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1 Introduction

It is well-established that the fuzzy concepts hold significant importance
in multiple disciplines such as engineering, medicine, management, and
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mathematics. Two topics from fuzzy theory that can be very relevant
are t-norm and fuzzy norm. In this paper, we will present specific infor-
mation to one of the fuzzy definitions called fuzzy norm, that is a basic
notion in fuzzy functional analysis.

In 1965, Zadeh [11] introduced fuzzy sets to the world of science through
a scientific paper. The fuzzy sets serve as a uncertain mathematical
model in the field of analysis. First time, A .K. Katsaras, defined a

concept called fuzzy norm in [1]. Also, some analytical and topologi-
cal definitions using fuzzy norm are stated in [10]. In later years, T.
Bag and S. K. Samanta in [I], gave a newer definition of fuzzy norm,

working with that definition facilitated the procedure of proving theo-
rems. R. Saadati and J. H. Park in [7] by using t-norms and continuous
t-conorms, have reached to intuitionistic fuzzy normed spaces. O. Grig-
orenko, J. Minana, and O. Valero [3], introduced a method for making a
fuzzy metric. T. Binzar, F. Pater, and S. Nadaban [2] investigated the
relationship between fuzzy normed algebras.

The main motivation of this paper is to identify new fuzzy norms and
new algebra fuzzy norms. In this paper, we state that a new CATN can
be obtained from additive and multiplicative generators of a previous
CATN. This method shows that countless of unknown CATN can be
obtained.

The rest of the paper is organized as follows : In Section 2, we mention
the definitions of t-norm, additive generator, multiplicative generator,
pseudo-inverse, fuzzy norm, and etc. Some new results are stated in
section 3.

2 Definitions

Definition 2.1. [7] A triangular norm (briefly, t-norm) is a function
*:10,1]* — [0,1] that for each (a, 3,7) € [0,1]* we have :

1) axf=Fx*aq,
2) ax(Bxy)=(axpB)*7,
8) axfB>axy, for B>,

4) ax1l=a.



ANOTHER APPROACH TO GENERATE ...

Definition 2.2. [5] A t-norm * : [0,1]* — [0, 1] 4s called Archimedean
t-norm if for each (o, B) € (0,1)x (0, 1) there is k € N such that o*) < 3
where
k—times
oF) =G xax - xa.

Also, a continuous t-norm is Archimedean iff axa < o for all 0 < oo < 1

[]-

Example 2.3. If 7, : [0,1]> — [0,1] and *, : [0,1]* — [0,1] are
defined by a %1, f = max{a+  — 1,0} and a %, 8 = aff, then x;, and
*p are Archimedean t-norm.

Definition 2.4. [5] Let ¥ : [0,1] — [0,00] be a decreasing function.
Then U1 : [0, 00] — [0, 1] is pseudo-inverse of ¥ that is defined by

T (4) = sup{¢ € [0,1] : ¥ (¢) >~}

where we assume that sup() = 0. Also if ¥ is continuous and strictly
decreasing, then we have :

1, 0<y<VY(1)
VOV (1) =9 7 (y), ¥(1) <y <T(0)
0, U(0) <y<o0

In particular, if ¥ is continuous, strictly decreasing, and ¥ (1) = 0, then

_ [\ , 0<y<U(0
v 1)”):{ 0 W

Definition 2.5. [5] Let ¥ : [0,1] — [0,1] be an increasing function.
Then W1 1 [0,1] — [0, 1] is pseudo-inverse of ¥ that is defined by

Y (y) = sup{¢ € [0,1] : ¥ (¢) <~}

where we assume that sup() = 0. Also if ¥ is continuous and strictly
increasing, then we have :
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In particular, if ¥ is continuous, strictly increasing, and ¥ (1) = 1, then

_ 0, 0<~<U(0)
v 1)”):{ Ut(y), W(OYSvgl '

Definition 2.6. [5] A multiplicative generator (MG) of a t-norm x is a
strictly increasing function o : [0,1] — [0, 1] which is right-continuous
at ¢ =0 and o (1) = 1 such that for each (¢,7v) € [0,1] x [0,1],

0(¢) () € Ran (o) U0, 0(0)]

and

Cxy=0"D(0()o()).

Corollary 2.7. [5] Let o : [0,1] — [0,1] be a strictly increasing
function which is right-continuous at ¢ = 0, o(1) = 1 and for each
(¢:v) €[0,1] x [0,1],

2(¢)e(y) € Ran (o) U0, 0(0)].

If % : [0,1)* — [0, 1] is defined by

(xy=0"D(0(C) o)),

then % 18 a t-norm.

Corollary 2.8. [5] Let « : [0,1]> — [0,1] be a t-norm. Then x is a
CATN iff there exists a continuous multiplicative generator (CMG) of
*.

Definition 2.9. [9] An additive generator (AG) of a t-norm % is a
strictly decreasing function & : [0,1] — [0,00] which is also right-
continuous at ¢ = 0 and &, (1) = 0. Also for all (,7) € [0,1] x [0,1],
The following are valid :

& (€) + & (7) € Ran (&) U[&, (0) , 0]

and

¢y =V (6O +6 ()
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Proposition 2.10. [3/ Let £ : [0,1] — [0,00] be a strictly decreasing
function with £ (1) =0 and

§(¢)+&(7) € Ran(§) U[£(0), o9

for all (¢,~) €[0,1] x [0,1]. Then *: [0,1]> — [0, 1] defined by

Cxy =TV QO +EM)
1S a t-norm.

Theorem 2.11. [7] A t-norm x is a CATN iff there exists a CAG such
as & such that for each (¢,v) € [0,1] x [0, 1],

Cxy =6V (6 (O +6 ().

In the following, we will state that by using a CAG and a CMG of
CATN *, a new CAG and consequently a new t-norm can be obtained.

Corollary 2.12. Let x be a CATN and & and o, be CAG and CMG
of * respectively. If &, (0) = oo, then h : [0,1] — [0, c0] where h (¢) =
& (Q) —0x (Q) +14s a CAG of ¥ where

¥y =hCY(h(C)+h(7)

for all (¢,v) € [0,1] x [0,1].

Proof. Since &, and g, are continuous, h is continuous. As &, is strictly
decreasing and p, is strictly increasing, h is strictly decreasing. Also
h(l) = 0 and h(0) = oo. Hence the continuity of h implies that
Ran (h) = [0,00]. Therefore h(¢) + h(vy) € Ran(h) for all ¢,y € [0,1].
Applying Proposition 2.10, we can conclude that h is a CAG of ¥. [

Definition 2.13. [9] Let Z be a linear space and * be a t-norm. A
function X : Z x R — [0,1] is named a fuzzy norm on Z if for all
C,vy € Z and all s,t € R, we have :

1) N(¢,t) =0 for allt <O0.
2) (¢, t)=1 forallt >0 iff ( =0.
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3) N (ud,t) :N<C, ﬁ) for all p#0 and t € R.
4) N(C+vy,s+1t) >R(,8) *R(v,t) for all s,t € R.
5) N((,.) is increasing on R and lim;_,oo N ((, 1) = 1.

Considering the above definition, (Z, R, x) is called a fuzzy normed
space.

3 Main Results

In this section, let x be a CATN and &, be the corresponding CAG of *.
Also let §£_1) be the pseudo-inverse of &,.

Theorem 3.1. Let (Z,]]|) be a normed space, x be a CATN and &,
be a CAG of x. Then (Z,Ny,*) is a fuzzy normed space which for each
¢ € Z and each t € R is defined as follows :

(-1) ||C||)
* —— 1], t>0
0, t<0
Proof. If & (0) = oo, then by Definition 2.4 we have
o (1), K5
N, (¢, 1) =<~ t )t T

0, t<0

In this case, we only prove part 4 of Definition 2.13. Let (,v € Z and
s,teR. If s<0ort<0,then N, (¢,s) =0 or N, (v,t) = 0. Hence

Re (C+7,8+1) >R (¢, 8) %Ry (7,1) = 0.
If s > 0and t > 0, then

€Al <l + (1 <M+M‘
s+t = s+t - s t
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Hence

_ g+l
kst =g (1221

> & <”§” * ”Z”)

— ¢! <€* (5?1 (M")) & (5*_1 (”Z’»)

_ gD (5* (5* <”<”>> +& (é‘l) (HZ”»)
<|<|> e (”Z”)

*(Cvs)* *(77t)'

Now, we prove the theorem for &, (0) < co. In this case

(-1) HCH>
Mm){* (t =0

0, t<0

&1 <”C”>, 0<M<§*(0),t>0

0, t<0

,t>0

For each ¢t < 0, clearly X, (¢,t) = 0. To prove the second property, if for
each t > 0, N, (¢,t) = 1. Then &1 ”? HCH =& (1)=0
for all t > 0. Then ¢ = 0. Conversely, if { = 0, then for each t>0,

= 1. Hence

R, (0,1) =& (0) =1
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To prove the third part, let ( € Z, t € R and o # 0. We have :

¢

5*1<H0f’>, Oé”(f”<§*(0),t>0
R0 =100, g0 <l 5o
0, £<0
&1 @ , 0§Hti||<§*(0),t>0
_ Jol lo]
0 &0 < Llyso
Ja|
0, £<0
o[ Il 18] t
- “ N
B 0, g*(O)ST’@>O
. Jo|
0, L <o
||

(o)

To prove the fourth part, let {,v € Z and s,t € R. If s < 0ort <0, then
N, (¢,8) =0 or N, (7,t) =0. Since ax0=0%b=0 for all a,b € [0, 1],

Ry (C+7,8+1) 2N ((,8) *Ri (7,1) = 0.

[iedl

Now we suppose that s,t € (0,00). If & (0) < el or &, (0) < e then
s

N, (¢,s) =0 or X, (vy,t) = 0. Hence

N*(€+7’S+t) ZN*(C,S)*N*(’%I(J):O.
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If0 < HCH <& (0) and 0 < ny“ < & (0), then

" I Il
N*('%t):ga((_l)( Z >_§* < g >
Since fi_l) is decreasing on [0, co] and e+ M + M
s+t s t
1S+l
t
R (C+7s+1) = ( por

ol

o
<§*< (HCH)) §<€* (H’YH)))
(e () (e (7))
(ICI) )(HZH>

=N, (¢, 8) * Ny (7,1) .
This shows that for each (,y € Z and s,t € R,

N*(C+7’S+t) ZN*(C?'S)*N*(’%t)'

To prove the fifth part, suppose that ( € Z, t1,to € R and t; < to. If
t1 <0, then
0="N,(¢,t1) <N (C,t2) -

If 1 > 0, then
el _ gl

6N I

to T 11
I _ldl
— 1o

In this case, if 0 < < & (0), then 0

o (140 - g(MU_§'0N>:£Uoﬂ>

< & (0) and as a result
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HCH

If & (0) < , then

<]l 1]
>0= — .
oo (1 g (e
This means that N, (¢,t2) > N, (¢, t1). Therefore, N, is increasing with

€]l

respect to t. Now since lim;_ 5= 0, there exists an M > 0 such

IICII

that for each t > M, < &, (0). Hence,

- (IS _ o= (1l
() - ().

Jim N, (1) = lim € <HCH>

i g <H<H>

_ <]l
_5* (t*)oo t )

So

O

Example 3.2. Let (Z, ||-||) be a normed space, ax, § = af, &, (a) =
—Ln (a) for all o, 8 € [0, 1], where Ln (0) = —oc. IfN iy ZXR —0,1]
is defined by

el
N*p (C,t): e 1 ; >0
0, t<0

for all ( € Z and t € R, then (Z, Ny, *p) is a fuzzy normed space.
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Example 3.3. Let Z be a topological space and C? (Z) be the set of all
complex valued, bounded and continuous functions on Z equipped with
the norm

1fllee = sup{[f (O], ¢ € Z}
for all f € C®(2). If

af
1+(1—-a)(1-7)

axgf =

—

2
and &, (o) =In for each (a, ) € [0, 1] x [0, 1] such that &, (0) =
«
00, then for each t € R and g € C*(2),

2

191 o ’
N, (9,1) = (
- e t +1

0, £<0

t>0

is a fuzzy norm on functional space C° (Z).

Theorem 3.4. [] Let Z be a linear space and suppose that (Z,Ny,*1)
and (Z,RNg,x2) are fuzzy normed spaces. If there exist ¢1, ca > 0 such
that

N? (01C7 t) S Nl (C: t) S NQ (C2C7 t)

foreach ( € Z andt € R, then Ry and Ny are equivalent fuzzy norms on
Z.

Proposition 3.5. Let Z be a linear space and || - |1 and || - ||2 be two
norms on Z such that c1 ||-|5 < ||-|l; < c2|]|ly- Also let x : [0,1]7 —

0,1] be a CATN. Define N,(}) and N,(f) by
[0,1]

- ||¢||1>
_— t>0
RO (¢ =& (t  t>
0, t<0

11
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and

(I
v () = {é 1) (Ht||2> =0

0, t<0

Then, N,((l) and N,(?) are equivalent fuzzy norms.

Proof. We show that

R (ea6. 1) < WY (¢ 1) < WP (eag 1) (1)
for all ( € Z and t € R. Clearly
(-1 [ IICllz)
* , t>0
N (e ) = < t
0, £<0
and
(-1 [ c2 HCHz>
* , t>0
N (ext 1) = § < t
0, £<0
for all ( € Z and ¢t € R. Since for each ( € Z, ¢ [|C||5 < |[<]I;, ¢l <

t
for all t > 0. By decreasing property of §£_1) we have

¢y <Cl Hf“) > ¢ <”CtH1> >0

RP (er¢,4) > 8 (¢, 1)

for all ¢ > 0. Similarly, it can be shown that

€Tl
t

Therefore,

R (¢,1) = RP (a0, 1)

for all t > 0. Hence inequality (1) hold for all ( € Z andt € R. O
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Definition 3.6. [J] Let (Z,X,*) be a fuzzy normed space. A sequence
{Cn},>1 in Z is said to be fuzzy convergent, if there exists ( € Z such
that for each 0 < oo < 1 and t > 0, there exists K € N such that for all
n> K,

(¢ —Ct)>1—a.

Definition 3.7. [9] Let (Z,N,x) be a fuzzy normed space. A sequence
{Cn}n21 in Z is said to be a fuzzy Cauchy sequence if for each 0 < a < 1
and t > 0, there exists K € N such that for alln >m > K,

N(Cn_Cm7t> >1—a.

Definition 3.8. [8] A fuzzy normed space (Z,R,x) is said to be a fuzzy
Banach space, if every fuzzy Cauchy sequence, is fuzzy convergent in Z.

Proposition 3.9. Let (Z,|-]|) be a Banach space and * be a CATN.
Then (Z,N, %) is a fuzzy Banach space.

Proof. Suppose that {(,},~; is a fuzzy Cauchy sequence in Z. We
show that {(,},~; is a Cauchy sequence with respect to the norm |[-||.
Let € > 0 be given. Since & : [0,1] — [0,00] is continuous at o = 1
and &, (1) = 0, there exists 0 < a3 < 1 such that & (1 —ay) < e. By
Definition 3.7, for oy and t = 1, there exists K € N such that for all
n>m>K

N, (Cn — Cm, 1) = fa(:l) <w> >1—a; >0.

S0 &7 (16n = Gmll) = &7 (16 — Gm ) and consequently
& (I6n = Gull) > 1= .
Because &, is strictly decreasing, we obtain
[Gn = Gmll <& (1 —a1) <e

for all n > m > K. This shows that {¢,},~, is a Cauchy sequence. The

completeness of Z implies that there exists ( € Z such that (, M C.
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HCn ¢li

For ¢t > 0, since lim,,__,oo —————

lIn =<l
t

= 0, there exists ng € N such that

< & (0) for all n > ng. Hence

lim R, (G —¢ot) = lim €7 (IICnt CII)
:nh—r>noo£* <’CHt CH)

=¢.1(0)
=1.

So {Cn},>1 is fuzzy convergent to ¢. This shows that Z is a fuzzy Banach
space. O

Definition 3.10. /2] Let Z be an algebra, x1,*2 be t-norms and (Z, R, *1)
be a fuzzy normed space. If

N (nya St) >R (Cv S) *2 N (’Ya t) (2)

for all {,v € Z and s,t € R, then (Z,R,%1,%2) is called a FNA (Fuzzy
normed algebra).

Corollary 3.11. Let (Z,|| -||) be a normed algebra and xg and %, be
defined as follows :

0, a=0=0
O[*Hﬂz aﬁ

a+pB—af’

and ax, = af for all (o, B) € [0,1] x [0,1]. Then (Z, Ny, , %1, *p) is a
FNA.

o0.Ww.

Proof. To prove, we only check inequality (2) for X,,,. Since &, (o) =

l-a _ (-1 () = -1 (q) =
" which &, (0) = o0 and &,/ (o) = &, ; (o) = T a by Theorem
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3.1 we have

t

t+ ¢l
0, t<0

t>0
N*H ({,t) = .

If s <0 ort <0, then inequality

N*H (C’Ya St) > N*H <<7 S) *p N*H (’}/,t)

is obvious. If s > 0 and ¢ > 0, we show that

st S t
> . 3
T (s+ ||<||) <t+ lel) 3)
But
vl < el
< IIK Il + skl + 1l
So

st +[[¢yll < st +[ICH Iyl + s vl + 2 lIC]]
= (s +[I<I)) (& + [lv[])
and consequently

st S S t
st+ ¢yl = s+ Kl t+ 1yl

Therefore inequality (3) holds. O

Proposition 3.12. Let Z be a normed algebra, x be a CATN and & be
a CAG of x such that & (0) < 1. Then (Z, Ny, *,*) is a FNA.

Proof. We only prove inequality (2) for R,. Let ¢,y € Z and s,t > 0. If
& (0) < el or & (0) < HZH, then W, (¢,s) =0 or N, (y,t) = 0. Hence
s

N* (C’Ya St) 2 N* (C7 S) * N* (77 t) = 0.
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If0 < ”CH £ (0)<1and0< M < & (0) < 1, then
Hence,
Ry (¢, 8t) = < )
<HCH !’YH)
<§*< <||C||>>+§*<§* (IIWII)))
- <|| ) - (IIZII)
e (D) g (1)
=R (€, 8) * Vi (7, 1)
O

We will show further that for a CAG of x where &, (0) > 1, it is
possible to reach an algebra fuzzy norm.

Lemma 3.13. Suppose that x is a CATN and & is a CAG of x. Then
(A
1) (k&) () =Y <k> 0<k < oo.

2) axfB =" (6 (@) + & (8) = (k&) TV (ks (@) + kEx (B))
foreach0<a<1,0<8<1and0 <k < oo.

Proof. 1) Suppose that A € [0,00] and 0 < k < co. Therefore
(k&)Y (V) = sup{0 < a < 1, k&, (@) > A}
A
:sup{0§a§ 1, & (o) > }

k
e (2
* ]{j .
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2) Let (o, 8) € [0,1] x [0,1] and 0 < k < oo. Therefore by part 1 we
have,

R R
= (f*)(_l) (& (@) + & (B))
=ax*f.

0

Lemma (3.13) states that t-norms produced by &, and k&, are the
same.

Remark 3.14. Let x be a CATN and 0 < k < oo. Then the fuzzy norm
N, generated by k&, as a CAG on a norm space (Z, || - ) is as follows :

(k&)Y (@) , >0

N, (1) =
0 t<0
(k&)™ (HgH) 0< HiH <R )10
0. t<0

forall ( € Z and t € R.
Proposition 3.15. Let (Z,|| - ||) be a normed algebra, x be a CATN and
&« be a CAG of x such that 1 < &, (0) < oo. If Ny is the fuzzy norm

1
generated by k&, where k = m, then (Z,N,,*,x) is a FNA.
*

Proof. By Lemma 3.13, k&, is a CAG of . Since k&, (0) = 1, by
applying Proposition 3.12 the proof is trivial. O

Proposition 3.16. Let x be a CATN and & be a CAG of x such that
& (0) =o00. If h:[0,1] — [0,00] is defined by h(a) = & (e(“_l)) for
each 0 < a <1, then

At (b), 0<b<&, <1>
A=Y (b) = N
o e(l)

e
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where h™' (b) = Ln (71 (b)) + 1 for all b € [0,5* <i)] Moreover
* 2 0,11* — [0,1] defined by
ax'5=h"Y (h(a) +h(B))
is a CATN.
Proof. Since h is a CAG of ¥/, by Theorem 2.11, ¥’ is a CATN. O

Proposition 3.17. Let (Z,|| - ||) be a normed algebra, x be a CATN and

& be a CAG of * such that & (0) = oo. If h(a) = & (e(“_l)) for all

0<a<1,axp=nr"Y(h()+h(B) fordl (a,B) € [0,1] x [0,1]
1

and Ny is the fuzzy norm generated by kh where k = N then
()
e

Proof. Since kh (0) = 1, by Proposition 3.12, the proof is obvious. [

By Propositions 3.12, 3.15 and 3.17 and using a CATN %, a FNA
can be produced. Within the next proposition, we are going appear that
with each CATN, a new CATN can be made.

(Z, Ny, %', ") is a FNA.

Proposition 3.18. Let x be a CATN and &, and oy be the corresponding
CAG and CMG of * respectively. If h : [0,1] — [0, 00] is defined by

h(a) = (&0 0.) (a)
for all0 < a <1, then h is a CAG of ¥ where
ax' 5= h"Y (h(a) +h(B))
for all (o, B) € 10,1] x [0,1].
Proof. Since h is a CAG of ¥/, by Theorem 2.11, ' is a CATN. [

Corollary 3.19. Let % be a CATN and £, 62 be two CAGs of x. If
Nil) and Ng) are fuzzy norms generated by fil) and §£2) on a normed
space (Z,|| - ||) respectively, then there exists o € (0,00) such that

R® (¢,1) =rY (¢, at)



ANOTHER APPROACH TO GENERATE ...

forall( € Z andt € R. In particular if o <1, then
R (1) < WG )
forall( € Z andt e R. If a > 1, then
R (¢ 1) = 1Y ()
forall( € Z andt € R.

Proof. Since for each CATN %, a CAG of * is uniquely determined up

to a positive multiplicative constant [5], then we assume that
2 1
i ) — o i )

for some « € (0,00). Hence

M () = {@Q))(l) () e=0
0, t<0
) {(O@g))(” <H§H) >0
0, t<0
(1) (). o
0, t<0
) {(59))(1) (”g”) Cat>0
0, at <0

for all € Z and t € R. Since X, (¢, -) is increasing on R, the remain of
the proof is obvious. O

Conclusion

In this paper, we conclude that it is possible to reach a fuzzy norm and
an algebra fuzzy norm on a normed space (Z, || - ||) by applying a CATN
* using the mentioned methods.

19
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