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Abstract. In this article, we introduce the soft subhypergroupoid and
soft action hypergroupoid and study their properties. We consider the
category of soft hypergroupoids whose objects are soft hypergroupoids
and morphisms are soft hypergroupoid homomorphisms. Also we con-
sider the concept of soft crossed hypermodules and the category of soft
crossed hypermodules. We show that a soft hg-hypergroupoid, can be
obtained from each soft crossed hypermodule and a soft crossed hyper-
module, can be obtained from each soft hg-hypergroupoid. In addition,
we show that soft hg-hypergroupoids and soft crossed hypermodules,
are equivalent categories.
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1 Introduction

There are many issues of different sciences, including chemistry, physics,
medicine, economics, social and environmental sciences, and many other
sciences, are not defined with definite and completely clear data. In other
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words, since we are not faced with completely specific data, we cannot
solve these problems with classical and usual mathematical methods.
To solve uncertainty problems, various methods have been stated and

studied. Fuzzy set theory [13] and rough set theory [31], are among
the famous theories that can be mentioned. For further reading, re-
fer to [18,29,36,40,42]. These methods, despite their usefulness, also

have some problems. To improve the previous methods and solve some
of the problems, in 1999, the concept of soft sets was presented by
Molodtsov [33]. Since then, many studies have been carried out by
different people on this theory, and these studies continue at a rapid
pace [2,30,31,35]. The application of soft sets in decision-making prob-
lems has been studied by Maji et al. [30,31]. In this study, they described
some operations on soft set. The relationship between information sys-
tems and soft sets has been studied by Pei et al. [35]. Some notions
such as the restricted intersection, union, and restricted difference, were
studied by Ali et al. in [2]. A comparison of rough sets and soft sets
was done by Akta et al. in [I]. In addition, they expressed the concept
of soft groups and their properties.

There are a large number of fields in which crossed modules are
used in their study. Therefore, studying crossed modules and all kinds
of automorphisms is very important. Crossed modules were defined
by Whitehead [39]. There are many interesting applications of crossed
modules, such as Actor, Pullback, Pushout, and induced crossed mod-
ules [3-5]. n-Complete, and representations of crossed modules were
studied by Dehghanizadeh and Davvaz [21-206]. Polygroups were studied
by Comer [15], also see in [19]. Comer and Davvaz extended the alge-
braic theory to polygroups. Alp and Davvaz [(], expressed the concept
of crossed polymodule of polygroups along with some of its properties.
Moreover, they introduced new important classes by the fundamental re-
lations. The pushout and pullback in crossed polymodules theory have
been introduced by Alp and Davvaz, and they described the structure
of these two concepts in crossed polymodules [7]. Arvasi et al. [10-13],
introduced the notion of a 2-crossed module, which is a generalization
of crossed modules. In [27, 28], Dehghanizadeh et al. introduced the
notion of crossed polysquare. Yamak et al. applied the theory of soft
sets to a hyperstructure, the so-called hypergroupoid [11]. They intro-
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duced the notions of soft hypergroupoids, soft subhypergroupoids, and
homomorphism of soft hypergroupoids. In addition, the two main con-
nections between the class of L-fuzzy hypergroupoids and the class of
soft hypergroupoids were established. Many related properties of ex-
tended union, restricted union, extended intersection, restricted inter-
section, V-union, and A-intersection of the family of soft hypergroupoids
were also surveyed. A lot of studies have been done about the hyper-
structures and the soft theory in hyperstructures. For example, refer

tO[,, ) ) T4, ) ) ) ]

In this article, we introduce the category of soft crossed hypermod-
ules.

2 Preamble

We state some definitions and necessary theorems of soft sets [31,33].
Let U be an initial universe set and E be a set of parameters. As usual,
P(U) denotes the power set of U and R C E.

Definition 2.1. A pair (F, R) is called a soft set over U, where F is
a mapping given by F : R — P(U). In fact, a soft set over U is a
parameterized family of subsets of the universe U. For k € R, F(k)
may be considered as the set of k-approximate elements of the soft set

(F,R).

Definition 2.2. For two soft sets (F,R) and (G,T) over U, we say
that (F, R) is a soft subset of (G,T'), denoted by (F, R) C (G, T), if the
following conditions hold:

1. RCT,
2. for all Kk € R, F(k) and G(k), are identical approximations.

Two soft sets (F, R) and (G, T) over U are called soft equal, if (F, R) C
(G,T) and (G,T) € (F, R).

Definition 2.3. Let (F, R) be a soft set. The set Supp(F,R) = {x €
R|F(x) # ¢} is called the support of the soft set (F,R). A soft set
(F, R) is non-null, if Supp(F, R) # ¢.
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We recall that one of the several natural generalizations of group the-
ory, is hypergroup. Regarding the action on their elements, in any group,
the combination of two elements is one element, but in any hypergroup,
is a set. We point out that hypergroups have important applications
in many fields, such as lattices, geometry, color scheme, and combina-

torics [19]. Applications of hypergroups studied by Comer [15], also see
[19,20]. In fact, they extended the algebraic theory to polygroups. Ac-
cording [15], a polygroup is a multi-valued system M =< P,o,e, ~' >,

withe € P, 71 : P — P, o : P x P — P*(P), where the following
axioms hold, for all r,s,t € P:

1. (ros)ot=ro(sot)
2. eor=roe=r
3. r€sotimpliesscrottandtecstor.

P*(P) is the set of all the non-empty subsets of P, and also if z € P

and R, T are non-empty subsets of P, then we have RoT = |J aob,
beT
a€R
zoT ={x}oT and Rox = Ro {x}.

The following, are the facts that are clearly concluded from the prin-

ciples of the polygroups: e € ror~'nr~tor e ! =eand (r- 1)~ =7

Example 2.4. If we consider the set P as P = {e,r,s}, then P =<
P,o,e, ! > along with polyaction which have shown in the Table 2.1.
is a polygroup.

o ‘ e s
ele r S
r|r {es} {rs}
s|s {rs} {er}
Table 2.1.

Definition 2.5. A crossed hypermodule y = (C, P, 0, k) is consists of
hypergroups < C,*,e, ~! > and < P,o,e, ! > together with a strong
homomorphism 0 : C — P and a (left) action x : P x C — P*(C) on
C, satisfying the following conditions:
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1. 9(Pc) =pod(c)op~t forallce Candp € P,
2. 90 =cxcxc ! forall e,d € C.

Example 2.6. (i) In every hyperygroup, the set containing only the
identity member is always a subhypergroup, and this subhyper-
group is normal in the hypergroup. Therefore, we have crossed
hypermodule (1, P) = (1, P, c1,id |, ).

(ii) Every hypergroup P contains the whole hypergroup P as a normal
subhypergroup. So, we always have crossed hypermodule (P, P) =
(P, P,c,idp).

(iii) Consider the following hypergroup morphisms of an abelian hy-
pergroup P, written multiplicatively,

[:1— Aut(P) i —idp k:P—1 p—1
So, we have a crossed hypermodule (P,1) = (P, 1,1, k).

Example 2.7. (i) [%] A conjugation crossed hypermodule is an in-
clusion of a normal subhypergroup N of P, with action given by
conjugation. In fact, for any hypergroup P, the identity map
idp : P — P is a crossed hypermodule with the action of P
on itself by conjugation. Indeed, there are two canonical ways a
hypergroup P may be regarded as a crossed hypermodule: via the
identity map or the inclusion of the trivial subhypergroup.

(ii) If C is a P-hypermodule, then there is a well defined action  of
P on C. This, together with the zero homomorphisms, creates a
crossed hypermodule (C, P, 9, k).

Example 2.8. Let P be a hypergroup and NAP be a normal subhy-
pergroup. Consider the hypergroup morphism

Cn:P — Aut(N)
P (cp|%:n—>np)

So the following crossed hypermodule exists:

(N,P) = (N7P70N7idp |N)
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Definition 2.9. Consider the crossed hypermodules x = (C, P, 0, k)
and ' = (C", P',d',Kk"). A crossed hypermodule morphism f = (\,T) :
x — X is a tuple of strong homomorphism, such that the diagram

C A c’
aJ/ la'
P P
N

commutes, and \(prc) = I'(p)x'A(c), for all p € P,c € C.

To continue the study, we state some definitions and necessary the-
orems of soft hypergroups. In what follows, let P be a hypergroup and
R be a non-empty set. The notation R is an arbitrary binary relation
between an element of R and an element of P. A set-valued function
F : R — P(P), can be defined as F(z) = {y € P|(z,y) € R} for all
x € R. So the pair (F, R) is a soft set over P.

Definition 2.10. Let (F, R) be a non-null soft set over P. Then (F, R)
is called a (normal) soft hypergroup over P if F(z) is a (normal) sub-
hypergroup of P for all z € Supp(F, R).

Definition 2.11. Let P; and P, be two hypergroups, (F, R) and (G,T)
be soft hypergroups over P; and P, respectively. If f: P, — P and
g : R — T are two mappings, then (f, g) is called a soft homomorphism
if the following conditions hold:

1. f is a strong epimorphism;
2. g is a surjective mapping;
3. for all x € R, f(F(x)) = G(g(x)).

Definition 2.12. If there is a soft homomorphism (f, g) between (F, R)
and (G,T), we say that (F, R) is soft homomorphic to (G,T'), denoted
by (F,R) ~ (G,T). Furthermore, if f is a strong isomorphism and g is
a bijective mapping, then (f, g) is called a soft isomorphism, and (F, R)
is soft isomorphic to (G, T), denoted by (F, R) ~ (G, T).
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3 Category of soft hg-hypergroupoids

In this section, using the concept of soft hypergroup and soft hyper-
groupoid, we introduce and study the concept of soft hg-hypergroupoids.
In addition, we present the category of soft hypergroup-hypergroupoids.

Definition 3.1. A hypergroup-hypergroupoid (or HG-hypergroupoid),
is a hypergroup object in the category of hypergroupiods.

Definition 3.2. Suppose that H is a hg-hypergroupoid, P(H) is all
subhg-hypergroupoids of H, and F is mapping F : R — P(H), where
R is a set of parameters, such that the set F (k) is a subhg-hypergroupoid
of H, for all K € R. Then the pair (F, R) is called a soft hg-hypergroupoid
on H, and it is represented by the (H,F, R).

Remark 3.3. (i) A soft hg-hypergroupoid on H hg-hypergroupoid
can be defined as a parametrized family of subhg-hypergroupoid
of hg-hypergroupoid H.

(ii) Every hg-groupoid has a hypergroupoid structure. So every soft
hg-hypergroupoid, has a soft hypergroupoid structure.

Now, we state and prove the following proposition:

Proposition 3.4. The soft hypergroup (F, R), on the abelian hypergroup
H, is a soft hg-hypergroupoid.

Proof. Let (F, R) be a soft hypergroup on an abelian hypergroup H.
So, F(k) is a subhypergroup of H, for all kK € R. Since H is abelian,
so each f(k) is abelian, and so, is a hg-hypergroupoid. Moreover f(k)
is a subhg-hypergroupoid of the hg-hypergroupoid H, for all x € R.
Therefore, the soft hypegroup (F, R), is a soft hg-hypergroupoid. O

Definition 3.5. If (H, F, R) and (H', 7', R") are two soft hg-hypergroupoids
on their hg-hypergroupoids H and H’, respectively. Then (f,g) : (H,F,R) —
(H',F', R') is called hg-hypergroupoid homomorphism, when (f, g) is a

soft homomorphism.

Remark 3.6. A new category is obtained by taking the objects as
soft hg-hypergroupoids and their morphisms as soft hg-hypergroupoid
homomorphisms between them. We call this category, the category of
soft hg-hypergroupoids and we show that with SHG-HGC.
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Example 3.7. Let (H, F, R) be a soft hg-hypergroupoid and (H', 7', R')
be a soft subhypergroupoid of (H,F, R). If Ob(F'(k)) < Ob(F(x)) and
Mor(F'(k)) < Mor(F(k)), for all k € R/, then (H',F',R’) is called a
soft subhg-hypergroupoid (H, F, R).

Definition 3.8. Let (H', 7/, R’) be a soft hg-hypergroupoid of soft hg-
hypergroupoid (H, F, R), such that, Ob(F'(k))>Ob(F(k)) and Mor(F'(k))>
Mor(F(k)) for all K € R'. So (H', F', R') is called a normal soft subhg-
hypergroupoid of (H, F, R).

4 Category of soft crossed hypergroupoids

In this section, we introduce soft crossed hypermodules.

Definition 4.1. Let P; and P be two hypergroups, and (P, F, R),
(P, F', T) are soft hypergroups over P; and P, respectively. In addition
if f: P — P2, g: R— T are two mapping, then (f,g) is called a soft
homomorphism, if the following conditions hold:

1. f is a strong epimorphism,
2. g is a surjective mapping,
3. f(F(a)) = F'(g(a)), for all a € R.

Definition 4.2. Suppose that P, and P, are two hypergroups, and
(P, F,R), (P2, F',R) are soft hypergroups over P; and P,, respec-
tively. Also p = (f,g) is a soft homomorphism between (P;, F, R) and
(Py, F',R), and
m:PxpP, — P*(Pl)
(p2,p1) +— I(p2,p1) = py?,

is a (left) soft hyperaction P» on P;, such that for all kK € R,

I, : F(k) x F'(k) — PY(F(r))

(HK) — T(H K)=H"=]Jn",

heH
keK

and for all kK € R, the following conditions are satisfied,
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1. f(K™) = Ky f(H) K[!, forall Ky C F'(k), and all H; C F(g(k)),
2. f(K1)Ky = K1 KoK Y, for all Ky, Ko C F'(k),
then (Pp, P2, u, R), is called a soft crossed hypermodule.

Example 4.3. If P, and P, are two hypergroups, F(k) = P; and
F'(k) = Py, for k € R, then (Py, Py, 1, R), is a soft crossed hypermodule.

Remark 4.4. In example 4.3, if P; and P» are two groups, then soft
crossed hypermodule structure given, returns to the crossed module.

Example 4.5. If P; and P, are two hypergroups, and (Py, F, R), (P2, 7', R)
are soft hypergroups over P; and P, respectively. Also p = (f,g) is a
soft homomorphism between (P;, F, R) and (P2, F', R), and

O, : F(k) x F'(k) — P(F'(k))
(H,K) — II.(H,K)=HX =H,
for all k € R, then (Py, P, 1, R), is a soft crossed hypermodule.

Example 4.6. Suppose that P is a hypergroup, soft hypergroup (P, F, R),
hyperact on itself with conjugate action. Also, I = (Ip,Ig): (P, F,R) —
(P, F,R), is a soft homomorphism, and so (P, P,I, R) has a structure
soft crossed hypermodule.

Definition 4.7. Suppose that Py, P>, P and Py are soft hypergroups,
(P1, Py, i, R) and (P{, Py, 1/, T) are two soft crossed hypermodules,

0= (517M1) : (PlaQaR) — (PllanaT)7

and
6" = (62, p2) : (P2, F,R) — (P3, F',T),

are two soft homomorphisms. If for all x € R, the following conditions
are met,

L. dop = pi'oy,
2. 61(HK) = 02(H)d1(K), for all H C F(k), and for all K C Q(k),
3. (02 x 61)(F(r), Q(r)) = (F' x Q) (p2(r), p (%)),
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then, (4,0") is called a soft crossed hypermodule homomorphism, that
means,

(5’ 5*) : (PlaP27:uvR) - (P1,7P2,7ﬂ,aT)'

Remark 4.8. If the objects are soft crossed hypermodules, and mor-
phisms are soft crossed hypermodule morphisms between them, then
we have a new category which we call it the category of soft crossed
hypermodules and denote it by SCHM.

5 Categorys of soft crossed hypergroupoids and
soft hg-hypergroupoids

In 1976, Brown and Spenccer proved that the category of crossed mod-
ules and the category of group-groupoids are equivalent [14]. In this sec-
tion, we prove that soft crossed hypermodules and soft hg-hypergroupoids,
are equivalent categories.

Theorem 5.1. A soft hg-hypergroupoid, can be obtained from each soft
crossed hypermodule.

Proof. Let (Hi, Hs,d, R) be a soft crossed hypermodule. So, H; and
Hs are hypergroups, and (Hi,Fi, R), (Hs, Fa, R) are soft hypergroups.
By the set of objects Hs, the set of morphisms Hs, and the semi-direct
product of Hy X Hy, we construct H = (Hy, Hy X Hj), in the form of
Hg-hypergroupoid. In addition, Fa(k) x Fi(k) is a subhypergroup of
Hy x Hy, for all kK € R. We can consider;

F' R — P(H)
k — F'(k) = (Fa(k), F2(k) x Fi(K))

for all k € R.

But, H,, = (Fa(k), Fo(k) X F1(k)) for all k € R, has a Hg-hypergroupoid
structure, and H = (Hay,Hs x Hp) is a subhg-hypergroupid. Hence
(H,F",R) is a soft hg-hypergroupoid. = [

Theorem 5.2. A soft crossed hypermodule, can be obtained from each
soft hg-hypergroupoid.
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Proof. Suppose that (Hj, F2, R) is a soft hg-hypergroupoid. So, in
Fo: R — P(H3), Fa(k) is a subhg-hypergroupoid of Hs, for all k € R.
But Hj is a subhg-hypergroupoid, therefore Ob(Hj) has a hypergroup
structure, and by

Fi:R — P(Ob(Hy))
k — Fi(k) = Ob(Fa(k))
in the transform F, defined as Ob(Fa(k)) < Ob(Hs), for all k € R, the
structure (Ob(Hz), Fi1, R) is a soft hypergroup.
Also, Hs and Fy(k) are hg-hypergroupoids, and in transformations, S :
Mor(H2) — Ob(Hz), and Si : Mor(Fa(k)) — Ob(Fa(k)), KerS and
KerS, are hypergroups. Hence, the set of all subhypergroups of the
KerS, is P(KerS).
Now, we define the F3 as
F3:R — P(KerS)
Kk +— F3(k) = KerS,

We have, KerS, < KerS, for all k € R, and the (KreS, F3, R) is a soft
hypergroup.
If r is a transformation as

r: Mor(Hy) — Ob(Hsz), and (7 |kers) = po: KerS — Ob(Ha),

then, the transformation pg is a hypergroup homomorphism, and if (5 :
R — R, is a subsequent transformation, then in diagram

R TS P(KerS)
B ipo
R P(Ob(Hs))

1

we havea PO]:S = flﬁa andp = (p076) : (KGTS, f3aR) — (Ob(H2)7‘F27R)
is a soft hypergroup homomorphism.
On the other hand, transform of

I, : Ob(Fa(k)) x KerS, — KerSy
(xay) — Hm($ay) =Ty = I:chlz_17

11
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is an action, and therefore, soft hypergroup (Ob(Hz), F1, R) has an ac-
tion on the soft hypergroup (KerS, F3, R).
But for all k € R and r(y) = =z,

po(zy) = po(LeyI; ") = po(Lx)po(y)po(I; ") = zpo(y)z 7,

and

po(Y)y1 = Ipo(y)yllp_ol(y) = Ir(y)yljr(;) = LIt =yyy ™',

such that, the (KerS, Ob(Hs), p, R), is a soft crossed hypermodule. [
Now, we prove that the category of soft hg-hypergroupoids is equivalent
to the category of soft crossed hypermodules.

Theorem 5.3. The category of soft hg-hypergroupoids is equivalent to
the category of soft crossed hypermodules.

Proof. Suppose that x1 = (Hy,G1,01, R1) and x2 = (H2, G, 02, Ra) are
two soft crossed hypermodules,

h = (hl,h2> : H1 — HQ

h* = (R}, hy) . Gi — G

and (h,h*) is soft crossed hypermodule homomorphism. By Theorem
5.1, 7 = (hY,h}] x h1), is functor and so, u from soft crossed hyper-
moules to soft hg-hypergroupoids defined by p(h, h*) = (7, h) is func-
tor. But, if (P;, F1, R1) and (P», Fa, R2) are two hg-hypergroupoids and
T = (11, 72) is a functor, and (7,7) : (P, Fi, R1) — (P2, Fa, Ra), is soft
hg-hypergroupoid homomorphism, then v from soft hg-hypergroupoids
to soft crossed hypermoules, defined by v(7,n) = (h, h*) is functor, where
that is h = (72 |Kers,n) and h* = (71,7). We have considered v and
i as functors, so vu and uv are functors. To complete the proof, it
suffices to prove that vu, is identity in soft crossed hypermodules, and
pv, is identity in soft hg-hypergroupoids. I and v are functor, for soft
crossed hypermoules. The transformation of ¢(,,) : vu(x1) — I(x1), is
definable. Therefore, for all soft crossed hypermoule homomorphism of
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h = (h1,h2) : x1 — X2, the diagram below is commutatively,

vu(h)
vp(x1) — > vp(x2)

§x1i \LCXQ

I00) —— 1x2)

Hence, the transformation ¢ : vu — I, is a natural transformation,
and therefore vy = I. I and pv are functor, for soft hg-hypergroupoids.
The transformation of ¢p, 7, gr,) : w(Pr, F1, R1) — (P, F1, R), is
definable. So, for all soft hg-hypergroupoid homomorphism of

¢=(m,n): (P, F1,R) — (P2, F2, Ry),

the following diagram is commutatively,

v(¢)
v (Pr, Fi, Ry) —- j(Py, Fo, Ro)
<(P1,]:1,R1)l lg(PQ,}'z,Rw
I(Py, F1,Ry) 0 I(P>, F2, R2)

Hence, the transformation ¢ : uv — I, is a natural transformation, and
therefore uv = I. Therefore, the category of soft hg-hypergroupoids is
equivalent to the category of soft crossed hypermodules.

O

6 Conclusion

In this article, after stating some definitions and necessary theorems of
soft sets, according to the definition of soft hypergrouoid, we studied
some of their properties. After that, by introducing the soft subhyper-
groupoid, we checked its properties. In addition, we defined soft action
hypergroupoid, and obtained some results. In this manner, we estab-
lished the category of soft hypergroupoids whose objects are soft hy-
pergroupoids and, whose morphisms are soft hypergroupoid homomor-
phisms. Also, the concept of the soft crossed hypermodules was defined.

13
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By defining the category of soft crossed hypermodules, it has been shown
that a soft hg-hypergroupoid, can be obtained from each soft crossed hy-
permodule and a soft crossed hypermodule, can be obtained from each
soft hg-hypergroupoid. Also we shown that soft hg-hypergroupoids and
soft crossed hypermodules, are equivalent categories. In the continua-
tion of the studies, it is possible to define and investigate the properties
of soft 2-crossed modules and expand its concepts and properties to soft
2-crossed hypermodules.
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