T'M. A distribution is a
subbundle of the tangent bundle. By complete distribution on T M we
mean a distribution whose sections are complete lifts of vector field on
M.

The complete lift of a one form w on M is defined by w®(X¢) = (w(X))¢
for all X € TM and has components of the form w® = (dw;,w;) where
w; are the components of w.

The complete lifts are extended to a unique algebraic isomorphism of
the tensor algebra ®M into the tensor algebra ®T'M with respect to
constant coefficients, by the conditions: (P®Q)Y = P°@Q"V +PVoQ¢
and (P + R)¢ = PY 4+ R®, where P, Q, and R are arbitrary elements of
Q@M. [11]

The complete lift of a 2-covariant tensor g € ®)M with local components
gij has components of the form:

c . ( 09i;  Gij )
g ° - O Y
Gij

with respect to the induced coordinates on 1T'M.
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Lemma 3.1. The complete lift of a Riemannian metric g coincide with

the Riemannian metric gs.

Proof.
g2 = 2gijd:vi5yj
= 2gijdxi(dyj + ng:ct)
= 2g;;dx’dy’ + ZQijkuitdxidxt
= 2g;jdx’dy’ + y"* (Clyg1j + Ty gu)da’ da’
= 2g;;dx’dy’ + y*Oygijda’da’
= 29ijd$idyj + 8g¢jd:cidxj,

S0 g2 has components of the form:

. 39@‘ gij)
92.(% ).,

with respect to the induced coordinates on TM, where T'! = yJ F?Z- and

Uhi9i5 + Thi9i = Okgig- (0] O
3.3 Horizontal lift
For an arbitrary type tensor field
=810, 0 00, @d" @ @da™,
on M, the tensor field V.S on T'M is
VS =@'Visl o, @ 00, @dit @ @ da',

The horizontal lift S is defined by

S — g¢ _ygs.

The horizontal lift of a 2-covariant tensor g € ®JM with local compo-

nents g;; has components of the form:

g ( Tlgi +Tigje  9ij >
9ij 0o )’
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with respect to the induced coordinates on T'M.

Especially, for all f € C%°(M) we have ff = f¢ — V. On the other
hand, since Vf = 4'V,f = 4'9,f we obtain Vf = f©, therefore f = 0.
The horizontal lift of a vector field X on M is defined by X7 = X¢ —
VX, so it has the components:

Xh
H . '
(e ).
with respect to the induced coordinates on 1T'M.
The horizontal lift of the product of two tensors P and @ in @M is [11]

Lemma 3.2. [/(] If g is a Riemannian metric and V the Riemannian
connection determined by g on M, then ¢¢ and g™ coincide with respect
to V.

3.4 M-Ilift

We are in position to introduced a new useful mixed lift g™ for a 2-
covariant tensor g € ®)M with local components gij by

g™ = a(giy)¥ (dz")V @ (dz?) + c(gij)¥ (da")" @ (da?)™,

where a,c € R™.

4 Connection Lift

If V is a linear connection on M, the total covariant derivative of a
tensor field S € ®fZM is a (qil)—tensor field

VS : QY M) x - x QYM) x x(M) x -+ x x(M) = C®(M),
given by
VS(wh . wh Vi, Y, X) = VSw!, .. wh v, YY),

where Y;, X € x(M) and w' € QY(M).
It is necessary to recall that the Riemannian connection is a metric
connection i.e Vg = 0. [(]
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e A vector field X on M is parallel if and only if its total covariant
derivative VX vanishes identically.

e A distribution D on M is parallel if VxI'(D) C I'(D) for any
X € D(TM).

Let V be a Riemannian connection on M with coefficients Ffj The
Riemannian curvature tensor is defined by

R(X,Y)Z =VyVxZ ~VxVyZ+VixyiZ, VXY, ZeTM.

Locally
e = 0l — 055 + T3l — TR

wa+ jk ja~ ik
where R(0;,0;)0k = R0 [0]

e A Riemannian manifold (M, g) is locally flat if and only if its Rie-
mannian curvature tensor vanishes identically.

Let V be a linear connection on T'M, the torsion tensor of V on T'M is
defined by

T(X,Y)=VxY -VyX - [X,Y], VX,Y € TM.
It is obvious by [4] that Riemannian connection is torsion freei.e T = 0.
Lemma 4.1. [7] An affine connection ¥V has the following properties.
Vx(T®S8)=(VxT)®S+T® (VxS),
Vxf=X.f,
Vajdxh = —F?idwi,
where f € C*(M), X € TM and T,S € @M.

4.1 Complete lift

If Vis a linear connection on T'M, then the Christoffel symbols with
respect to the V is defined as follows:

Vo,0j = 50 + TJi0m, Vo0 = Th0p + 170,
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Vo,0; = 00 + TT05, Vo805 = Ty + 05,
There exists a unique affine connection V¢ on T'M which satisfies: [11]
VGeYY = (VxY)Y,  VX,Y €TM,

SO
mh Fh fh fh fh
F]Z — jl” ‘]E — O, 31 — 0, S 0,

) h h h A h A

It is easy to verify that f‘éB, which is denoted by the preceding re-
lations, determines an affine connection globally on T'M. This affine
connection is called the complete lift of the affine connection V to T'M
and is denoted by V.

Proposition 4.2. [12] If V is the Riemannian connection of a manifold
M with respect to a Riemannian metric g, then V¢ is the Riemannian
connection of TM with respect to g€ .

Proposition 4.3. [11] The Riemannian connection VC has the follow-
ing properties.

ViKY =0,
VK¢ = (VxK)Y,
V$oKY = (VxK)Y,
V$oKY = (VxK)©,
for all tensor field K on M and X € TM.
So, in general, VE KV = (VK)V and VCK¢ = (VK)°.
Proposition 4.4. [12] If T and R are respectively the torsion and the

curvature tensors of V, then T¢ and RC are respectively the torsion and
the curvature tensors of V.
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4.2 Horizontal lift

The horizontal lift V# of an affine connection V on M to T M is defined
by the conditions:

Ve YY =0, VEYH =0, VE,YY = (VxY)Y, VE YT = (VxY),
for any X, Y € TM. [11]
Note : It is worth saying that, in general, V is not unique. [11]

Proposition 4.5. [11] The horizontal lift VI has the following proper-
ties.

Vi (d2") = —XITh (da')V,
Ve (dzh)? = —XITh (da?)H,
VELKY = (VxK)Y,

VE K? = (VxK)H,
Ve, KY =0,

VI, K" =0.

for all tensor field K € QM and X € TM.

5 Main Results

In the following results, assume that (M, g) is a Riemannian manifold
with respect to the Riemannian connection V.

Lemma 5.1. For a tensor field g™ on TM, Vgch = (Vxg)M.

11
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Viog™ = Vic(algiy)¥ (dz") @ (da?)Y + c(gig)¥ (da") ™ @ (da?)™)
= a( Xgm)v( DY @ (da?)Y + algy)" Ve (da')V @ (da?)”
(9@]) (dz ) ® VH (dx])v
c(X. gm) (dz ) (dwj)H + C(gij)vvgc (dﬂ)H ® (dxj)H
9i7)" (da')! @ Ve (da?)!
a(X.g;j)" (de')" ® (da’)”
(9i7)" X Ty (da) @ (da?)V
— algij)V X"} (da") © (da')”
o(X. gm) (dz )H ® (dwj)H
C(gZ])VXkFZ (dzH) @ (da?)H
— c(9i5) Xkl“fd(dxl)H ® (da*).
On the other hand,
Vxg = Vxkg, gijda’ @ da?
= ka(‘)kgijdxi ® da’
= Xk((?kgijda:i ® da’ + gijvakd:z:i ® da’ + gijda;i ® Vakdxj)
= (X.gij)dx’ @ da? — g X*Tdat @ da? — gi; X1 dal @ da
So its M-lift is
(Vxg)™ = (X.g;j)da’ @ da? — g;; X" da' © da?
- gl-ijFildxl ® dz')M
= (X.gij)dz' @ de?)M — (g;; X'T%,da’ ® dad )M
- (ginkI‘ildwl ® dz' )M
= a(X.gij)V (dz")V @ (d2?)V + ¢(X.gi;)V (d2")? @ (da?)?
— (algyy)V X )y (da")” @ (da?)”
T elgy)V X*Tiy(da) @ (dad)H)
— (algiy)V X*T},(da") @ (da')”
+ e(gi)V X*TY (da)H @ (dz')H).

+c

—a

_l’_
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Hence
Vieg™ = (Vxg)™.
O
Proposition 5.2. The horizontal lift VH of § is a metric connection.
Proof.
Vgcg = V)b([c (ag1 + bga + cg3)
= V)b([c(agl +cg3) + bV§c927
in addition, by Lemmas 3.1 and 3.2, go = ¢ = ¢, hence
= V)b([ch + bV)}gch
= (Vx)" +b(Vxg)"
where the last equality comes from the compatibility of Riemannian
connection property. ]

Remark 5.3. [11] The complete lift V¢ and the horizontal lift V7 of an
affine connection V on M coincide, if and only if V is of zero curvature.

In the following results, assume that the Riemannian connection V
with respect to the Riemannian manifold (M, g) is of zero curvature.

Proposition 5.4. The Riemannian connections of metrics g and go
coincide.

Proof. The Riemannian connection with respect to the metric § is V¢
because

V$ed = Vic(agr + bgs + cg3)
= VSc(ag + cgs) + Ve ge.
Taking Remark 5.3 and Lemma 3.1 into consideration, this is equal to
= V¥c(agr + cgs) + bV Geg”
= Vicg" +0V5eg”
= (Vxg)M +b(Vxg)©
=0.

13
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Thus, V¢ is compatible with respect to the metric §. In addition by
Proposition 4.4, V¢ is torsion-free, therefore V¢ is the Riemannian con-
nection of g.

Additionally, based on Proposition 4.2, V¢ is the Riemannian connec-
tion of g¢ = gy. Note that the Riemannian connection is unique, thus
the Riemannian connection of the metric g and go coincide. O

Theorem 5.5. The complete, vertical, and horizontal distributions on
TM are parallel with respect to the Riemannian connection of metric g.

Proof. For any X,Y € TM with components X" and Y,

Vie XS =V avio (X" 0n + 0X"0;)
= Y/(V§, X" 0y, + V§,0X"0;) + 0Y7 (v%xhah + vgaxhaﬁ)
= Y7(0; X" 0y + X"VG 0 + 0;(0X )0y, + 0X"VE ;)
+ OV (9;X 0 + X"VG 0 + 0;(0X")0y, + 9X"VG 0y)
= Y7 (9; X" 0, + X"(T5,00 + 0T%,05) + 0;(y' 0, X ") 0y,
+0X"T%,0) + oY (X"TR, 00 + 0;(y' 0. X))
=Y (0; X% + X'T% )0k + (YIX"OT, + YIy'0,0, X"
+YJox"Th, + oviosyto, X" )0y,
=Y/ (9; X" + X"T%,)01 + (Yy' (X 0T, + 0, X"Th,)
+ Y7y 9;0, X" + oY (9;X* +T%, X"))op
= Y9 (0; X% + X"T% )0k + (Y7 0,(X"TH,) + Y7yl 0,0, X*
+0Y7(9; X7 +T%, X))o,
= Y7(0; X% + XI5, 0 + (Y/O(X T},) + Y7 0(0;X*)
+0Y7(9; X7 +T%, X))o,
=YI(0; X" + X"T%)0 + (Y70(0; X" + X"Th,) + oY (9, X*
+ 5, X") 0,

S0, V}(’:CXC has components:
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( YI(9;X* + X"k, >
AYI(9;XF + X'Th)) )

with respect to the induced coordinates. This shows assertion for com-
plete distribution.
For vertical lift XV,

VieXV = VXC/kBkJraY’CBEXhaB
= YMVG X"0; + 0Y*VE X"y
= Y@ X" 0y, + X"TL 0, + X"TL.9)
+0YR(0, X" 0, + X"k 0, + X'TL; o)
= Y*(0X"0;, + XhTL,05)
= Y*0 X"+ X1, 0
= (Y*V, XHoy,

where Vi X! = 9, X! + X hfggh are the components of VX. Therefore,
Vch V' has the components:

0
VAV G

with respect to the induced coordinates, and this is the assertion for
vertical distribution.
Take a horizontal vector field X on T'M, that is, a vector field with

15
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local components X4 satisfying F?Xi + XM= 0,

Vie X! = ch/jaﬁayja; (Xhay, + X"y
= V¥s0,40vi0,(X"0n — T1X'0;)
= Y/ (VG X" 0, — VG TI X 0;)
+ Y7 (V. X 0, — VG T X' 0y)
= Y7(0;X"0, + X"V§.0, — 0;(U} X")0y, — T} X'V ;)
+ Y (0; X" 0y + X"VE ), — 05T} X') 0, — TIX'VE 0)
= YI9;X"9), + YIX"TE, 9, — YI0,(Th X",
— YT X'Th, 0 + 07 X", 0;
= (Y79, X" + YIX"T%, )0,
+ (=YI9;(TEX") — YITEX'Th, + oYIX"Th, oy
= (Y79, X" + YIX"T, )0,
4 (—YIO,TEXT — YITho, X YITEEITY, + 0y X' )0
= (Y79; X" + YT X T, )0,
—YITH(9; X" + T, XM)ag + (Y7 X', — vI9,TE X9,
= (Y79, X" + YthF;?h)ak — YTk 9, X" + F;hXh)aE
+ (YO YIX'TE, — Yiy'o,Th X "oy,
= (Y79, X% + YIX"T% )9, — YIT¥(9; X" + 1%, X")o,
+y XU @YITE, — Yio,Tk) oy,

S0, VgCXH has the components:

YI(9; Xk + Tk, Xh)
—TkYI(0; X7 +T%, X") + 'R, YIXT |7

with respect to the induced coordinates. Since the Riemannian con-

nection V is of zero curvature, Rsz‘ = 0. Therefore the assertion for

horizontal distribution is proved. ]
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Theorem 5.6. A vector field on M is parallel if and only if its complete(
vertical, horizontal) lift to T M is parallel with respect to metric g.

Proof. Suppose that X is a vector field on M with the components
X" and VgXA are the components of VEX¢. Along the same line,
VgXA are the components of VCXV and V%X'A are the components
of V¢ XH . Then by Proposition 4.3 for the complete lift:

VOXC = (V; X"y ® da?)©
=0V, X"(0)V @ (dz?)V + V; X"(9,)C @ (da?)V
+ V; X"V @ (dah)©
= 0V,; X"0;, @ da? + V; X"0), @ d?
+ V; X" @ dy,

SO

For vertical lift:

hence

coa [ VXM 0
VEXT = ( ov,; Xh v, xh )

VOXV = (V; X"y ® da?)V
= V; X" ()" @ (da’)”
= V; X" @ da?,

A 0 0
CxA _
vt = (o o )-

Finally, for horizontal lift, since V is of zero curvature, by Proposition
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4.5:
VXt = (v;x"o, ® da?)H
= (V; X"op) ! @ da? 4+ (V;X"0p)Y @ (da?)H
= (V; X" (o) @ do? + (V; X"V (o) @ da?
+V,;X"M0n)Y @ (T da’ + dy?)
= V; X"y, — T%,05) ® da?
+V,; XM05) @ (Tda' + dy’)
= V; X", ® da? — (ThV; X"}, ® da?
+ (T5V X0, ® da? + V; X0, @ dy,

vexA = Vth 0
BT\ IV Xt 4 TV, X VX )

SO

From these matrices we understand that if a vector ﬁelch on M is
parallel, then Vth = 0. Therefore it is obvious that VgXA =0
(VXA =0, VEXA =0).

Conversely, if complete( vertical, horizontal) lift ofia vector field on
TM is parallel, then VgXA = 0 VgXA =0, V%XA = 0) and from
the matrices, Vth =0. ([l

e The vector field X on M is said to be concurrent if its component
X" has the following relation:

VX" =V X" = kol
where k is constant and 5;? is Kronecker delta. [8]

Corollary 5.7. The complete lift of a vector field on M is concurrent
with respect to the metric g if and only if it is concurrent.

Proof. It is clear by

coa [ ViXh 0
VEXT = ( ov, X" Vx|
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which is motivated by the proof of Theorem 5.6. O

Theorem 5.8. The tangent bundle T M is locally flat with respect to
metric g if and only if M is locally flat.

Proof. Let R be a Riemannian curvature tensor with components szi
and RC be its complete lift, then the components of R® have the fol-
lowing relations: [11]

ph _ ph pPh _ aph  ph_ _ ph ph _ ph  ph
Ry = Riyi o Ry = ORy s Ry = Ry, Rz = Ry s Iy

_ ph
kji kji kji — Rkji'

Moreover, suppose that all the others are zero, with respect to the in-

duced coordinates on T'M. Since by Proposition 5.4 the connections
with respect to the metrics § and gy coincide, R® = 0 iff R = 0. U
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