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Abstract. In this article, we describe the notions of generalized ¢-
contraction mappings and generalized weak ¢-contraction mappings in
metric and normed interval spaces. We also prove some theorems for
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1 Introduction

For many years, Banach’s contraction principle was the most important
tool to find fixed points. It has been used in various areas of mathemat-
ics, and numerous generalizations and extensions have been derived from
it. The weak contraction principle, which was extended to metric spaces
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by Rhoades [5, 13], is one such generalization of Banach’s contraction
principle. Fréchet [1, 3] was the first person to propose the concept of
a metric space, and many researchers have since extended it to other
spaces, including metric interval spaces. In 2018, Wu [10] presented the
notion of the metric interval space (MIS) and the normed interval space
(NIS) for a collection of closed and bounded intervals Z in R, which are
different from customary metric and normed spaces. Continuing Wu’s
research, Ullah and et al. [9] presented the near-coincidence point the-
orems in these spaces via a simulation function. Recently, Sarwar et
al. [3] studied some near-fixed point results in MIS and NIS by using a-
admissibility and the concept of simulation functions. The interval space
7 is not a vector space because the difference of each member of Z from
itself is not zero. Therefore, the customary normed space (Z, ||-||) cannot
be considered for the interval space Z. For this purpose, NIS has been
introduced based on the null set. According to Banach’s contraction
principle, the fixed point is provided for the mapping 1" when the space
(Z,d) is a metric space, but for some distance function candidates such
as d([k,1], [u,v]) = |(k+1) — (u+wv)|, the space (Z,d) cannot be a metric
space. So, MIS has been presented based on the null set [10]. There is
no additive inverse member for any non-degenerated closed interval in
Z. Therefore, Z cannot be a linear space. The algebraic structure of Z
is named a quasilinear space (QLS) [0, 12]. The QLS was first stated by
Aseev in 1986 [1].

Today, data collection is considered a significant issue for solving practi-
cal problems, but in many situations, it is impossible to do it precisely.
In this condition, instead of using probability theory, we can use bounded
and closed intervals. For example, because it is impossible to measure
the level of liquids precisely due to fluctuations, we can consider that
it is in a bounded closed interval. As another example, due to the in-
tensity of fluctuations in the trading market, the stock price in a short
time interval cannot be recorded as a number. To solve this problem,
we can suppose it in a bounded and closed interval. Therefore, interval
analysis can be used in various issues, including engineering, economics
and social sciences to address problems with uncertainty [11].

The purpose of this article is to provide concepts of generalized ¢-
contraction mappings and generalized weak ¢-contraction mappings in
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MIS and NIS and then demonstrate the near-fixed point theorems for
these mappings in interval spaces. Although contraction mappings have
been studied in a number of articles [2, 13] in conventional metric spaces,
these mappings are stated differently and for the first time in MIS and
NIS in this research. Therefore, we state some near-fixed point theo-
rems for generalized ¢-contraction mappings and generalized weak ¢-
contraction mappings in these new spaces. We also provide some exam-
ples.

In section 2, we define the interval space and the null set. In section
3, we introduce metric and normed interval spaces and their properties.
In section 4, we state generalized ¢-contraction and generalized weak
¢-contraction mappings in metric and normed interval spaces and prove
the near-fixed point theorems for such mappings. Finally, in section 5,
we give a general conclusion of the article.

2 Preliminaries

Suppose 7 is the collection of all closed and bounded intervals [k,[] in
R, such that & < [. The addition and scalar multiplication operations
on Z are defined as follows:

[ak,al] ifa>0

[k, & [u,v] = [k +u,l+v] and a[k,l]:{ lal,ak] ifa<0.

Note that Z is not a customary vector space considering the mentioned
two operations, because there is no additive inverse member for any non-
degenerated closed interval. Clearly, we have [0, 0] € Z as a zero member.
However, the subtraction [k,l] © [k,l] = [k, ® [, —k] = [k — 1,1 — k]
does not give a zero element for some [k,l] € Z.

The null set is defined by:

Q= { [k, 0] o[k, : [k €I}.
It is clear that
Q={[-a,a: a>0}={al-1,1]: a>0}.

For more details, see [10].
Because some members of Z have not an additive inverse member, 7
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cannot be a linear space. The algebraic structure of Z is named a quasi-
linear space (QLS) [6]. The QLS was first stated by Aseev in 1986 [1].
An important example of quasilinear spaces is Z, the collection of all
closed real intervals, with the inclusion relation ” C 7, and with the
addition and real-scalar multiplication operations defined as follows:
A+B={a+b:acAbeB} and A -A={la:a€ A}
This set is denoted by Q¢(R). For more details, see [0, 12].
Remark 2.1. [10] In any interval space, the following facts are valid:
e For any [k,l],[u,v],[m,n] € I, we have
[m,n] & ([k, 1] @ [u,v]) = [m,n] & (= [k, 1]) & (= [u,v])
= [m,n] e[kl & u,v].
o We define [k,1] 2 [u,v] if and only if

Jwi,we € Q such that [k,l] wi = [u,v] & ws.

Clearly, [k,l] = [u,v] implies [k,] 2 [u,v] by choosing w1 = we =
[0,0]. However, the inverse is not usually true. The following class
based on the relation = for any [k,l] € Z, is defined by:

<[k:,1]>:{[u,u]ez:[k,uﬁ[u,u]}. (1)
(T) represents the family of all classes ( [k,1]) for [k,1] € T.

Proposition 2.2. [/0] The relation £ isa reflexive, symmetric and

transitive relation. Therefore, = will be an equivalence relation.

This proposition shows that the classes (1) provide the equivalence
classes. Moreover, [u,v] € ([k,1] ) implies that ( [k, ) = ( [u,v] ) ([10]).
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3 Metric and Normed Interval Spaces

Definition 3.1. [10] Suppose that d : T x T — R* is a mapping. A pair
(Z,d) is named a metric interval space (MIS) if d satisfies the following
three conditions for all [k,1],[u,v],[m,n] € I:

(i) d([k,0), [u,v]) = O if and only if [k,1] 2 [u,v]

(i3) d([k, 1], [, ]) = d([u, o], [, 1]):

(iid) d([k, ], [, 0]) < d([K, 1], [m, n]) + d(fm, ], [u, ]).

We say that the null equalities hold for d if it satisfies the following
equalities for any wi,ws € Q and [k,1], [u,v] € Z:

o d([k,l] ® wi, [u,v] ®wa) = d([k,I],[u,v]);
o d([k,l] ® wr,[u,v]) =d([k,1], [u,v]);
o d([k,1],[u,v] ®we) =d([k,I],[u,v]).

Definition 3.2. [10] The sequence { [kn, ln) }20:1 in MIS (Z,d) converges
to [k,l] € T if and only if li_>m d([kn, 1], [k, 1]) = 0. The class ([k,1] ) is
n—oo

named the class limit of { [kn, Ln) }Zozl. In addition, the uniqueness of
the class limit in a MIS is easily obtained. see [10] for the definitions of
completeness of space and Cauchyness of sequence in MIS.

Proposition 3.3. [10] If the sequence { [kn, ] }2021 exists in T such

that ILm d([kn,ln], [k, 1]) = 0, and the null equality holds for d, then
ln_ d(lk 1) [, o]) = 0 for any fu,v] €  [k.1]).

Example 3.4. [10] Let d : Z x Z — R™ be defined by d([k, ], [u,v]) =
|(k 4+ 1) — (u+ v)|. Then, it is obvious that (Z,d) is a complete metric
interval space (CMIS) and the null equality holds for d.

Definition 3.5. [10] For a mapping ||-|| : T — R™ that RT is nonnega-
tive real numbers, we present the following features:

(@) AR, I = [AL- Ik, 2l Y[k 1] €T and X € F;

(@) [|N[R N = M| - 1K, 0], Y[k, €T and X € F with X # 0;

(i2) Ik, 1] & [w, o]l < [k, 01| + N, oI, Y[k, 1], [u, 0] € Z;

(z32) ||[k, ]|l = O implies [k,1] € Q.

5
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o [t is said that (Z,|-]|) is a normed interval space (NIS) if it satisfies
cases (1), (i) and (iii).

e [tis said that the null condition holds for ||-|| if item (iii) is changed
to ||[[k,1]]| =0« [k,1] € Q.

e [t is said that the null equality holds for ||-|| if ||[k, ]| @w| = ||[k,]]]
for all [k,1] € T and w € L.

A complete normed interval space is named a Banach interval space

(BIS).

Example 3.6. [10] Assume that the mapping [|-|| : Z — R™ is defined
by ||[k,]|| = |k +I|. Then, it is evident that (Z,|-||) is a BIS, and the
null equality holds for ||||.

For more details about normed interval spaces (NIS), see [10].

Remark 3.7. Every normed interval space (NIS) may not be a metric
interval space (MIS).

Example 3.8. Suppose that a nonnegative real-valued function ||| :
Z — RT is defined by || [k,1]]| = |k| + |I|. Then (Z,|| - ||) satisfies all
the conditions of a NIS, but it cannot be considered a MIS. Because
condition (7) of Definition 3.1 does not hold. Now we check this claim.
Assume that [k, ] 2 [u,v]. Then [k,l] & w1 = [u,v] ® wa, where w; =
[—a1,a1] € Q and wy = [—ag,as] € Q with aj,as > 0. So, we have
[k —a1,l+ a1] = [u — a2, v + ag]. Therefore, k—a; = u—ag and [+a; =
v+asg, ie,k=a —as+uandl=ay — a; +v. Thus we obtain

d([k, 1], [u, o)) = [k, 1] © [u, o[} = [|[k 1] & [—v, —ull| = [k — v, ] = u]]
=lk—vl+|l—ul=|k—v|+|ag — a1 +v—ul
=lk—v|+]|— (a1 —az+u—0)]
=lk—v|+]ar —ax+u—v|=|k—v|+|k—v| =2k -],

where k is not necessarily equal to v. Therefore, we have d([k, (], [u, v]) #
0. For example, consider [—1, 1] L [—2,2]. So, we have d([—1,1],[-2,2]) =
|—1—2/+|1+2 =6#0.
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4 Near-Fixed Point Results

Definition 4.1. [10] A point [k,l] € T is named a near-fized point for
a self-mapping T : T — T if T [k,] £ [k, 1].

We have T [k, 1] £ [k, 1] if and only if there exist [—by, b1], [~b2, bo] €
Q where by, by € RT so that at least one of the following equalities holds:

o Tk, ®[—by,b1] = [k, 1];
o T[k,]=[k,1]®[~b1,b1];
o Tk, 1)@ [~b1,b1] = [k, 1] @ [~ba, bs].

Definition 4.2. [7] A point [k,l] € T is a common near-fized point for
functions T,S T — T if T[k, 1] 2 S[k, 1] 2 [k,1].

Example 4.3. Assume that 7,5 : Z — T are defined by
Tk =1k—3,1+3] and Skl =[k—4,1+4].
We indicate that [k,[] is a common near-fixed point of 7" and S. For

wy = [0,0] € Q and wy = [~3,3] € Q, we have T [k, 1] £ [k, 1], i.c.,

h—3,0+3] 2 k1] < [k—3,1+3®[0,0] = [k,1] & [-3,3]
e [k-3,1+3=[k—31+3].

Similarly, for w; = [0,0] € 2 and we = [—4,4] € 2, we obtain S [k, ] 2
[k,1]. According to Proposition 2.2, we have T [k, ] 23 [k,1]. Hence,
Tk 12 Sk 12 k1.

Now, we state several new definitions in MIS and NIS as follows.

Definition 4.4. A mapping T : (Z,d) — (Z,d) is said to be a weak
¢-contraction on L if for all [k,l],[u,v] € Z,

d(T [kv l] 7T [uv U]) S d([k’ l] ) [U’U]) - ¢(d([ka l] ) [u,v])),

where a function ¢ : [0,00) — [0,00) is continuous and non-decreasing
with ¢(t) > 0 fort € (0,00) and ¢(0) = 0.

7
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Definition 4.5. Suppose that (Z,d) is a MIS. A pair of mappings S, T :
(Z,d) — (Z,d) is called generalized weak ¢-contractions on L if for all
[k, 1], [u,v] € Z,

d(T [k, 1], S [u,v]) < M([k, 1], [u,0]) = o(M([k, 1], [u,0])),  (2)
where a function ¢ : [0,00) — [0,00) is continuous and non-decreasing
with ¢(t) > 0 fort € (0,00) and ¢$(0) =0, and
M([k, 1], [u,v]) = max {d([k, 1] , [u, v]), d([k, 1], T [k, 1]), d([u, v] , S [u, v]),

d([k,1], S [u,v]) + d([u,v], T [k,1])

> 2

Theorem 4.6. Let the pair of mappings T, S : (Z,d) — (Z,d) be gener-
alized weak ¢-contractions on T in CMIS (Z,d) such that the null equality
holds for d. Then T and S have a common near-fized point [k,1] € T

satisfying T [k, ] £ [k, ] £ [k, 1] . Moreover, a unique equivalence class
([k,1]) exists for T and S such that if [k,1] and [k,l| are the common

near-fized points of T and S, then [k,1] £ [l;:, ﬂ . In addition, every point
[k‘,ﬂ S < [k, ] > is a common near-fized point for T and S.

Proof. It is clear that [k,[] 2 [u, v] is a common near-fixed point of T’
and S if and only if M([k,1],[u,v]) = 0. Indecd, if [k, 1] £ [u,v] is a

t for S and T, then by using Proposition 2.2, we
] 2 T [u,v] 2 [u, V] 2 S [u, v] and

common near-fixed poin
have T [k, 1] £ [k,1] 2 S [k,
M([k, 1], [u,v]) = max {d([k, 1], [u, v]),d([k, 1], T [k, 1]), d([u, v] , S [u, v]),
d([k,1], S [u,v]) + d([u,v], T [k,l])} _o
2

Now, suppose that M ([k,[],[u,v]) = 0. Then using d([k,], [u,v])
M([k, 1], [u,v]), d([k, 1], T [k,1]) < M([k,1],[u,v]) and d([u,v], S [u,v])
M ([k,1],[u,v]) and making use of Proposition 2.2, we have

<
<

Tk L k02 S 2T 0] 2 u,0] 28 [u].

Let [ko,lo] € Z. Then, inductively select a sequence { [kn, 1) }OO inZ

such that

n=1

(k2n+t2, lont2] = T [kont1,lont1]  and  [kong1, lont1] = S [k2n, l2n]
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for all n > 0. According to the above content, note that if [ky41,lh+1] =
[kn,ly] for any n > 0, then S and T have a common near-fixed point.
Thus, assume that d([knt1,lnt1], [kn,ln]) # 0 for all n > 0. If n € N is
an odd number, by using (2) and the triangle inequality, we have

d([kn-l-l’ ln+1] ) [knu lnD = d(T [kna ln] S [kn—h ln—l])

< M([kny ln] y [kn—h ln—lD - ¢(M([kn7 ln] ; [kn—la ln—l]))
S M([k’m ln] ; [kn—lv ln—lD

= mec {d(f, L] ar, Faa ), (i o) i, L]

A([kn—1,In1], [kns L)), d([kn, ln] , [kn, 1)) + d([;fn—la ln—1] s [kn+1, lnt1]) }

< max {d([km ln] ) [kn—lv ln—l])7 d([knv ln] ) [kn—i-l, ln+1])7

d([kn—1,ln-1]; [kn, ln]) + d([kn, ln] s [Fnt1, ln-H])}
2
< max {d([km ln] ) [kn_l, ln—l])v d([km ln] ) [kn-i-la ln-‘rl])}v (3)

where

d([kln*b lnfl] ) [kn+1a ln+1])
< d([kn*b lnfl] ) [kna ln]) + d([kna ln] s [kn+17 ln+1])
< 2max {d([kn, bn] , (bn1, bn1))s (s bn] , g1 Inga]) }-

Note that if

max {d([kn, ln] , [kn—1,ln-1]), d([kn, In] , [Fns1, lns1]) }
= d([kn, ln] s Fnt1s lns1]),

then

d([kn-f—l, ln-l—l] ) [knv ln])
< d((kns1slna] s s Inl) = @ (d(Fasrs Taa] s [fns ),

which is a contradiction. So, from (3), we have d([kn+1,ln+1], [kn, ln]) <
d([kn,ln] , [kn—1,ln—1]). Similarly, if n € N is an even number, we also
obtain d([kn1, bnst] s Fns bn]) < Ay I s ont, Ln1])-

Hence, d([kn+t1,lnt1], [kn,ln]) < d([kn,ln], [kn—1,1ln—1]) for all n > 0.
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Thus, {d([kn,ln], [kn—1,ln—1]) } is a nonnegative, decreasing and bounded
below sequence. Therefore, it converges to L where L > 0. Suppose that
L > 0. Hence from (3), we have

d([kn+17 ln+1] ) [km lnD < M([km ln] ) [kn—la ln—l]) < d([km ln] ) [kn—lv ln—l])-

Taking n — oo in the above inequality, we obtain

Hm M ([kn, In] , [kn—1,ln_1]) = L. (4)

n—oo

By using (2), we have

d([kn—i—b ln-l—l] ’ [knv ln]) S M([krw ln] ’ [kn—la ln—l])
- ¢(M([kn7 ln] ) [kn—h ln—l])) .
Therefore, taking n — oo in the above inequality and using (4), we

obtain
L<L-—¢(L).

Thus ¢(L) < 0, which contradicts L > 0 and ¢(¢t) > 0 for ¢ > 0. So
L=0,ie.,
lim d( [kn,ln], [kn-1,ln—1]) = 0. (5)

n—oo
Now, we indicate that { [k, ] }:;1 is a Cauchy sequence in MIS (Z, d).

Due to (5), it is adequate to demonstrate that { [kay,lon] }7:0:1 is a

Cauchy sequence in MIS (Z,d). Suppose this is not true, so there is
an £ > 0 that we can detect two sequences of positive integers {2m(h)}
and {2n(h)} with 2n(h) > 2m(h) > h such that

d( [ka(h)a l?m(h)] ) [an(h)a l2n(h)] ) > ¢ and

d( [Famny lomm)] » [Fangn)—2> lanny—2) ) < &,

for all positive integers h. Therefore, we have

e <d( [Kamn) lam(my] » [k2n(n) lonn)] )
<d( [kamn) lammy] » [F2n(n)—2: an(ny—2] )
+d( [kan(n) -2, lann)—2] » [F2n(n) -1, lonny—1] )
+d( [Fan(ny—15 Lanmy—1] 5 [B2n(n) lanm)] )
<e +d( [kan(n)-2, lonny—2] » [Fan(m)—1, lonn)-1] )
+d( [Banm)—15 lonm)—1] + [Fanmy: lanen)] )-
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Taking h — oo in the above inequality and making use of (5), we have
Jim A [k2mny lomn)] » [F2nn)s lonmy] ) = €. (6)
Also,

d( [k2mny: lamm)] » [Bancnys aagm ] )
< d( [kam(ny lomn)] » [o2mny+1: lomny+1] )
+ d( [k2m(m)+1> omny+1) » [K2nm)+15 lony+1] )
+d( [Koneny+1, lonmy1] 5 [Ranny lonwy ] ), (7)

and

A [kam(n)+1> lommy+1) > [R2n(n)+1> lonny+1] )
< d( [Fam@my+1: lammy+1] » [o2mmy lamm] )
+d( [Famn) lomm)] - [F2nm): lanm)] )
+ d( [Fanny, lonm)] » [R2nm)+15 bonmy+1] ) (8)

Taking h — oo in the inequalities (7)-(8) and using (5)-(6), we obtain

lim d( [kZm(h)—i-la l2m(h)+1] ) [an(h)+1a l2n(h)+1] ) =é&. (9)

h—o00

Moreover,

d( [an(h)—i—Qa lQn(h)—&-Q} ) [ka(h)+17 lQm(h)—i—l] )
< d( [kann)+2> lonn)+2) » [K2nr)+15 lonmy 1] )
+ d( [Fanry+1> lonry+1] > [Fam)+1> lomny+1] )
(10)

and

A( [kanm)+1: lony+1] » [F2mn)+1> lom(ny+1) )
< d( [k2nm)+1> banmy+1] > Fony+2: banny+2] )

+d( [k2n(h)+2a l2n(h)+2] ; [k2m(h)+1v l2m(h)+1] )-
(11)

11
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Also,

A [k2m(n)s lomny] » [K2n(h)+2> lonr)+2] )
< ( [ka (h)» L2m(n ] [kZm(h)Jrlv l2m(h)+1] )
+ d( [Famn)+1> lom(my+1]) > Fantr)+15 lan(ny+1) )
+ d( [an(h)—&-lv lQn(h)—i—l] ) [an(h)+2a lQn(h)+2] )a (12)
and

A [kam(n)+1> lommy+1) > [K2n(m)+1> lonny+1] )
< d( [kammy+1, lamy+1]  [F2mny lamny| )
+d( [Famny: lammy)] » [e2n(my+2 loney+2] )
+ d( [kann)+2: lonmy+2) s [F2nm)+1> lonny+1] )- (13)

Furthermore,

d( [Famny> lommy] » [Fanmy+1: lonry+1] )
< d( [ka l2m h)] s [an (h)» l2n(h)] )
+ d( [an slan(n ] ) [an )41 Long )+1] )7 (14)

and

A [k2m(nys lommy] » [Kanhy: lon(m)] )
< d( [k2m(h)a l2m(h)} ) [k2n(h)+la l2n(h)+1] )
+ d( [Fanmy+1: lonmy+1] > [K2nm): lonmwy] ). (15)

Letting h — oo in the inequalities (10)-(15) and using (5)-(6) and (9),
we have

lim d( [k2n(h)+27 l2n(h)+2] ) [k2m(h)+17l2m(h)+1] ) =&, (16)

h—o00
hli_{go A [k2mny lomn)] » [K2n(n)+2s lonny+2] ) = &, (17)
im d( [kamn), lomm)] > [K2nm)+1: lonny+1] ) = €. (18)

h—o00
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By putting [k, ] = [kan(h)+1, lon(r)+1] and [u, v] = [kap(n)s lomny] in (2),
we obtain

A( [Eanny+2: lonny+2] » [F2mn)+15 lom(ny+1] )
= d(T [kan(n)+1+ lann)+1] » S [K2mn)s lamn) ] )
< max {d( [k2n(h)+17 l2n(h)+1] ) [k2m(h)7 lQm(h)] )7

d( [Fan(ny+1 lanmy+1] s [Ran(ry+2 lan(ny2] )
d( [kamny: lomm)] > [Fomny+1: lommy+1] )
[ ety ]+ ooy 1oy 1)

+ d( [Famuyslamm] » [Rangiysslani 2] )] §
— 0 ( max {d ([Ronmy+15 Ly +1] > [R2mnys lomm] )

( [an(h +1> l2n(h +1] [an(h)+27 l2n(h)+2] )a
[

(

3 [d Kon(hy+15 bon(hy+1) » [K2m(ny+15 lomn)+1] )

(I
oy o] [rnciy s 2] )| -

Kom(nys lommy ] > [K2m(n)+15 lomny+1] )

Taking h — oo in the above inequality, making use of (5), (9) and
(16)-(18) and using the continuity of ¢, we have

€§€_¢(6)7

which contradicts € > 0. Thus, { [k2n, lon) }20:1 is a Cauchy sequence in
MIS (Z,d). Hence according to (5), { [kn, ln] }2021 is a Cauchy sequence
in MIS (Z,d). Therefore, due to the completeness of Z, there is [k,l] € Z
such that

d([kn 1) — (19)

Il [k,
Now, we prove that each point [12: 1 < [k, (] > is a common near-fixed
point for T" and S. Due to [k: ﬂ € < > we have

(k1] ®@wi = [k, 1] dwy for some wy,wy € Q. (20)
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Since the null equality holds for d, then according to (19), (20) and
Proposition 3.3, we have

lim d([kn,ln], [k,1]) =0, for any [k,I] € ([k,1]). (21)

n—oo

Therefore, using (2) and the triangle inequality, we obtain

d([%’ﬂ 7S [E,ﬂ d [k,ﬂ ) k2n7l2n ) +d([k2nal2n 75 [Evﬂ)
d [k,ﬂ, kgn,lgn ) +d( [kzn 1, lon— 1] S []% ﬂ)
d([k,1] k2n7l2n)+M([k2n 1, lon—1], [k, 1))

— ¢(M([kan—1,l2n—1], [k, 1])), (22)

where

M ([k2n—1,lon-1], [k, 1])
:max{d([k:gn 1 lon—1], [k, 1)), d([k2n—1, loan—1] . T [kan—1, lon—1]),

S [k, 1))+ d([k,1] , T [kan—1,lon—1])
: }

d([l_{,l—J ’S [l—f’l—J), k?n 171271 1

SmaX{d([k2n 1, lan—1], [k, 1)),

d([kan—1,lon—1] , [k2n, l2n]), d([k, 1] , S [k,1]),

d([k2n—1,lon—1], [k, 1]) + d([k, 1] , S [k, 1]) + d([k, 1] , [k2n, [2n]) })
5 .

(23)
On the other hand, we have
[k ﬂ S [k) ﬂ < M [kgn 1, lon_ 1 [k ﬂ (24)

Letting n — oo in the inequalities (23)-(24) and using (5) and (21), we
have
lim M([kzn 1,lgn 1 [k} ﬂ —d [k ﬂ S [k ﬂ (25)

n—oo

Taking n — oo in (22) and using (21), (25) and the continuity of ¢, we
have

d([k,1],S [k,1) < d([k,1],S [k,1]) — o (d([k, 1], S [k,1])),
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which implies that gZ)(d( [l;:ﬂ , S [E,ﬂ)) < 0. Hence, d([E,ﬂ , S [E,ﬂ) =
0. Thus S [k, 1] £ [k, 1] for any point [k,1] € ( [k,1] ). Similarly, T [k,1] £
[l_fﬂ for any point [l_ﬂ,ﬂ € <[k,l] > Hence due to Proposition 2.2, we
have [l_f,ﬂ £ [l_c,ﬂ £ [l_f,ﬂ for any point [l_c,ﬂ € <[k,l] >

Now, suppose that there is another common near-fixed point [@, 9] for
S and T such that [a,8] ¢ ([k,1]), ic., [@,8] 2 Tla,9 < S,

U 1) 27 (1] 2 Sk 1] and [k, 1] £ [, 7). Then

[k, ] Bwi =Tk, ®we and [0, ®ws =T [a,0] ® wy
[0,0] ®ws = S[4,0] ®ws and [k, ] D wr =Sk, 1] ®ws (26)

for some w; € Q2,7 =1,...,8. Using (2), (26) and the null equality, we
have

d([k, 1}, [a, 0])

d([k, 1] ® wi, [4,0] ® ws) = d(T'[k, 1] © wa, 5[4, 0] © we)
d(T [k, ] [ﬂ 0])
M([k,0, (@, 0]) = ¢(M([k, 1, [a,2])), (27)

|/\ ||

where

M ([k, 1), [, 8]) = max {d([k, ] , [, 8)), d([k. 1], T [k, 1), d([, 8] , S [, ),
Ak, 0. ST o) +d(@ o T D)y _ g1 ja,5)).

2
(28)

Note that according to the null equality, we have

d([k, 1], S [u,0]) = d([k,1] , S [a, 0] ® we) = d([k, 1] , [0, 7] & ws)
:d([kvl] [ﬂvﬁ])a

d([a,v],T[k,1]) = d([a,v],T k1] ®ws) = d([a,?], k1] & w)
=d([a, 7], [k,1]).
Therefore, from (27) and (28),

d([k, 1], [a,9]) < d([k, 1], [@,9]) — ¢(d([k, 1], [, 7])),

we obtain

15
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which implies that ¢(d([k, ], [@,7])) < 0. Hence d([k,{],[a,?]) =0, i.e.,

[k,1] £ [@,7], which contradicts [@, 3] ¢ ([k,{]). Thus, any [a,d] ¢
([k,1]) cannot be a common near-fixed point for 7" and S. In fact, if
[@, 7] is a common near-fixed point of 7 and S, then [a,0] € ([k,1]).
U

Corollary 4.7. Let the mapping T : (Z,d) — (Z,d) be a weak ¢-
contraction (by Definition 4.4) on T in CMIS (Z,d) such that the null
equality holds for d. Then T has a near-fized point [k,l] € T satisfy-

ing T [k,1] 2 [k, 1] . Moreover, a unique equivalence class ([k,1]) exists
for T such that if [k,1] and [k,l| are the near-fized points of T, then

[k 1] 2 R,1).

Example 4.8. Let 7,5 : Z — 7 and ¢ : [0,00) — [0,00) in CMIS (Z, d)
be defined by T'[k,l] = [-1+4 2k, 1+ 21], S[k,{] = [-2+ 2k, 2+ 3]
and ¢(t) = é, respectively. Define d : T x Z — R* by d([k, ], [u,v]) =
|(k+1) — (u+v)| for all [k,1],[u,v] € Z. Then by (2), we have

d(T [k, 1], S [u,v]) :d< [—1+2k,1+2l} , [—2+2u,2+2vb

< M1, ) = M2 o)) — MR ], )
= M([kv l] ) [u’v]) - ¢(M([k7 l] s [U7U]))

Thus, this example satisfies all conditions of Theorem 4.6. Hence, T and
S have a unique equivalence class of common near-fixed points < [—1,1] >

in 7.
Definition 4.9. A pair of mappings S,T : (Z, |-]|) = (Z, ||-||) is named
generalized weak ¢-contractions on I if it satisfies the following condition
for all [k,1], [u,v] € Z:

1T [k, 1] © S [u,o]|| < M( [k, 1], [u,0]) — (M ([K, 1], [u,0])),  (29)
where
M([k, 1], [u,v]) = max {||[k, 1] © [u, V][], [k, 1] © T [k, ||, [[[w, v] © S [u, V],

[Tk, ] © S [u, o]l + [[[u, v] @T[k,l]\l}
5 7
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and a function ¢ : [0,00) — [0,00) is continuous and non-decreasing

with ¢(t) > 0 fort € (0,00) and ¢(0) =

Corollary 4.10. Let the pair of mappings T,S : (Z,|-]|) — (Z, ||-Il) be
generalized weak ¢-contractions on Z in BIS (Z,|||) such that the null
equality and null condition hold for ||-||. Then T and S have a common

near-fized point [k,l] € T satisfying T [k, ] 2 [k, ] £2g [k,1]. Moreover,
a unique equivalence class < [k, ] > exists for T' and S such that if [k,ﬂ
is another common near-fized point of T and S, then < [k, 1] > = < [k,ﬂ >

Example 4.11. Suppose that 7,5 : Z — Z and ¢ : [0,00) — [0,00)
in BIS (Z,||||) are defined by T'[k,l] = [-1+ 2k, 1+ 21], S[k,1] =
[—24 2k,2+ 21] and ¢(t) = g, respectively. Define ||| : Z — R*
by ||[%,]|| = |k +|. Note that for all [k,], [u,v] € Z, we have

1T, 1) © [u, o]l = ||k, ] & [—v, =u]l] = [k = 0,0 = ]|
=|k—v)+((—-uw)|=|k+1)— (uitv)|

Then for all [k,1],[u,v] € T by (29), we have

HTmuesmvu—H[1+ 1+ ] [ 2u QﬂH
:g‘(k—i—l)—(u—i—v\_f\k—l—l (u+v)| = S [u, V]|
< SM(U{/‘J] [usv]) = M([k, 1], [u, v]) — §M([7~€J] s [u,v])

= M([kv l] ) [uvv]) - (b(M([kv l] ) [u,v]))

Thus, this example satisfies all conditions of Corollary 4.10. Hence,
T and S have a unique equivalence class of common near-fixed points
([-2,2]) in Z.

Theorem 4.12. Suppose that (Z,d) is a CMIS and the null equality
holds for d. Assume that T,S : (Z,d) — (Z,d) are self-mappings of T
such that for all [k,1],[u,v] € Z,

d(S[k,1],T [u,v]) < M([k, 1], [u,v]) = ¢(M([k, 1], [u,0])),  (30)

17
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where a function ¢ : [0,00) — [0,00) is continuous and nondecreasing
with the property ¢(t) > 0 fort € (0,00) and ¢$(0) =0, and

M([k, 1], [u, v]) =ad([k, 1], [u,v]) + Bd([k, 1], S [k,1]) + d([u, v], T [u, v])]
y[d((k, 1], T [u,v]) + d([u, o], S[k,1))],  (31)

with a, 8 > 0,7 > 0 and a + 26 + 2y < 1. Then a common near-fized
point [k,l] € T exists for T and S satisfying T [k, ] 2 [k, 1] 2 Sk,1].
Moreover, a unique equivalence class < [k, ] > exists forT' and S such that
if [l_c ﬂ s another common near-fized point of T and S, then < [k, ] > =

< [k ﬂ > and [k, ] [k ﬂ In addition, any near-fixed point of T is a

near-fized pomt ofS and conversely.

Proof. It is clear that [k,] 2 [u,v] is a common near-fixed point of T’
and S if and only if M ([k,],[u,v]) = 0. Indeed if [k,!] 2 [u,v] is a
common near-fixed point of S and 7', then by using Proposition 2.2, we
have T [k, ] 2 [k, 1] 2 S [k, 1] 2 T [u,v] 2 [u,v] 2 S[u,v] and

M (k1) [ o)) =ad(k, 1], [u, o)) + Bld(k, 1), S [k, 1)) + d(fu, o] , T [u, o])]
V[d([kvl] T [u,v]) + d([u, 0], S[k, ZD] =0

Note that according to the null equality, we have
([, o], S [ 1)) = ([, 1], 8 [, 1) and ([, 1), T [, v]) = d([u, o] , T [, v]).

Now, suppose that M([k,!],[u,v]) = 0. Then, due to (31) and «, 5 > 0,
we have d([k, ], [u,]) = 0, d((k. 1), T [k,1]) = 0 and d([u, ], S [u,0])] =
0, i.e.,

2 2

Tk DL k02 Sk 2T 0] 2 u,0] 2 S [u].

o0

Let [ko, lo] € Z be arbitrary. Then, inductively select a sequence { [kn, 1] }
in Z such that

[kon+2, lont2] = T [kon+1, lont1]  and  [kong1, lont1] = S [kan, l2n]

for all n > 0. According to the above content, note that if [ky41,lh+1] =
[kn, 1] for any n > 0, then S and T have a common near-fixed point.

n=1
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Thus, assume that d([kn+1,ln+1], [kn,ln]) # 0 for all n > 0. Hence, we
have

M( [knv ln] ; [kn+1a ln+1] ) > 07 (32)

for all n € N. Therefore, from (30), we have

d( [k2n+1s lont1] , [kans2, lanta] ) = d(S [kan, l2n] T [kon+1, l2nt1])

< M ([k2n, lon], [kany1, lons1] ) — @ (M ([kan, l2n] s [k2nt1, l2nt1] ),
(33)

where due to (31), we obtain

M( [ana l2n] s [k2n+1a l2n+1] ) = Oéd( [ana l2n] s [an—‘rla l?n—‘rl] )
+ B[d( [kan lon] , [kans1, lony1] ) + d( [kang1, lonia] s [R2nt2, l2nia] )]
+ v[d( [kon, lon] , [kon+2, lant2] ) + d( [kon+1, lont1] , [k2nt1, lon1] ) ]

Since

d( [k2n7 l2n] ) [k2n+27 l2n+2])
< d([k2n, l2n] s [k2n+1s lont1]) + d([k2n+1, lont1] , [k2nt2, lan+2]),

it results that

M ([kan, lon] , [kon+1, lont1] ) < ad( [kan, lon] , [k2nt1s lont1))
+ B[d( [k2n, lan] , [kon+1: lont1] ) + d( [kant1, lons1] s [R2nt2, lonsa] )]
+ v [d( [k2n: l2n] s [k2ni1, long1] ) + d( [kans1s lont1] , [Kons2, lont2] ) ]
= (a+ B +7)d( [kan, l2n) , [k2n+1, l2nt1))
+ (B +7)d( [k2n+1, lant1] s [Kon+2, lont2] )- (34)

Suppose that

d( [k2nt1, lons1] s [Kontas lansa] ) > d( [kan, lon] , [F2ns1, lonta] ),
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for some n € N. Then from (33) and (34), we obtain

d( [k2nt1, l2ny1], R2nt2, lanta] )
< M ([kan, lon] s [k2n1,lonta] ) — &(M ([k2n, l2n] , [2nt1, l2nt1] )
= (a+ B+ 'Y)d( (k2ns lan] s [k2n+1, lon+1] )
+ (B +)d( [k2nt1,l2nt1] , [K2nt2, lont2] )
— &(M ([kon, lon) , [k2nt1s lont1] )
<(a+26+ 2’)/)d( (k2n+1, lont1] s [k2n+2, lonto) )
— &(M ([kan, lon) , [k2nt1, lont1] )
< d([kant1,lons1] s [k2nt2, lonya) )
— (M ([k2n,lan] ; [F2nt1,l2n41] ) (since (a + 28 4 2y) < 1),

which results that ¢(M( [kan, lon] s [k2nt1, lon+1] )) < 0. Thus we have
M( [k2n, lon] s [k2n+1, l2n+1]) = 0, which is a contradiction according to

(32). Hence, d( [kant1, lons1] ; [Font2, lony2] ) < d( [k2n, lon] , [k2nt1, lons] )
for all n € N. Similarly, we also obtain d( [kon+2, lant2] , [kon+3, lonts) ) <

d( [k2nt1, lon+1] » [kant2, langa] ) for alln € N. So, {d([kn, ln], [knt1,lnt1]) }
is a monotone decreasing sequence of non-negative real numbers. There-
fore, there is an r > 0 such that

i d([kns ba], st lnsi]) = 7 (35)

n—oo

Assume that r > 0. Thus, taking n — oo in (34), we have

lim M( [an, lgn] s [k2n+1, lgn+1] ) < (a + 2,8 + 2”)/)7'. (36)

n—oo

Therefore, according to the above facts and (33)-(34), we obtain

d( [kans1,lonta], [R2nt2, lonta] )
< M ( [kan, lon] , [k2nt1, lon+1] ) — @ (M ([k2n, lon] , [k2nt 1, lon1] )
= (a+ B +7)d( [kan, lon) , [k2n+1, lont1] )
+ (B +7)d( [kant1, lant1] s [kon+2, lant2] )
— (M ([kan, lan] » [k2n11, l2n11] )
< (@ + 26 + 27)d( [k2n, l2n] s [k2n+1, l2n41] )
— ¢(M ([k2n, l2n] , [k2nt 1, lont1] ), (37)
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Taking n — oo in the inequality (37) and making use of (35) and the
continuity of ¢, we have

r< (a +28+ 27)7' - ¢(nh—>nc}oM( [k2n; l2n] ) [k2n+17 12n+1] ))7
since a + 23 + 2 < 1, it implies that
r<r-— d>(nli_>ﬂgo M ([k2n, lan] s [k2nt1, l2nt1] ),

which implies that qb( li_>m M ( [kans lan] s [k2n+1, lon+1] )) < 0. Therefore,
by the property of ¢, we have ILm M( [k2n, lon] » [k2n+1,l2n+1]) = 0.

Which is a contradiction, since 7, @ > 0 and from (32) and (36), we have
0< lim M ([kan, lan] , [k2nt1, l2nt1] ) < (o + 28 4 27)r. Thus

lim d([kn, n] , g1, bns]) = 0. (38)

n—oo

To show that { [kn, Ln) }Zozl is a Cauchy sequence, we can proceed similar
to the proof of Theorem 4.6. So, { [kny Ln) }20:1 is a Cauchy sequence in
MIS (Z, d). Therefore, due to the completeness of the Z, there is [k,[] € Z
such that

d([kn, ], [k, 1]) = 0. (39)

Now, we prove that any point [lz,ﬂ S < [k, ] > is a common near-fixed
point for 7" and S. For this purpose, suppose that d( [l;:,ﬂ , T [/;:,ﬂ ) > 0.
Due to [E,ﬂ S < [k, (] >, we have

(k1] ®wi = [k,I] ®ws, for some wy,ws € Q. (40)

Since the null equality holds for d, according to (39), (40) and Proposi-
tion 3.3, we have

lim d([kn, o], [k,1]) =0, for any [k,] € ([k,1]). (41)

n—oo
Therefore, by setting [k,I] = [kon,l2s] and [u,v] = [k,I] in (30) and
using the null equality and the triangle inequality, we obtain
d([k,1, T [k,1]) < d([k.1], [k2nt1, lansa] ) + d( [Rantr, lonia] T [,
= d( [k ﬂ k2n+lal2n+1]) ( [k2n, l2n] [%’ﬂ)
< d([ ] kantas langa] ) + M ( [kan, ln], [F,1])
O (M ([kans l2n], [K,1] ), (42)

1)
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where according to (31), we have

M ([kon,lon], [k, 1] ) = ad( [kan, lan] , [k, 1])
+ Bld( [kan lon] , [k2nt1, lon1] ) + d( [k, 1], T [k, 1] )]
+y[d(kan, lon] , T [k,1]) + d( [k, 1], [k2ns1, lons1] )]
< ad( ko, lan] , [F1])
+ Bld([k2n, lon] , [k2nt1, lons] ) + d( [k, 1], T [k,1] )]
+y[d([kon, lon] , [k.1] ) +d( [k,1] . T [k,1])
+d( [k, 1], [kant1, lons1] )]

Taking n — oo in the above inequality and using (38) and (41), we have

lim M ([kn,ln], [k,1] ) < (B+7)d([k, 1], T [k,1]). (43)

n—oo

Letting n — oo in (42), making use of the continuity of ¢ and using (41)
and (43), we obtain

d([k, 1], T [R1]) < (B+7)d([k. 0] T [k, 1)) =¢( lim M([ka, 1], [R01] )

n—o0

Due to 6+ v < 1, it follows that
([ 1) T [R]) < d([R0) T [R]) - 6( Jim Ml ) [R]))

which implies that qS( hm M ( [k' ﬂ )) < 0. So, by the property
of ¢, we have hm M ( [k: ﬂ ) = 0. Which is a contradiction,
s1nceﬁ>0and d( [k ﬂ T[k,ﬂ) > 0.
Therefore, d([l%,l ,T [l_fﬂ) = 0. Thus, T [l_c,ﬂ £ [/;:,ﬂ for any point
[E,ﬂ € <[k,l] > Similarly, S [E,ﬂ £ [E,ﬂ for any [E,ﬂ € <[/<:, ] >
Hence, according to Proposition 2.2, we have T' [%,ﬂ L [E,ﬂ 2 S [E,ﬂ
for any point [E,l € < [k, (] >
Now, assume that 7" and S have two common near-fixed points [k, !]
and [i, 7] such that [k,1] £ [0, 7], ie., [@,3] 2 T[a,5 2 S[a,d, [k ] 2
T [k, 1) £ S [k,1) and [@,] & ( [k,1] ). Then

[@,0)®w; =T 0,0 ®wy and [k Bws =Tkl Gws  (44)
k] ®ws =Skl ®wy and [0 ®wr=S[u,0 dws (45)
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for some w; € Q, ¢ = 1,...,8. Note that d([a,?],T [@,?]) = 0 and
(k1) S [k, 1]) =

Then using (30), (44) and (45) and making use of the null equality and
the triangle inequality, we have

d( [k, 1],[a,0]) =d([k,1] ®ws, [a,0] ® wr)

= d(S [k, 1] © wa, T @, 3] ® wo) = d(S [k, 1], T [a,7] )
M([k,1],[a,0)) — ¢(M([k,1],[a,0])),

where due to (31), we obtain

M([k, 1], [a, ])—ad( ][ ,0)) + Bld([k, 1], S [k, 1]) + d([a, 0], T [a,3])]

L2
+yld(k. 1], T [a,9]) + d([a, 3], S [k, 1])]
[
+d(l

<ad(k: ] [u v])+ﬁ[d([k: 1,8k, 1)+ d([a,],T [a,]))
d([ i, o)) + d([a, 0], T [, 9])
+d([k l} (@, 3]) + d([k. 1], S [k, 1))]

= (a +27)d([k, 1], [@, 7]). (46)

Therefore

d( [k, 1], [&,f}]) < (a+ 2')/)d( [k, 1], [&,f}]) — qb(M([k,l] @, 17])),
Due to a + 2y < 1, it follows that

d( [k7 l] ) [ﬂ’ 'D] ) < d( [kv l] ) [ﬂ’ 'D] ) - ¢(M([k7 l] ) [avﬁ]))v
which implies that qb(M([k:,l] [, 17])) < 0. So, by the property of ¢,
we have M ([k,l],[u,?]) = 0. Which is a contradiction, since o > 0 and
d([k,1],[u,v]) > 0. Hence d([k,I],[ua,?]) = 0, i.e., [k,] 2 [, ] . Thus,
any [@,0] ¢ ([k,]) cannot be a common near-fixed point for S and T'.
In fact, if [@, 7] is another common near-fixed point for 7' and S, then

[, 9] € ([k,1)) and [k, 1] 2 [@,3] .
Now, assume that [k,[] is a near-fixed point of S and [k,!] ;2 T [k,1].
Then by using (30), (45) and the null equality, we have
d( [k, 1), Tk, 1)) = d( [k,] @wg, [k,1]) = d(S [k, 1] ® wa, T [k, 1])
d(S| T [k,1])

M([k l] [k:,l]) —¢(M([k, 01, [k,1])),

<
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where according to (31), we obtain

M([k. 1) [k ) = ad((h, 1) [k, 1)) + B[d(. 1], S [k, 1) + d((k. 1], T [k, 1)
'y[d([k, 1,T k1) + d([k,1], S [k, l])]
= (5 + V)d([kv l] T [k7 l])

Thus

d([k7l] 7T [k’l]) < (6 +7)d([k7l] 7T [k’l]) - d)((/B + V)d([kvl] 7T [k,l])),

since 4+ v < 1, it implies that

d([kvl] 7T [kal]) < d([k7 l] 7T[k7l]) - QZ)((/B +’7)d([k’l] ,T[k,l])),

which is a contradiction since f > 0 and d([k,l],T [k,l]) > 0. Hence

d([k,1],T [k,1]) =0, i.e., [k,]] 27 [k,[]. Similarly, any near-fixed point
for T' is also a near-fixed point for S. |

Corollary 4.13. Suppose that (Z,|-||) is a BIS and the null equality
and null condition hold for ||-||. Assume that S,T : (Z,|-||) — (Z, |]-|)
are self-mappings of T such that for all [k,1],[u,v] € Z,

ISk, © T fu,vll| < M([k,1], [u,v]) = ¢(M([k, 1], [u,0])),

where a function ¢ : [0,00) — [0,00) is continuous and nondecreasing
with the property ¢(t) > 0 for t € (0,00) and ¢$(0) =0, and

M([k, 1], [u,v]) —all[ A © [u, v
+ B[k, 1] & S [k, | + I[u,v] © T [u, v]]|]
+ Ik, 1T [u,v]|| + lfu, v] © S [k, 1],

with a, 8 > 0,7 > 0 and o+ 26 + 2v < 1. Then a common near-fized
point k1] € T exists for T and S satisfying T [k, ] g [k, 1] g Sk, 1.
Moreover, a unique equivalence class < [k, ] > exists for T and S such that
if [E,ﬂ is another common near-fized point of T and S, then < [k, 1] > =

(k1)
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Example 4.14. Let ¢,v : [0,00) — [0,00) and S,T : Z — Z in CMIS
(Z,d) be defined by ¢(t) = %, Sk =[-1+%1+ %] and T[k,1] =

[—2 + %,2 + ﬂ, respectively. Define a mapping d : Z x T — RT by
d([k,1], [u,v]) = |(k+1) — (u+v)| for all [k,I],[u,v] € Z. Suppose that

o= %, B = % and v = %. Then by (30), we have

d(S k1), T [u,]) :d<[—1+Z,1+i],[—2+z,2+2]>

:i’(k:+l)—(u+v)| < Z(a}(k+l)—(u+v)‘

+5[i‘k+l‘ +i‘u+v@
+7[\(k+l)—i(u+v)\+|(U+0)—i(’”mD

= Sk o)) = M) fure]) — M (k1) 0]
= M (k1) [ 0]) = 6 [k 1 o).

Thus, this example satisfies all conditions of Theorem 4.12. Hence,
T and S have a unique equivalence class of common near-fixed points
([-2,2]) in Z.

5 Conclusion

Today, fixed points are used in various areas of science and are con-
sidered a fascinating research field. In 2018, Wu proposed a concept
of a fixed point called a near-fixed point. He introduced the null set
and presented MIS and NIS [10]. Following the generalizations of Ba-
nach’s contraction principle, we proved near-fixed point theorems for
generalized ¢-contraction mappings and generalized weak ¢-contraction
mappings in MIS and NIS. We also provided examples to demonstrate
the correctness of the results.
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