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1 Introduction

In the realm of shift invariant systems on frames, various authors, in-
cluding de Boor et al. [1], Ron and Shen [8], and Cacazza and Lammers
[1], have extensively utilized the bracket product defined as

f9l@) = > fla+a)gle+a),

a2

on L%(R"). Interestingly, this emerges as a special instance of the
inner product on a Hilbert C*-module, a concept effectively employed by
Rieffel [4] and others in advancing results in harmonic analysis on non-
commutative groups. In our paper [9], we introduce the (¢, p)-bracket
product for a locally compact Abelian group G with a lattice L, defined
by

Ly : LP(G) — LY(G/¢(L)),

such that

f=To(f) = 1f 9lop

where

[fs glop(a) = fg ag(k™)).

keL

Let us outline the structure of the paper. In Section 2, we revisit es-
sential definitions and fundamentals concerning the quotient space G/H,
where H denotes a closed subgroup of a locally compact group G. Sec-
tion 3 introduces the definition of the (p, H)-bracket product for LP(G)
and explores some of its fundamental properties. In Section 4, we delve
into the study of (p, H)-factorable operators and establish a form of the
Riesz Representation Theorem for the (p, H)-bracket product. While
our focus has been on closed subgroups in this paper, it’s worth noting
that the validity of the (p, H)-bracket product can be verified for any
desired subgroup.
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2 Preliminaries and Notations

Let G be a locally compact group and H be a closed subgroup of G
with the Haar measures dz and dh, respectively. Consider G/H as a
homogeneous space in which G acts from the left, and let u be a Radon
measure on G. For x in G and a Borel subset E of G/H, the translation
pig of p is defined by p,(E) = p(xE). Then p is said to be G-invariant if
te = i, for all z € G. Moreover, the measure p is called strongly quasi
invariant if there is a continuous function A : G x G/H — (0, 00) such
that dp,(y) = Ae(9)du(y) for all x € G and y = yH € G/H, where \,
is defined by A\, (9) = Az, 9).

A p-function for the pair (G, H) is a continuous function p : G —
(0, 00) such that

Ag(g)
Ag(§)

By [4, Proposition 2.54] for any locally compact group G and any
closed subgroup H, the pair (G, H) admits a rho-function. Assume that
dx,dt,dh,du(t) are chosen such that

p(x§) = plx), (ze€G,§eH). (1)

= T T 1 .
LﬂmmiLmLﬂmwmu,UGLw» 2)

This equality is known as Weil’s type of formula (for details see [4]).
Suppose again that p is a continuous, strictly positive function on G
satisfying (1). It is well known that

Mm:$m=ﬁ$%<mmay (3)

Also, for a relatively invariant measure on G/H which arises for a
rho-function p, we have

play) = PPW) e, (4)

The group G acts on G/H by the action A : G x G/H — G/H
defined by
Ay(@) =y le, (ye@), (5)
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which are homeomorphisms on G/H. The measure du(z) on G/H de-
fined by (2) has the property

/ F(&)du(d) = / FOW(@)du(), (x € G, F e LNG/H)),
G/H G/H

where A\, and A, are given by (3) and (5), respectively.

3 (p, H)-Bracket Product and Its Basic Prop-
erties

For 1 < p < o0, (LP(G), ||-||p) stands for the Banach space of equivalence
classes of Haar-measurable complex-valued functions on G whose pt*
powers are integrable.

Let ¢ be the conjugate exponent to p. Let f, g be in LP(G), it is clear
that |g[P~1 in LY(G). So flg|P~! in L}(G) and hence by Weil’s formula,
we get

glglp ! wh
' | UlaCOPAP 19116l @)as < 11, Mol
G/H

Thus for almost all z in G, the integral | i %;()l’h)dh is absolutely
convergent.
Therefore, each function g € LP(G) induces a bounded linear map

r,:LP(G) — LYG/H),

Let
[ Fg(f) = [fag]p,H
with [|Tg|| = ||9||;/1, where
[ glglt(=h)
[fs glpm () == /H Wdh'

Note that I'y(f) = [f, glp,u is a periodic function on H. Indeed, for
f,g € LP(G) we have

[F. gyt (x€) = /H W ”
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g lglP A eh)
‘/H o)

= [fv g]p,H('r)a

for all £ € H. So one may consider the (p, H)-bracket product as a
mapping [, .z : LP(G) x L’ (G) — L*(G/H) that for f,g € LP(G) is

defined by
plfl x
R

for all £ € G/H. Consequently, one may define the (p, H)-norm as
follows,

[ fllp.zr = LP(G) — LP(G/H),

£ Wl = (@ (L)Y,

which is an isometry, ||||f|||p,z = || f||p. Indeed, by Weil’s Formula for
f € LP(G), 1< p< oo we have,

0= [ 11t

- / I (1) (@)
G/H

B i)
= Lo e
[ Upen,
/G o)

- / FPP()de
G
— £

The basic properties of [-,:]p i, || - ||p,# are gathered in the next
proposition and the proof is similar to [proposition 2.7, 9] the proof for
which has been omitted.

Proposition 3.1. Let H be a closed subgroup of a locally compact group

G, let 1 < p < 0o and q the conjugate exponent to p. Then for every
f,g € LP(G), ce C:
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(1) [f + 1o glp.ur(2) = [f, glp.r (&) + [h, glp. 1 ().
(ii) [cf, glpr (&) = clf, glprr (&) = [f, & glpn ().
(iit) [|f]

pH=0 < f=0a.e.

() llcfllpa = lell fllp.a
() 155 = ISP g
(vi) |1y, > |[f glpu(@)|  (Holder’s inequality).
(vit) || + gllp.ar (@) <[ fllp.er () + gllp.r(®)  (triangle inequality).

(viii) fG/H[f, Glp.r(£)di < (f, g" V1o 14, where (-, o 14 stands for the
duality of LP and LY.

(iz) [f, glp.ur (&) = [g7 1, [P g m ().

Remark 3.2. The (p, H)-bracket product is linear in the first compo-
nent, but it is not linear in the second component.

Remark 3.3. Note that Proposition 3.1 shows that [-,-]p r is a type
of semi-inner product on LP(G). More precisely, for any coset & in
G/H, [-,-]pu(Z) is a semi-inner product. For more details on semi-
inner product see [3].

Recall that the definition of left translation operator L, : LP(G) —
LP(G) is defined by Ly(f)(z) = f(y~'z). Further, we also define L,
LYG/H) — LY(G/H) by L,Ly(f) =Ty(f)(y'z), for any i in G/H.

Proposition 3.4. Let y in G and L, be the left translation operator.
For f,q in LP(G), we have

[ Tbs@du) = [Ty, f@da)
G/H G/H

where p is the Radon measure on G/H satisfying the Weil’s formula
(2). Moreover, when p is the relatively invariant measure which arises
from a rho homomorphlsm function p, we have:

(i) ( gf) pyFLyg( yf)
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(ii) Ly[vagr1 ] H = p(e [ yf g]pHv
(i) Ly Iy = ZSNLy FI

Proof. For f, g in LP(G), we have,

/G/ Folu /(@ /G/H/ yf’g‘p : xh EuloP ) gy

— [ Lflal 1<w>dx
G

- / F 1) glP (2)da
G

— [ s@lal o)z
G

:/ f(@)Ly1glglP~! (z)dx

Llplh
/ /f 9" h) ()
G/H

= [ T f@da(a).
G/H

Now using (2.4), we get,

Ly(rgf)( T) = gf Yy 195)
/ flglp Hy~lah)

y~lxzh)
fy wh !g!p Yy zh)

h)
FLyg( yf)(@).

dh

_ )
p()

So the proof (i) is completed. By (i), the proof of (ii) is obvious. For
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(iii), we have,

[ Ly flp, e (2) = [Ly f, Lyf]pﬂ (@)

G

_0le) ;
= p(y)llLnyp,H( ).

O

Corollary 3.5. With the assumption as in Proposition 3.2, if G/H
possesses a G-invariant measure, including when G is abelian, we have:

() LyTgf =Tr,q(Lyf),
(i) Lylf, Lyflg}pyH = [Lyf, 9glp,u,
(i) [Zy Fllptr = 1Ly F i
Now we consider the set of all H-periodic functions in L>*(G),
B (G) = {k € L*(G); k(xh) = k(x), for all h € H}.

It is easy to show that B (G) is a subspace of L*°(G). In the following
proposition, we mention some more properties of By (G).

Proposition 3.6. Let f,g € LP(G), 1 < p,q < o0 and q is the conjugate
exponent of p. Then for all k € Boo(G) we have,

(1) Tg(fk) = k(Lyf),
(ii) Ty f = k'p_ll—‘gf-

In particular, if k£ satisfies k(&) # 0 a.e., then I'yf = 0 if and only if
Ty(fk) = 0.

Proof. By the definition of the (p, H)-bracket product, the proof is
immediate. U

Definition 3.7. Let f € LP(G), g € LI(G) where 1/p +1/q = 1
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and 1 < p,q < oo. For E C LP(QG), the H-orthogonal complement of E
18
EHH = (g€ LYG);T,f =0 aep forall f € E}
= {g € LYG); {f,g" Vpro.r = 0 a.e.u for all f € E}.

The following proposition declares the space E--.

Proposition 3.8. For E C LP(G), we have E-H = ﬂkGBw(G)(kE)LH

Proof. For g ¢ EXH | k € Boo(G) and f € E, by Proposition 3.6, we
have

(Pl g? Vppo 1t = / (1K) () (2)de

/G/H/Hfl;gxh dhdp(z)

/ s (F1) (&) dpa()

[ O @it
0.

Hence g € ﬁkeBoo(G)(k:E)L’H. Now let g € ﬂkeBm(G)(kE)L’H and f € F.
For n € N, define k, (%) = (Fgp—1f)(%), when [([pp—1f)(%)| < n, and
kn(2) = 0 otherwise. Then k,, € Bso(G). So we have

0= /G Bl @)
- / en P~ (@) (Cgos £) (@) ()
G/H

— [ Il @)duto).
G/H

Therefore |k, ()| = 0, for almost all . Hence I'gp—1f(2) = 0 a.e., that
is g € BHH, Il
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4 (p, H)-Factorable Operator on LP(G)

Let G be a locally compact abelian (LCA) group and H be a closed
subgroup of G. In this section, (p, H)-factorable operators are defined.
Moreover, the relation between (p, H)-factorable operators and (p, H)-
bracket product is indicated. Finally, a type of Riesz Representation
theorem for LP(G) with the (p, H)-bracket product is given.

Let G be a (LCA) group, then G/H admits a G-invariant measure
which we denote by dz. We shall denote the dual group of G by G. Let
the Fourier transform

L LNG) = Co(@), fe

be defined by
f(é) = / f(2)€(x)dz  for £ € G.
a

It is It is well known that if f € LP(G) (1 < p < 2), then fin LY(G)
satisfies ||f|lq < || fllp, where ¢ and p are conjugate exponents (see [4,

Theorem 4.27]).

Definition 4.1. Let G be a LCA group and H be a closed subgroup
of G. An operator U : LP(G) — LP(E) that 1 < r,p < oo is called
(p, H)-factorable if U(kf) = kU(f), for all f € LP(G) and all H-periodic
ke L>*(G), where E=G/H.

Note that for g € LP(G), 1 < p < oo, Proposition 3.6(i) shows that
-, glp,H is (p, H)-factorable.

In the following, some properties of the (p, H)-factorable operators
are investigated, whose proofs are almost the same as the ones when H
is a lattice in G, (see [Lemma 3.2, 3.3, 9]), so we omit the proofs.

Lemma 4.2. Let Uy,Us : LP(G) — LY(G/H) be two (p, H)-factorable
operators. Then Uy = Us if and only if

/ UL (f) (#)di = / Us(f) (&),
G/H

G/H

for every f € LP(G).
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To demonstrate the lemma, it’s worth noting that if £ € L*°(G) and
f € LP(G), then kf € L'(G). Thus, we can utilize Weil’s formula.

Lemma 4.3. Let k € By(G) and f € LP(G) where 1 < p < oo.
Then

| Rs@lae= [ @PIFIE 5@
G G/H
fori e G/H.

Proposition 4.4. Let U be a (p, H)-factorable linear operator from
LP(G) to LP(G/H), 1 < p < oo. Then U is bounded if and only if there
is a constant B > 0 (B = ||U]||) so that for every f € LP(G) we have,

[U(f)(2)] < B||f||p,H(i), for a.e.z€ G/H.
Proof. Let k € B(G) and f € LP(G). By Lemma 4.3,
/ (@)U () (@) Pdi = / U (k) (x)Pde
G/H G

< HU(kf)Hzip(G)

< NOIPIES 12,

_ P NP ENP (g5
& /G TP )

Therefore,
\U(f)(@)] < Bl fllpu ().
It follows immediately that |U(f)(z)[P < ||UH”Hf||§7H(:i:)7 a.e. for
teG/H.
Conversely, let f € LP(G), we have,

o= [ @
</ P (s

=57 [l i)
G/H
— B Sl
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So, the proof is completed. O

Corollary 4.5. IfU : LP(G) — LP(G/H) (1 < p < o) is a (p,H)-
factorable linear operator, then U is bounded if and only if there is a
constant B > 0 (B = |U]|) so that for every f € LP(G),

1O p, b (&) < Bl flp,z ().

Theorems 4.6 and 4.7 serve as the main theorems in this section,
representing certain types of Riesz representation theorem for the (p, H)-
bracket product in LP(G).

Theorem 4.6. The operator U : LP(G) — LY(G/H) is a bounded
(p, H)-factorable if and only if there exists g € L1(G) such that U(f) =
f,9lp.a a.e. for all f € LP(G) in which 1 < p < oo, 1/p+1/q = 1.
Moreover, |U|| = ||gllq-

Proof. Let U : LP(G) — L' (G/H) for 1 < p < oo be a bounded
(p, H)-factorable operator. Define the linear functional ¥ : LP(G) — C

by W(f) = fp y U()(@)ds
The isometrically isomorphic of (LP(G))* = L(G) implies that there
exists g € LY(G) such that ¥(f) = [, fg(x)dx for all f € LP(G). Thus

/G U = w() = /G fo(x)dz = /G T D@

By Proposition 4.4, U(f) = T'gp-1f a.e. for all f € LP(G). Moreover,
for any f € LP(G),

IO ey = I0ge-1 fllorv ey m
= |Ifgll
<[ £llpllgllq-
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So |U|| < |lgllq- Now letting f = |gP~!|, hence
WU Dl cmny = / U (19" )) (@) di
G/H
— / Tt |g7 ()] de
G/H
— / g7~ 197 ) (&)
G/H

= / lg
G/H

= llgllg-

¢ (@) di

Thus
lglld = 1U(g”~ Dllzx < U9,
i.e., ||lgllq < ||U]|. For the converse, according to boundedness of g, U is

bounded.
Moreover, for every H-periodic k € L>°(G) and f € LP(G),

Ukf)(@) = Tgo-1(kf)(&) = k(Lgo-1 f)(2) = KU (f)(2),

where & € G/H. Therefore the proof is complete. O

Note that for p = 2, Theorem 4.6 is the Theorem 5.25 in [5]. We say
f € LP(G) is (p, H)-bounded if there exists M > 0 such that || f||,.z < M
a.e. - € G/H.

In the next Theorem we assume that H is also a co-compact subgroup

of G.

Theorem 4.7. A linear operator U : LP(G) — LP(G/H) (1 < p < o0)
is a bounded (p, H)-factorable if and only if there exists (p, H)-bounded
g € LYG) such that U(f) =Tgpp-1f a.e. (& € G/H) for all f € LP(G).

Moreover,
Ul = esssupieqym l9llq.m(2),

1,1 _
where;a—i-g—l.

13
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Proof. Let U be a bounded (p, H)-factorable operator from LP(G) —
LP(G/H). Since G/H is compact, LP(G/H) C LY(G/H) and so by
Theorem 4.6, there exists g € LI(G) such that U(f) = [gp-1 g f, a.e.
(z € G/H), for all f € LP(G).

Letting f = g7~ !, by Proposition 4.4 we get

L1191} (@)] = [U(1g*H])(@)]

< 1U g |p, (),

for & € G/H. Hence |g7 |, g < ||U|| a.e. Thus ||g|lq.z < [|U] a-e.

For the converse, let g be a (p, H)-bounded function and U(f) =
Lpp1f ae @€ G/H for some g € L(G). Then U is (p, H)-factorable.
Now by the assumption that g is (p, H)-bounded and by Theorem 4.6,
we have

U = /G P

S/G/Hllf

< esssupseq i 912 (@) / 12 4 () de
G/H

pit () |gllG o (2)di

= €888UDicy/H ||9HPH(x)HfH;Z;

Thus, U is bounded. Now by replacing f = ¢9~! in the above, we
get

IUIl = esssupsec/m 9llq, 1 (2)-

This result makes the proof complete. ]
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