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Abstract. In this article, we explore the stability properties of contin-
uous K-g-frames and provide various characterizations related to syn-
thesis and frame operators. Additionally, we extend certain results from
continuous g-frames to tight and parseval continuous K-g-frames. Fur-
thermore, we establish a continuous K-g-dual for Parseval continuous
K-g-frames in Hilbert spaces, along with an analysis of their dual prop-
erties.
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1 Introduction

The concept of frames in Hilbert spaces was first introduced by Duffin
and Schaeffer [12], when they studied some problems in nonharmonic
Fourier series in 1952. Daubechies [9] reintroduced the frames as a
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generalization of orthonormal bases. Frames are very important and
useful in signal processing, image processing, sampling theory and coding
theory; for more details see [0, 8, 10].

Note that a sequence { f,}>2 in a separable Hilbert space H is called a
Bessel sequence if there exists B > 0 such that

ST P < BIFI?,  feH
n=1

By Theorem 3.2.3 of [7], {fn}72 is a Bessel sequence if and only if the
mapping, definde by

(e}

T:12 — H, T({cn}ﬁozl) = chfm

n=1

is a well-defined bounded linear operator with || 7' ||[< v/B. Then T is
called the synthesis operator of {f,}>2 . So, the adjoint operator of T’
is given by

T°(f) ={(f, fa)}nzr, [ € H,

and is called the analysis operator of {f,}22 .
A sequence F' = {f,}>2, in H is called a frame for H, if there exist
constants A, B > 0 such that

AllFIP <Y KF f0P < BIFIP. f € H.

n=1

The constants A and B are called the lower and upper frame bounds,
respectively. We say that a frame is tight (resp. Parseval) if one can
choose A = B (resp. A = B = 1). The frame operator of a frame
{fn}>2 is defined by

S:H-—H, Sf=TTf=Y (fifa)fn, [€H,
n=1

which is a bounded, positive and invertible operator; see Lemma 5.1.5
of [7].
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The important of paying attention to this issue, caused different
generalizations of frames to be proposed. In 2006, Sun [23] introduced
g-frames as a generalization of discreate frames. He gave a characteri-
zation of g-frames and studied g-Riesz bases, g-orthonormal bases and
dual g-frames. Continuous frames as another generalization of frames
with respect to a family of operators indexed by a locally compact space
endowed with a Radon measure, was proposed by Ali et al [3]. Some
another authors investigated continuous frame theory and discussed the
dual of continuous frames, continuous frame operator and pre-frame op-
erator, etc [14, 16, 22].

In 2012, K-frames was introduced by Gavruta [15], as a new generaliza-
tion of frames. It is a frame for the range of a bounded linear operator
K on a Hilbert space H, that reconstruct the members of range of K.
Recently, Abtahi et al [2] introduced and studied the space of all op-
erators K € B(H), such that for a given Bessel sequence {f,}>%,, to
be a K-frame. They showed that in a separable Hilbert space H, if
K, Ly and Ly belong to B(H) such that R(K) C R(L1K) N R(L2K)
and F = {f,}°°, and G = {g,,}7°; are two strongly disjoint K-frames
in H, then L1F + LoG is a K-frame for H. We refer the reader to
[ Ut B By ) ]

Alizadeh et al in [1] gave the equivalent characterization of continuous
K-g-frames (c-K-g-frames) for H and they showed that {A,K*},ecq is
a c-K-g-frame for H, where K € B(H) and {Ay }weq is a c-g-frame for
H with respect to {Hy, },eq. Moreover, they proved that {A,T™}weq is
a c-TK-g-frame for H, if T, K € B(H) and {Ay }weq is a c-K-g-frame
for H with respect to {Hy, }weq. Also, they introduced the perturbation
of ¢-K-g-frames and proved that if {A, }weq is a c-K-g-frame for H and
{Tw}weq is a family of strongly measurable operators, then {T'y,}uecq is
a c-K-g-frame for H.

In this article, we generalize some results from K-frames and c-g-frames
to tight and Parseval ¢-K-g-frames. Then by remebering the concept
of c-K-g-duals, we obtain some results about them. Throughout this
article, (€2, 1) is a measure space, H, H; and Hs are separable complex
Hilbert spaces and B(Hj, Hy) is the Banach space of all bounded oper-
ators from H; into Hp. We use B(H) as the abbreviation of B(H, H).
Also, R(K) denotes the range of the operator K € B(H) and {H,, }weq
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is a family of Hilbert spaces. At first, we review some definitions of
generalized frames.

Definition 1.1. (see [21]) Let K € B(H) be a bounded operator. A
sequence {fn}o in H is called a K-frame for H, if there exist two
positive constants A and B such that

AR fIP <3505 [ )P < BIFI?, feH.

If K =1 is the identity operator on H, then K-frames are ordinary
frames.

Definition 1.2. (see [1]) A mapping F' = { fu }wea from a measure space
Q into ,ecq He is called strongly measurable, if F' as a mapping from
Q to @, cq He to be measurable.

Definition 1.3. (see [!]) Let K € B(H). A family {A, € B(H,H,) :
w € Q} is called a continuous K-g-frame (c-K-g-frame) for H with
respect to {H, }weq, if

(i) {Awf}weq is strongly measurable, for each f € H;

(ii) There exist constants 0 < A < B < 0o, such that

AlE* P < /Q IAof|Pdu(w) < BIfI2,  feH.

In particular, if K = I is the identity operator on H, then A is called
a continuous g-frame (c-g-frame) for H.

As usual, the constants A, B are called the lower and upper c-K-
g-frame bounds, respectively. If A|K*f|? = [, |[Awf]?du(w), for all
f € H, then {A,}weq is called a tight c-K-g-frame and every tight c-
K-g-frame with A = 1, is called Parseval c- K-g-frame.

For a c-g-Bessel family (or ¢-K-g-frame) {Ay}oeq, the c-g (or frame)
operator S : H — H is defined by

(Sf,g) = fQ<Aw*Awf, 9)dp(w), f,g€e H.

It is obvious that (Sf, f) = [ [[Awf[?du(w), for all f € H, and so S
is a positive operator. In [1], the authors characterized a c¢-K-g-frame
by frame operator. Also they showed that, under some conditions, the
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frame operator of a c-K-g-frame is invertible on the closed subspace
range R(K) of K. In the following, we construct some new c-K-g-frames
and then we generalize some results from K-frames and c-g-frames to
tight and Parseval ¢-K-g-frames. In particular, according to bounded
operators K1 € B(Hy), Ky € B(Hz) and T' € B(Hy, Ha), if {A, }weq is a
c-K1-g-frame for Hy, we provide some conditions such that {A,T™*},cq is
a c-Ko-g-frame for Hs. Also we prove that any ¢-K-g-dual of a Parseval
c-K-g-frame {A,,}oeq is both a Parseval c-K K f-g-frame and a Parseval
c-g-frame, where KT is the Pseudo-inverse of the operator K [7].

2 Constructing New c-K-g-Frames

In the following, according two bounded operators K7 and Ko between
Hilbert spaces and a given ¢-Ki-g-frame, we construct some new c-Ko-
g-frames. These extend the results of [2]. First, we give the following
theorem.

Theorem 2.1. Let K;, Ky € B(H), « be a scaler and suppose that
{Ay}weq is both a c-Ky-g-frame and c-Ks-g-frame. Then {Ay}weq is a
c-aKi-g-frame, c-K1 Ks-g-frame and c-(Ky + Ka)-g-frame.

Proof. For simplicity, it can be assumed that the lower and upper
bounds of any two frames are equal. So by assumption, there exist
positive constants A and B such that

AllEy f? S/QIIAwfIIZdu(w) < BJIfII?, (1)

and

Al K fIP < /Q 1Aw fl1?du(w) < B fII%, (2)
for all f € H. For a = 0, the implication is trivial. If o # 0, then by
(1),

A *
plery i < /Q 1A fI2dpw).
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So {Au}weq is a c-aK1-g-frame. Moreover

K AP = |12 (50 )P
< KR IE )P
K 2
< B0 [ jasiau)
[9]
Thus 4
A K P < / | Awf 2 (),
1K o

for all f € H, and {A, }we is a - K Ko-g-frame.
Finally, by (1), (2) and Cauchy-Schwarz inequality we have

(K7 + Ka2)* f]> K1 f + Ko™ f||”

< | ECFIP Kt P+ 2 (K f, Kot f)
< I £ + |15 fH 21 fH
< = / 1A fIPdp( / 1A fIPdp(e
+ 3 [ Iufau)

Thus we get

A .
TN+ o) 1P < [ [ P,

for any f € H. It follows that {A, }weq is a ¢-(K1 + Ka)-g-frame. O
In [19, 20], the authors have proved the construction of K-g-frames
in discrete case. They also investigated g-frame representations via a
linear operator. Now, we show that for a c-K-g-frame for H, according
to any operator T' € B(H), one can construct some new c-K-g-frames.

Theorem 2.2. Let {A,}uecq be a c-K-g-frame for H and T € B(H).
If T*KK* is a positive operator, then {A, + AT }weq is a c-K-g-frame
for H.

Proof. By assumption, there exist positive constants A and B such
that for every f in the space H,
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AIE I < Joy [Auf2du(w) < BIFIP.
So for any f € H, we have
AT+ T)f|? < /Q 1AL + ) 2dp(w)

B||(I+T)fII*
BIIL+T||If

IN A

Since T* K K* is positive,

A|KH(I+T) [ A K" FII? + 2Re(K* f. KT f) + | K*Tf||?)
A" I+ KT 1)

AK £

AVARAY

So
AKfII? < Jo 1A +T)f|Pdp(w) < BIL+TIP|FIP,  f € H,
and {Ay, + AuT}weq is a e-K-g-frame for H. 0O

Theorem 2.3. Suppose that K1 € B(Hi) and {A,}weq s a c-Ki-g-
frame for Hy. Let Ko € B(H2), T € B(Hi,Hsz) has closed range and
TK, = KoT. If R(Ky*) C R(T), then {AT*}ueq is a c-Ko-g-frame
for Ha.

Proof. Since {A,}uecq is a ¢-Ki-g-frame for Hp, there exist positive
constants A, B such that

AN FIP < Jo 8o fIPdp(w) < BIFIP,  f € Hi.
Assume that h € Hy is arbitrary. We obtain
AI[ECT*h|* < / 1A T R[> dpa(w)
Q

< B|T*h?
< B|T||In]*.

Since TK; = KT, R(K2") C R(T) and R(T) is closed, by Lemma 2.2
of [21], for any h € Hy we have
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* * * * -2 *
[ KT h||* = |7 Ko hl|* > ||T7]| || KA,

where T is the Pseudo-inverse of the operator T. Thus

) N
AT B2

IN

/Q |ALT* B2 dpu(w)

B||T|*|IR]*.

IN

That is, {ALT™ }ueq is a ¢-Ka-g-frame for Ho. O

Corollary 2.4. Let K € B(H) and {Ay}ueq be a c-K-g-frame for H.
Let T € B(H) with closed range and TK = KT. If R(K*) C R(T),
then {A,T*}weq is a c-K-g-frame for H.

Recall that an operator T' € B(H;, Hs) is bounded below, if there
exists a constant ¢ > 0 such that

| Th = cll k],

for all h € Hy. It is straightforward to see that the operator T is
surjective, if and only if, T is bounded below, if and only if T* is
injective and has closed range (see for instance, Lemma 2.4.1 from [7]).

Theorem 2.5. Let K1 € B(H1), {Aw}lweq be a tight c-K1-g-frame for
Hy and Ky € B(H3) be a bounded below operator. Let T € B(Hy, Hs)
such that TKy = KoT. Then {A,T*},cq is a c-Ko-g-frame for Ho if
and only if T is surjective.

Proof. If T is a surjective operator, then by Corollary 3.6 of [21],
{A,T*}eq is a c-Ka-g-frame for H.

Conversely, if {A,T*},ecq is a ¢-Ka-g-frame for Hy with lower bound
Aq, then for any h € Hs:

AR < [ AT B d()
Q
Since {A, }ueq is a tight ¢-Kj-g-frame for Hy with bound A, then

Al )2 = /Q IAuflPdu(w),  f € H.
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Moreover since K1*T* = T*Ks*, for any h € Hy we have
A|T*K2"h|® = A[lK*T*h|f?
= [ 18T )
A || K"l ),

Y

and so
|T*K>*h||? > 42| Ko |, h € Ho.

By the fact that Ko € B(Hz) is bounded below, K»* is surjective. Now,
the above inequality shows that 7™ is bounded below and so T is sur-
jective. This completes the proof. O

Now, we obtain a new tight ¢- K-g-frame. We need the following two
lemmas:

Lemma 2.6. Let {Ay}weq and {T'y}weq be two c-g-Bessel families
with bounds By and By for H, with respect to {Hy}ueq and L1, Ly €
B(H,Hy). Then {A,L1*+T,Lo*}ueq is a c-g-Bessel family for Hy with
respect to { Hy }uweq-

Proof. {A,Li* +T'y,Ly*}ueq is a c-g-Bessel family for H; if for each
f e H:
/Q I(AwLi® + TuLs®)fPdu(w) < 2 /Q |(AwZn®) F I dp()

2 /Q |(CuLe®) fIPdp(w)

2B1||Ly* f||* + 2Ba|| Lo* f||?
2B1|| L1 | (| fI|* + 2Bal| La|?|| f]?

2(v/BillL1 |l + VB2 Lal)* | £11%,

INININ G+

and the proof is completed. O

Lemma 2.7. Let {A,}ueq be a c-g-Bessel family for H. Then {Ay }weq
is a tight c-K-g-frame for H with frame operator S if and only if there
exists a constant A > 0 such that S = AKK*.
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Proof. The family {Ay,}weq is a tight ¢-K-g-frame if and only if,

ALK P12 = [ 1A IPdnte),
for all f € H and some A > 0. Since
A|K*f|I? = (AKK* f, f)
and
1A = (51.5)

for all f € H, one can see that {A, }ueq is a tight ¢-K-g-frame for H, if
and only if

for all f € H. The positivity of the operators § and AK K* implies that
the last assertion is equivalent to S = AK K*. (]

For the following theorem, we also need the concept of ¢-K-g-dual
of a ¢-K-g-frame, which will be introduced in section 3 from [5].

Theorem 2.8. Suppose that K € B(H) and L1,Ls € B(H,Hy). If A =
{Ay}weq is a c-K-g-frame with frame operator Sy and T' = {T'y, },eq is
its c¢-K-g-dual with frame operator Sr, then {A,L1* + TywLa*}oeq is a
tight c-K -g-frame with respect to {H, },ecq for Hi, if and only if there
exists constant A > 0 such that

AKK* = LiSAL1* + LiKLy* + LyK*L1* + Ly SrLy*.

Proof. By Lemma 2.6, {A,L1* + Ty, Lo"},ecq is a c-g-Bessel family for
H;. If S is the frame operator of this family, then for any f € H; :

Sf - / (Ale* + FwLQ*)*(Ale* + FwLQ*)fdM(w)
Q

_ / (LiAy” + LoTo™) (AL ™ + T Lo™) fdpu(w).
Q

By the Lemma 2.7 from [13], we have
Sf = Ll/ Aw*Ale*fdu(w) + Ll/ Aw*FwLQ*fdu(w>
Q Q

©oLy / Po* AL fdpu(w) + Lo / T ToLy* fdu(w)
Q Q
= Li\SAL\"f+ L1 KLy" f + Lo K" Ly f + LoSrLa™ f.
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Then by Lemma 2.7, the family {A,L1* + Ty Lo* }oeq is a tight ¢-K-g-
frame if and only if, there exists constant A > 0 such that § = AK K™,
or equivalently,

AKK* = LySAL1* + LK Ly* + LyK* Ly * + LoSr Ly,

and the proof is completed. ([

3 c-K-g-Duals

In this section, it is introduced the ¢-K-g-dual frame of a given ¢-K-
g-frame and we obtain c-K-g-dual of Parseval c-K-g-frames. Then we
obtain synthesis operator related to ¢- K-g-duals. The following theorem
is an important result in the study of the c-K-g-duals. We refer to [1, 5]
for details.

Theorem 3.1. Let K € B(H). Then the following statements are equiv-
alent.

(i) {Au}weq is a c-K-g-frame for H with respect to {H, }uecq-
(11) {Aw}tweq is a c-g-Bessel family for H with respect to {H,}weq

and there exists a c-g-Bessel family {T',, },ecq for H with respect to
{H,}weq such that,

(Kf,h) = o (AT f, hydp(w), f,heH.
So, for any c-K-g-frame {Ay }weqn, we have a c-g-Bessel family
{T'vw € B(H,H,):w € Q}
such that
Kf = JoAJTufduw),  fe€H,

and

K*f = fQ Fw*Awfd:u(w)’ feH.

11
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The family {I',, },ecq is called a ¢-K-g-dual of {A, },eq and it is a ¢-
K*-g-frame. It is obvious that, under the above assumptions, {Ay, }weq
is a c-K*-g-dual of {I',, },eq and if K is a self adjoint operator, {Ay }wen
and {I'y, }weq are called c-K-g-dual pairs.

Theorem 3.2. Suppose that K € B(H) such that K* is surjective and
{Au}weq is a Parseval c-K-g-frame for H. Then {A,(K*)}oeq is a
c-K-g-dual of {A,}weq. Moreover, {A,(K*)},cq is both a Parseval
c-K1K-g-frame and Parseval c-g-frame.
Proof. Assume that {Ay},cq is a Parseval c-K-g-frame. Then

(K*f,K* f) = [,(Auf, Ao fldpu(w),  f€H,
and we have

KK*f = [ AJA, fdp(w),  feH.

Since K* is surjective,

f=K"(K"f=K" (K" (3)

for any f € H, and so
Kf= KK (K''f= /Q A Au(KY) fdu(w). (4)

Therefore, {Ay, (KT Voea = {Au(K*)Voeq is a c-K-g-dual of {Ay}wea-

Now, if we product both sides of the relation (4) by (KT)*f, then for
any f € H we have

/Q I A (BT (17 dpw) = KK FIP=I (KTE) £ 12, (5)

and {A,(KT) }weq is a Parseval c-K T K-g-frame for H. Finally, by (3),
the operator K*(K’")T and so KTK is the identity operator on H, and
so (5) implies that {A,(K*) }ueq is a Parseval c-g-frame. [
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Definition 3.3. A c-g-Bessel sequence {A,}weq in H is independent,
if for a c-g-Bessel sequence {¥y,}weq in H and all f € H,

/ AU, fdp(w) =0,
Q

implies that ¥, = 0 a.e.

In the followig, we inspect the independent relation between a Par-
seval ¢-K-g-frame {A,}oecq and {A,(KT) }oeq as its - K-g-dual.

Theorem 3.4. Suppose that K € B(H) such that K* is surjective and
{Au}weq is a Parseval c-K-g-frame for H. Then {A,}ueq is indepen-
dent if and only if its c-K-g-dual {A,(K') Yyew is independent.

Proof. Assume that {Ay}uecq is independent. By Lemma 2.7, the
frame operator related to {Ay},ecq equals to KK*. Since K1 is the
Pseudo-inverse of the operator K, then

[ A ufinte) = [ ASAKY K fdule), e 8.
Q Q

Therefore
/ A (A = A (K1) K7) fdp(w) = 0,
Q
which implies that A, = A, (KT)"K* and so A,* = KKTA,*, a.e. Now

let [, (Aw(KT)*)*\llwfd,u(w) = 0, for a c-g-Bessel sequence {V,,},cq and
all f € H. Then by Lemma 2.7 of [13], one can observe that

K/ KA, fdu(w) = / KKTA* U, fdu(w) = 0.
Q Q
S0, [oAu* Wy fdu(w) = 0 and by assumption, ¥, = 0, a.e.

Conversely, let {A,(KT) },eq be independent and for a c-g-Bessel se-
quence {U,},ecq, we have [ A" U, fdu(w) =0, for all f € H. Then

| BB Wafdu) = KT | AW fdu(e) =0
Q Q

13
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By assumption, ¥, = 0, a.e. So {A,}ueq is independent. O
Now, we intend to find the synthesis operator related to ¢-KTK-g-frame
{Au(KT)*}oueq- Recall from [1] or [4] that the space

( @vaﬂ)m

wew

= {Fe H H, : F is strongly measurable,/ | F(w)|Pdu(w) < oo},
wen Q

with inner product given by

(F.G) = /Q (F(w), Gw))du(w),

is a Hilbert space. We initiate with a theorem about the synthesis op-
erator related to c-K-g-frames.

Theorem 3.5. (See [1]) Let K € B(H) and (2, 1) be a o-finite measure
space. Suppose that {A, € B(H, H,) : w € Q} is a family of operators
such that {Ayf}ueq is strongly measurable, for each f € H. Then

{Ay}weq is a c-K-g-frame for H with respect to {H,}weq if and only if
the operator

T: (DpeqHorn)2 — H,
weakly defined by
(TF,g) = [o(Ao"F(w), g)dpu(w),  F € (B, eqHuwt)2 g€ H,
is bounded and R(K) C R(T).
In this case, the adjoint T™ of T is defined by
(T*g)(w) = Au(g), wel, geH,

and ||T|| < v/B, where B is the upper c-K-g-frame bound of {A, }wecq.
The above operator T and its adjoint 7™ are called the synthesis operator
and analysis operator related to {A, }weq, respectively.
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Corollary 3.6. Let K € B(H) such that K* is surjective. Let pu be a
o-finite measure on Q. If {Ay}weq is a c-K-g-frame for H with respect
to {Hy}weq and synthesis operator T, then the synthesis operator Tt
related to T' = {A,(KT)*} cq is the bounded operator Tr = KTT. Also

(Tr*g)(w) = Au(KT)'g,
forallweQandge H.

Proof. By Theorems 3.1 and 3.2, I' is a ¢-K*-g-frame for H. Now,
Theorem 3.5 implies that for all F' € (P cq Hu, )2 and all g € H:

(TrFg) = /Q (Au(KTY7) F(w), g)dpu(w)
— [ F @), g)due)

= (K'TF,g),

and then Tr = K!T. The second part of corollary, is also a direct
consequence of Theorem 3.5. O

Finally, we find the frame operator Sr related to the c-g-frame I' =
{Au(K*) Y eq, as stated in Theorem 3.2. If S is the frame operator
related to the Parseval ¢-K-g -frame {A, },eq, then for any f,g € H :

(Stf.g) = /Q (A EY, Au () g dpa(w)
- /Q (KT AL A (K™ £, g)dpu(w)
= ([ KA ALK fdu(e).g)
Q
— (K / A A () fdp(w), g)
Q
— (KTS(K)'f.g).
Hence, Sp = KTS(K*)T.
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