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1 Introduction

Let M be an n-dimensional Riemannian manifold with a metric g =
gijdx

idxj and TM be its tangent bundle. It turns out that the manifold
TM has some Riemannian metrics known in literature as: complete lift
metric or g2, diagonal lift metric or g1+g3, lift metric g2+g3 and lift met-
ric g1 + g2, where g1 := gijdx

idxj , g2 := 2gijdx
iδyj and g3 := gijδy

iδyj

are all bilinear differential forms defined globally on TM . For verti-
cal, complete, and horizontal lift vector fields, the following results are
widely known as mentioned in [11]:

The vertical distribution on TM is parallel with respect to the Levi-
Civita connection of metric g2.

The horizontal distribution is parallel with respect to the Levi-Civita
connection of metric g2 if and only if the metric on M is locally Eu-
clidean.

The complete lift of a vector field on M to TM is concurrent with
respect to the metric g2 if and only if the vector field on M is concurrent.

The tangent bundle TM over a Riemannian manifold M is locally flat
with respect to metric g1 + g3 if and only if M is locally flat.

In addition in [9] we have:

The vertical, complete, and horizontal lifts of a vector field on M to
TM are parallel with respect to the metric g2 and g1 + g3 if and only if
the vector field given on M is parallel.

The general Riemannian lift metric g̃ on TM is a combination of the
diagonal lift and complete lift metrics and it is, in some senses, more
general than those used previously [5]. The use of lifts has led to some
results in Riemann-Finsler geometry [13]. Here, we prove that:

Theorem: The complete, vertical and horizontal distributions on TM
are parallel with respect to the Riemannian connection of metric g̃.
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Theorem: A vector field on M is parallel if and only if its complete(
vertical, horizontal) lift to TM is parallel with respect to metric g̃. And
the complete lift of a vector field on M is concurrent if and only if it is
concurrent.

Theorem: The tangent bundle TM is locally flat with respect to the
metric g̃ if and only if M is locally flat.

2 Preliminaries

A Riemannian metric on a smooth manifold M is a covariant tensor field
g of type (0, 2) which is symmetric( g(X,Y ) = g(Y,X)), and positive
definite( g(X,X) > 0 if X ̸= 0). A Riemannian metric thus determines
an inner product on each tangent space TpM , which is typically written
as < X,Y >:= g(X,Y ) for all X,Y ∈ TpM where p ∈ M . A man-
ifold together with a given Riemannian metric is called a Riemannian
manifold. Let (M, g) be a real n-dimensional Riemannian manifold and
(U, x) be a local chart on M , where the induced coordinates of the point
p ∈ U are denoted by its image on Rn , x(p) or briefly (xi).[2]

Suppose that TM is the tangent bundle of M and π is the natural
projection from TM to M . Consider π∗v : TvTM 7→ Tπ(v)M and let us
put:

Kerπ∗v = {z ∈ TvTM |π∗v(z) = 0}, ∀v ∈ TM.

The vertical vector bundle or vertical distribution on TM is defined by
V TM =

⋃
v∈TM Kerπ∗v. A non-linear connection or a horizontal dis-

tribution on TM is a complementary distribution HTM for V TM on
TTM . [1]

Using the induced coordinates (xi, yi) on TM , where xi and yi are
called respectively the position and the direction of a point on TM , the
researchers introduce the local field of frames {∂i, ∂ī} on TTM where
∂i := ∂

∂xi and ∂ī := ∂
∂yi

. Let (M, g) be a Riemannian manifold with

components gij ∈ C∞(M), where C∞(M) is the set of all C∞ functions
from M to R. If we put Xh = ∂h−yaΓm

ah∂m̄ and Xh̄ = ∂h̄ then {Xh, Xh̄}
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is the adapted local field of frames of TM and {dxh, δyh} be the dual
basis of {Xh, Xh̄}, where δyh = dyh+yaΓh

aidx
i and Γk

ij are the Christof-

fel symbols. Here, the indices i, j, h, . . . and ī, j̄, h̄, . . . in relations run
over the range 1, 2, . . . n.[3]

By means of the above mentioned dual basis, it is known that g1 :=
gijdx

idxj , g2 := 2gijdx
iδyj , and g3 := gijδy

iδyj are all bilinear dif-
ferential forms defined globally on TM . It turns out that the man-
ifold TM has four Riemannian metrics g2 = 2gijdx

iδyj , g1 + g2 =
gijdx

idxj + 2gijdx
iδyj , g1 + g3 = gijdx

idxj + gijδy
iδyj , and g2 + g3 =

2gijdx
iδyj + gijδy

iδyj . [11]
The tensor field

g̃ = ag1 + bg2 + cg3,

on TM has the components:(
agij bgij
bgij cgij

)
,

with respect to the dual basis of the adapted frame of TM , where
a, b, and c are certain positive real numbers. From linear algebra, we
have detg̃ = (ac − b2)ndetg2. Therefore, the tensor field g̃ is a pseudo-
Riemannian metric on TM if ac − b2 ̸= 0 and is a Riemannian metric
on TM if ac− b2 > 0. [5]

Now, suppose that the set of all p-covariant and q-contravariant ten-
sors on M (⊗q

pM) is denoted by ⊗M and the set of all 1-forms and all
vector fields on M are denoted by Ω1(M) and χ(M) respectively.
A section on M is a map S : M → TM such that πoS = Id, and the set
of all sections on M is denoted by Γ(M).

Let π : E → M be a vector bundle over a manifold M and Γ(E)
denote the space of smooth sections on E. A connection on E is a map

∇ : χ(M)× Γ(E) → Γ(E),

written by (X,Y ) 7→ ∇XY, satisfying the following properties:

1) ∇fX1+gX2Y = f∇X1Y + g∇X2Y, f, g ∈ C∞(M),
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2) ∇X(aY1 + bY2) = a∇XY1 + b∇XY2, a, b ∈ Rn,

3) ∇X(fY ) = f∇XY +X(f)Y.

A linear or affine connection on M is a connection on TM i.e, a map

∇ : χ(M)× χ(M) → χ(M),

satisfying properties (1)-(3) in the definition given above.
Let M be a Riemannian manifold, then there exists a unique affine
connection ∇ on M which is symmetric( ∇XY − ∇Y X = [X,Y ]) and
compatible with the Riemannian metric( ∇X < Y,Z >=< ∇XY, Z >
+ < Y,∇XZ >). This affine connection is called Levi-Civita or Rie-
mannian connection.
The Christoffel symbols Γk

ij of ∇ with respect to a local frame {∂i} is

defined by ∇∂i∂j = Γk
ij∂k.

3 Tensor Lift

3.1 Vertical lift

The vertical lift of f ∈ C∞(M) is defined by fV = foπ.
Vertical lift of a vector field X on M( with components Xh) to TM has
the components:

XV :

(
0
Xh

)
,

with respect to the induced coordinates on TM.
Suppose that ω is a one form on M , the vertical lift ωV of the 1-form
ω is defined by ωV = (ωi)

V (dxi)V , with respect to constant coefficients.
[11]

The vertical lifts can extend to a unique algebraic isomorphism of
the tensor algebra ⊗M into the tensor algebra ⊗TM with respect to
constant coefficients, by the conditions: (P ⊗ Q)V = P V ⊗ QV and
(P +R)V = P V +RV , where P,Q, and R are arbitrary elements of ⊗M .
[11]
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The vertical lift of a 2-covariant tensor g ∈ ⊗0
2M with local components

gij has components of the form:

gV :

(
gij 0
0 0

)
,

with respect to the induced coordinates on TM .

3.2 Complete lift

For a function f on M , the complete lift of f is regarded in natural way
as a function on TM which is denoted by fC and defined in a coordinate
neighborhood U ofM , where the local expression fC = ∂f := yi∂if with
respect to the induced coordinates in π−1(U).
The complete lift of a vector field X on M is defined by XC .fC =
(X.f)C , where f ∈ C∞(M). Thus the complete lift XC of X( with
components Xh on M) has the components:

XC :

(
Xh

∂Xh

)
,

with respect to the induced coordinates on TM . A distribution is a
subbundle of the tangent bundle. By complete distribution on TM we
mean a distribution whose sections are complete lifts of vector field on
M.
The complete lift of a one form ω onM is defined by ωC(XC) = (ω(X))C

for all X ∈ TM and has components of the form ωC = (∂ωi, ωi) where
ωi are the components of ω.
The complete lifts are extended to a unique algebraic isomorphism of
the tensor algebra ⊗M into the tensor algebra ⊗TM with respect to
constant coefficients, by the conditions: (P⊗Q)C = PC⊗QV +P V ⊗QC

and (P +R)C = PC +RC , where P, Q, and R are arbitrary elements of
⊗M . [11]
The complete lift of a 2-covariant tensor g ∈ ⊗0

2M with local components
gij has components of the form:

gC :

(
∂gij gij
gij 0

)
,

with respect to the induced coordinates on TM .
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Lemma 3.1. The complete lift of a Riemannian metric g coincide with
the Riemannian metric g2.

Proof.

g2 = 2gijdx
iδyj

= 2gijdx
i(dyj + Γj

tdx
t)

= 2gijdx
idyj + 2gijy

kΓj
ktdx

idxt

= 2gijdx
idyj + yk(Γl

kiglj + Γl
kjgil)dx

idxj

= 2gijdx
idyj + yk∂kgijdx

idxj

= 2gijdx
idyj + ∂gijdx

idxj ,

so g2 has components of the form:

g2 :

(
∂gij gij
gij 0

)
,

with respect to the induced coordinates on TM , where Γh
i = yjΓh

ji and

Γl
kiglj + Γl

kjgil = ∂kgij . [6] □

3.3 Horizontal lift

For an arbitrary type tensor field

S = S
j1...jq
i1...ip

∂j1 ⊗ · · · ⊗ ∂jq ⊗ dxi1 ⊗ · · · ⊗ dxip ,

on M , the tensor field ∇S on TM is

∇S = (yl∇lS
j1...jq
i1...ip

)∂j̄1 ⊗ · · · ⊗ ∂j̄q ⊗ dxi1 ⊗ · · · ⊗ dxip .

The horizontal lift SH is defined by

SH = SC −∇S.

The horizontal lift of a 2-covariant tensor g ∈ ⊗0
2M with local compo-

nents gij has components of the form:

gH :

(
Γt
jgti + Γt

igjt gij
gij 0

)
,
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with respect to the induced coordinates on TM .
Especially, for all f ∈ C∞(M) we have fH = fC − ∇f . On the other
hand, since ∇f = yl∇lf = yl∂lf we obtain ∇f = fC , therefore fH = 0.
The horizontal lift of a vector field X on M is defined by XH = XC −
∇X, so it has the components:

XH :

(
Xh

−Γh
i X

i

)
,

with respect to the induced coordinates on TM .
The horizontal lift of the product of two tensors P and Q in ⊗M is [11]

(P ⊗Q)H = PH ⊗QV + P V ⊗QH .

Lemma 3.2. [10] If g is a Riemannian metric and ∇ the Riemannian
connection determined by g on M , then gC and gH coincide with respect
to ∇.

3.4 M-lift

We are in position to introduced a new useful mixed lift gM for a 2-
covariant tensor g ∈ ⊗0

2M with local components gij by

gM = a(gij)
V (dxi)V ⊗ (dxj)V + c(gij)

V (dxi)H ⊗ (dxj)H ,

where a, c ∈ R+.

4 Connection Lift

If ∇ is a linear connection on M , the total covariant derivative of a
tensor field S ∈ ⊗l

qM is a
(

l
q+1

)
-tensor field

∇S : Ω1(M)× · · · × Ω1(M)× χ(M)× · · · × χ(M) → C∞(M),

given by

∇S(ω1, . . . , ωl, Y1, . . . , Yq, X) = ∇XS(ω1, . . . , ωl, Y1, . . . , Yq),

where Yi, X ∈ χ(M) and ωi ∈ Ω1(M).
It is necessary to recall that the Riemannian connection is a metric
connection i.e ∇g = 0. [6]
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� A vector field X on M is parallel if and only if its total covariant
derivative ∇X vanishes identically.

� A distribution D on M is parallel if ∇XΓ(D) ⊆ Γ(D) for any
X ∈ Γ(TM).

Let ∇ be a Riemannian connection on M with coefficients Γk
ij . The

Riemannian curvature tensor is defined by

R(X,Y )Z = ∇Y ∇XZ −∇X∇Y Z +∇[X,Y ]Z, ∀X,Y, Z ∈ TM.

Locally
Rm

ijk = ∂iΓ
m
jk − ∂jΓ

m
ik + Γm

iaΓ
a
jk − Γm

jaΓ
a
ik,

where R(∂i, ∂j)∂k = Rm
ijk∂m. [6]

� A Riemannian manifold (M, g) is locally flat if and only if its Rie-
mannian curvature tensor vanishes identically.

Let ∇ be a linear connection on TM , the torsion tensor of ∇ on TM is
defined by

T (X,Y ) = ∇XY −∇Y X − [X,Y ], ∀X,Y ∈ TM.

It is obvious by [4] that Riemannian connection is torsion free i.e T = 0.

Lemma 4.1. [7] An affine connection ∇ has the following properties.

∇X(T ⊗ S) = (∇XT )⊗ S + T ⊗ (∇XS),

∇Xf = X.f,

∇∂jdx
h = −Γh

jidx
i,

where f ∈ C∞(M), X ∈ TM and T, S ∈ ⊗M.

4.1 Complete lift

If ∇̃ is a linear connection on TM , then the Christoffel symbols with
respect to the ∇̃ is defined as follows:

∇̃∂i∂j = Γ̃m
ji∂m + Γ̃m̄

ji∂m̄, ∇̃∂ī∂j = Γ̃m
jī∂m + Γ̃m̄

jī∂m̄,
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∇̃∂i∂j̄ = Γ̃m
j̄i∂m + Γ̃m̄

j̄i∂m̄, ∇̃∂ī∂j̄ = Γ̃m
j̄ī∂m + Γ̃m̄

j̄ī∂m̄.

There exists a unique affine connection ∇C on TM which satisfies: [11]

∇C
XCY

C = (∇XY )C , ∀X,Y ∈ TM,

so

Γ̃h
ji = Γh

ji, Γ̃h
jī = 0, Γ̃h

j̄i = 0, Γ̃h
j̄ī = 0,

Γ̃h̄
ji = ∂Γh

ji, Γ̃h̄
jī = Γh

ji, Γ̃h̄
j̄i = Γh

ji, Γ̃h̄
j̄ī = 0.

It is easy to verify that Γ̃A
CB, which is denoted by the preceding re-

lations, determines an affine connection globally on TM . This affine
connection is called the complete lift of the affine connection ∇ to TM
and is denoted by ∇C .

Proposition 4.2. [12] If ∇ is the Riemannian connection of a manifold
M with respect to a Riemannian metric g, then ∇C is the Riemannian
connection of TM with respect to gC .

Proposition 4.3. [11] The Riemannian connection ∇C has the follow-
ing properties.

∇C
XV K

V = 0,

∇C
XV K

C = (∇XK)V ,

∇C
XCK

V = (∇XK)V ,

∇C
XCK

C = (∇XK)C ,

for all tensor field K on M and X ∈ TM .

So, in general, ∇CKV = (∇K)V and ∇CKC = (∇K)C .

Proposition 4.4. [12] If T and R are respectively the torsion and the
curvature tensors of ∇, then TC and RC are respectively the torsion and
the curvature tensors of ∇C .
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4.2 Horizontal lift

The horizontal lift ∇H of an affine connection ∇ on M to TM is defined
by the conditions:

∇H
XV Y

V = 0, ∇H
XV Y

H = 0, ∇H
XHY

V = (∇XY )V , ∇H
XHY

H = (∇XY )H ,

for any X,Y ∈ TM . [11]

Note : It is worth saying that, in general, ∇H is not unique. [11]

Proposition 4.5. [11] The horizontal lift ∇H has the following proper-
ties.

∇H
XC (dx

h)V = −XjΓh
ji(dx

i)V ,

∇H
XC (dx

h)H = −XjΓh
ji(dx

i)H ,

∇H
XCK

V = (∇XK)V ,

∇H
XCK

H = (∇XK)H ,

∇H
XV K

V = 0,

∇H
XV K

H = 0.

for all tensor field K ∈ ⊗M and X ∈ TM .

5 Main Results

In the following results, assume that (M, g) is a Riemannian manifold
with respect to the Riemannian connection ∇.

Lemma 5.1. For a tensor field gM on TM , ∇H
XCg

M = (∇Xg)M .
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Proof.

∇H
XCg

M = ∇H
XC (a(gij)

V (dxi)V ⊗ (dxj)V + c(gij)
V (dxi)H ⊗ (dxj)H)

= a(X.gij)
V (dxi)V ⊗ (dxj)V + a(gij)

V ∇H
XC (dx

i)V ⊗ (dxj)V

+ a(gij)
V (dxi)V ⊗∇H

XC (dx
j)V

+ c(X.gij)
V (dxi)H ⊗ (dxj)H + c(gij)

V ∇H
XC (dx

i)H ⊗ (dxj)H

+ c(gij)
V (dxi)H ⊗∇H

XC (dx
j)H

= a(X.gij)
V (dxi)V ⊗ (dxj)V

− a(gij)
V XkΓi

kl(dx
l)V ⊗ (dxj)V

− a(gij)
V XkΓj

kl(dx
l)V ⊗ (dxi)V

+ c(X.gij)
V (dxi)H ⊗ (dxj)H

− c(gij)
V XkΓi

kl(dx
l)H ⊗ (dxj)H

− c(gij)
V XkΓj

kl(dx
l)H ⊗ (dxi)H .

On the other hand,

∇Xg = ∇Xk∂k
gijdx

i ⊗ dxj

= Xk∇∂kgijdx
i ⊗ dxj

= Xk(∂kgijdx
i ⊗ dxj + gij∇∂kdx

i ⊗ dxj + gijdx
i ⊗∇∂kdx

j)

= (X.gij)dx
i ⊗ dxj − gijX

kΓi
kldx

l ⊗ dxj − gijX
kΓj

kldx
l ⊗ dxi.

So its M-lift is

(∇Xg)M = ((X.gij)dx
i ⊗ dxj − gijX

kΓi
kldx

l ⊗ dxj

− gijX
kΓj

kldx
l ⊗ dxi)M

= ((X.gij)dx
i ⊗ dxj)M − (gijX

kΓi
kldx

l ⊗ dxj)M

− (gijX
kΓj

kldx
l ⊗ dxi)M

= a(X.gij)
V (dxi)V ⊗ (dxj)V + c(X.gij)

V (dxi)H ⊗ (dxj)H

− (a(gij)
V XkΓi

kl(dx
l)V ⊗ (dxj)V

+ c(gij)
V XkΓi

kl(dx
l)H ⊗ (dxj)H)

− (a(gij)
V XkΓj

kl(dx
i)V ⊗ (dxl)V

+ c(gij)
V XkΓj

kl(dx
l)H ⊗ (dxi)H).
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Hence
∇H

XCg
M = (∇Xg)M .

□

Proposition 5.2. The horizontal lift ∇H of g̃ is a metric connection.

Proof.

∇H
XC g̃ = ∇H

XC (ag1 + bg2 + cg3)

= ∇H
XC (ag1 + cg3) + b∇H

XCg2,

in addition, by Lemmas 3.1 and 3.2, g2 = gC = gH , hence

= ∇H
XCg

M + b∇H
XCg

H

= (∇Xg)M + b(∇Xg)H

= 0,

where the last equality comes from the compatibility of Riemannian
connection property. □

Remark 5.3. [11] The complete lift ∇C and the horizontal lift ∇H of an
affine connection ∇ on M coincide, if and only if ∇ is of zero curvature.

In the following results, assume that the Riemannian connection ∇
with respect to the Riemannian manifold (M, g) is of zero curvature.

Proposition 5.4. The Riemannian connections of metrics g̃ and g2
coincide.

Proof. The Riemannian connection with respect to the metric g̃ is ∇C

because

∇C
XC g̃ = ∇C

XC (ag1 + bg2 + cg3)

= ∇C
XC (ag1 + cg3) + b∇C

XCg2.

Taking Remark 5.3 and Lemma 3.1 into consideration, this is equal to

= ∇H
XC (ag1 + cg3) + b∇C

XCg
C

= ∇H
XCg

M + b∇C
XCg

C

= (∇Xg)M + b(∇Xg)C

= 0.
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Thus, ∇C is compatible with respect to the metric g̃. In addition by
Proposition 4.4, ∇C is torsion-free, therefore ∇C is the Riemannian con-
nection of g̃.
Additionally, based on Proposition 4.2, ∇C is the Riemannian connec-
tion of gC = g2. Note that the Riemannian connection is unique, thus
the Riemannian connection of the metric g̃ and g2 coincide. □

Theorem 5.5. The complete, vertical, and horizontal distributions on
TM are parallel with respect to the Riemannian connection of metric g̃.

Proof. For any X,Y ∈ TM with components Xh and Y h,

∇C
Y CX

C = ∇C
Y j∂j+∂Y j∂j̄

(Xh∂h + ∂Xh∂h̄)

= Y j(∇C
∂j
Xh∂h +∇C

∂j
∂Xh∂h̄) + ∂Y j(∇C

∂j̄
Xh∂h +∇C

∂j̄
∂Xh∂h̄)

= Y j(∂jX
h∂h +Xh∇C

∂j
∂h + ∂j(∂X

h)∂h̄ + ∂Xh∇C
∂j
∂h̄)

+ ∂Y j(∂j̄X
h∂h +Xh∇C

∂j̄
∂h + ∂j̄(∂X

h)∂h̄ + ∂Xh∇C
∂j̄
∂h̄)

= Y j(∂jX
h∂h +Xh(Γk

jh∂k + ∂Γk
jh∂k̄) + ∂j(y

t∂tX
h)∂h̄

+ ∂XhΓk
jh∂k̄) + ∂Y j(XhΓk

jh∂k̄ + ∂j̄(y
t∂tX

h)∂h̄)

= Y j(∂jX
k +XhΓk

jh)∂k + (Y jXh∂Γk
jh + Y jyt∂j∂tX

k

+ Y j∂XhΓk
jh + ∂Y j∂j̄y

t∂tX
k)∂k̄

= Y j(∂jX
k +XhΓk

jh)∂k + (Y jyt(Xh∂tΓ
k
jh + ∂tX

hΓk
jh)

+ Y jyt∂j∂tX
k + ∂Y j(∂jX

k + Γk
jhX

h))∂k̄

= Y j(∂jX
k +XhΓk

jh)∂k + (Y jyt∂t(X
hΓk

jh) + Y jyt∂t∂jX
k

+ ∂Y j(∂jX
k + Γk

jhX
h))∂k̄

= Y j(∂jX
k +XhΓk

jh)∂k + (Y j∂(XhΓk
jh) + Y j∂(∂jX

k)

+ ∂Y j(∂jX
k + Γk

jhX
h))∂k̄

= Y j(∂jX
k +XhΓk

jh)∂k + (Y j∂(∂jX
k +XhΓk

jh) + ∂Y j(∂jX
k

+ Γk
jhX

h))∂k̄,

so, ∇C
Y CX

C has components:
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(
Y j(∂jX

k +XhΓk
jh)

∂(Y j(∂jX
k +XhΓk

jh))

)
,

with respect to the induced coordinates. This shows assertion for com-
plete distribution.
For vertical lift XV ,

∇C
Y CX

V = ∇C
Y k∂k+∂Y k∂k̄

Xh∂h̄

= Y k∇C
∂k
Xh∂h̄ + ∂Y k∇C

∂k̄
Xh∂h̄

= Y k(∂kX
h∂h̄ +XhΓl̄

kh̄∂l̄ +XhΓl
kh̄∂l)

+ ∂Y k(∂k̄X
h∂h̄ +XhΓl

k̄h̄∂l +XhΓl
k̄h̄∂l̄)

= Y k(∂kX
h∂h̄ +XhΓl

kh∂l̄)

= Y k(∂kX
l +XhΓl

kh)∂l̄

= (Y k∇kX
l)∂l̄,

where ∇kX
l = ∂kX

l + XhΓl
kh are the components of ∇X. Therefore,

∇C
Y CX

V has the components:

(
0

Y k∇kX
l

)
,

with respect to the induced coordinates, and this is the assertion for
vertical distribution.
Take a horizontal vector field XH on TM , that is, a vector field with
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local components X̃A satisfying Γh
i X̃

i + X̃ h̄ = 0,

∇C
Y CX

H = ∇C
Y j∂j+∂Y j∂j̄

(X̃h∂h + X̃ h̄∂h̄)

= ∇C
Y j∂j+∂Y j∂j̄

(X̃h∂h − Γh
i X̃

i∂h̄)

= Y j(∇C
∂j
X̃h∂h −∇C

∂j
Γh
i X

i∂h̄)

+ ∂Y j(∇C
∂j̄
X̃h∂h −∇C

∂j̄
Γh
i X̃

i∂h̄)

= Y j(∂jX̃
h∂h + X̃h∇C

∂j
∂h − ∂j(Γ

h
i X̃

i)∂h̄ − Γh
i X̃

i∇C
∂j
∂h̄)

+ ∂Y j(∂j̄X̃
h∂h + X̃h∇C

∂j̄
∂h − ∂j̄(Γ

h
i X̃

i)∂h̄ − Γh
i X̃

i∇C
∂j̄
∂h̄)

= Y j∂jX̃
h∂h + Y jX̃hΓk

jh∂k − Y j∂j(Γ
h
i X̃

i)∂h̄

− Y jΓh
i X̃

iΓk
jh∂k̄ + ∂Y jX̃hΓk

jh∂k̄

= (Y j∂jX̃
k + Y jX̃hΓk

jh)∂k

+ (−Y j∂j(Γ
k
i X̃

i)− Y jΓh
i X̃

iΓk
jh + ∂Y jX̃hΓk

jh)∂k̄

= (Y j∂jX̃
k + Y jX̃hΓk

jh)∂k

+ (−Y j∂jΓ
k
i X̃

i − Y jΓk
i ∂jX̃

i − Y jΓk
i X̃

hΓi
jh + ∂Y jX̃hΓk

jh)∂k̄

= (Y j∂jX̃
k + Y jX̃hΓk

jh)∂k

− Y jΓk
i (∂jX̃

i + Γi
jhX̃

h)∂k̄ + (∂Y jX̃hΓk
jh − Y j∂jΓ

k
i X̃

i)∂k̄

= (Y j∂jX̃
k + Y jX̃hΓk

jh)∂k − Y jΓk
i (∂jX̃

i + Γi
jhX̃

h)∂k̄

+ (yt∂tY
jX̃iΓk

ji − Y jyt∂jΓ
k
tiX̃

i)∂k̄

= (Y j∂jX̃
k + Y jX̃hΓk

jh)∂k − Y jΓk
i (∂jX̃

i + Γi
jhX̃

h)∂k̄

+ ytX̃i(∂tY
jΓk

ji − Y j∂jΓ
k
ti)∂k̄,

so, ∇C
Y CX

H has the components:(
Y j(∂jX̃

k + Γk
jhX̃

h)

−Γk
i Y

j(∂jX̃
i + Γi

jhX̃
h) + ytRk

tjiY
jX̃i

)
,

with respect to the induced coordinates. Since the Riemannian con-
nection ∇ is of zero curvature, Rk

tji = 0. Therefore the assertion for
horizontal distribution is proved. □
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Theorem 5.6. A vector field on M is parallel if and only if its complete(
vertical, horizontal) lift to TM is parallel with respect to metric g̃.

Proof. Suppose that X is a vector field on M with the components
Xh, and ∇C

BX̃
A are the components of ∇CXC . Along the same line,

∇C
BX̂

A are the components of ∇CXV , and ∇C
BX̄

A are the components
of ∇CXH . Then by Proposition 4.3 for the complete lift:

∇CXC = (∇jX
h∂h ⊗ dxj)C

= ∂∇jX
h(∂h)

V ⊗ (dxj)V +∇jX
h(∂h)

C ⊗ (dxj)V

+∇jX
h(∂h)

V ⊗ (dxj)C

= ∂∇jX
h∂h̄ ⊗ dxj +∇jX

h∂h ⊗ dxj

+∇jX
h∂h̄ ⊗ dyj ,

so

∇C
BX̃

A =

(
∇jX

h 0
∂∇jX

h ∇jX
h

)
.

For vertical lift:

∇CXV = (∇jX
h∂h ⊗ dxj)V

= ∇jX
h(∂h)

V ⊗ (dxj)V

= ∇jX
h∂h̄ ⊗ dxj ,

hence

∇C
BX̂

A =

(
0 0

∇jX
h 0

)
.

Finally, for horizontal lift, since ∇ is of zero curvature, by Proposition



18 S. HEDAYATIAN, M. YAR AHMADI AND M. ZAJ

4.5:

∇CXH = (∇jX
h∂h ⊗ dxj)H

= (∇jX
h∂h)

H ⊗ dxj + (∇jX
h∂h)

V ⊗ (dxj)H

= (∇jX
h)H(∂h)

V ⊗ dxj + (∇jX
h)V (∂h)

H ⊗ dxj

+∇jX
h(∂h)

V ⊗ (Γj
idx

i + dyj)

= ∇jX
h(∂h − Γt

h∂t̄)⊗ dxj

+∇jX
h(∂h̄)⊗ (Γj

idx
i + dyj)

= ∇jX
h∂h ⊗ dxj − (Γh

t∇jX
t)∂h̄ ⊗ dxj

+ (Γt
j∇tX

h)∂h̄ ⊗ dxj +∇jX
h∂h̄ ⊗ dyj ,

so

∇C
BX̄

A =

(
∇jX

h 0
−Γh

t∇jX
t + Γt

j∇tX
h ∇jX

h

)
.

From these matrices we understand that if a vector fieldX on M is
parallel, then ∇jX

h = 0. Therefore it is obvious that ∇C
BX̃

A = 0

( ∇C
BX̂

A = 0, ∇C
BX̄

A = 0).

Conversely, if complete( vertical, horizontal) lift of a vector field on
TM is parallel, then ∇C

BX̃
A = 0( ∇C

BX̂
A = 0, ∇C

BX̄
A = 0) and from

the matrices, ∇jX
h = 0. □

� The vector field X on M is said to be concurrent if its component
Xh has the following relation:

∇jX
h := ∇∂jX

h = kδhj ,

where k is constant and δhj is Kronecker delta. [8]

Corollary 5.7. The complete lift of a vector field on M is concurrent
with respect to the metric g̃ if and only if it is concurrent.

Proof. It is clear by

∇C
BX̃

A =

(
∇jX

h 0
∂∇jX

h ∇jX
h

)
,
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which is motivated by the proof of Theorem 5.6. □

Theorem 5.8. The tangent bundle TM is locally flat with respect to
metric g̃ if and only if M is locally flat.

Proof. Let R be a Riemannian curvature tensor with components Rh
kji

and RC be its complete lift, then the components of RC have the fol-
lowing relations: [11]

R̃h
kji = Rh

kji , R̃h̄
kji = ∂Rh

kji , R̃h̄
kjī = Rh

kji , R̃h̄
kj̄i = Rh

kji , R̃h̄
k̄ji = Rh

kji.

Moreover, suppose that all the others are zero, with respect to the in-
duced coordinates on TM . Since by Proposition 5.4 the connections
with respect to the metrics g̃ and g2 coincide, RC = 0 iff R = 0. □
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