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1 Introduction

A group is metacyclic if there is a normal cyclic subgroup whose factor
group is also cyclic. In [4], Beuerle classified the non-abelian metacyclic
prime power groups into 2-generator groups of class two and class at least
three. We consider J(G) as the kernel of homomorphism κ : G⊗G → G′

with κ(g⊗h) = [g, h] mapping g⊗h in G⊗G to [g, h] in G′. The exterior
square of a group G is defined as G∧G = (G⊗G)/∇(G) in which ∇(G)
denote the subgroup of J(G) generated by the elements (x⊗x) for x ∈ G.
Thus ∇(G) = ⟨(x⊗ x)|x ∈ G⟩ ≤ J(G).
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The structures of the non-abelian tensor square and various homo-
logical functors which include J(G), ∇(G), exterior square and Schur
multiplier have been investigated by some researchers. In case of an
odd prime p, Bacon and Kappe in [1] studied the homological func-
tors of finite p-groups with nilpotency class two. In [7], a similar in-
vestigation was done for infinite 2-generator groups of nilpotency class
two. V. Ramachandran [8] was able to characterize the non-abelian
tensor square and the homological functors of the symmetric group of
order six. Furthermore, Mat Hassim et al. [6], were also computed the
non-abelian tensor squares and some homological functors of all 2-Engel
groups of order at most 16. Beurle and Kappe in [3] exclusively studied
the non-abelian tensor squares and some homological functors of infinite
metacyclic groups. Moreover, they computed the Schur multipliers and
exterior squares of certain Bieberbach and Crystallographic groups. On
the other hand, Rashid et al. used the Schur multiplier of a group of
order 8q in determining whether a group of this type is capable [9].

In this paper, the structures of various homological functors, among
them the exterior square, the Schur multiplier and the symmetric square,
are determined for the metacyclic 2-generator p-groups of positive type.
Throughout this paper, we use Beuerle’s classifications [4] of all finite
non-abelian metacyclic p-groups.

We first provide some preliminary definitions and results used in the
subsequent sections.

2 Some Preliminaries on the Homological Func-
tors of Groups

Metacyclic p-groups can be categorized as follows [4]:

Gp(α, β, ϵ, δ,±) = ⟨a, b | apα = 1, bp
β
= ap

α−ϵ
, bab−1 = ar⟩,

where r = pα−δ ± 1. The group G is said to be of positive or negative
type if r = pα−δ + 1 or r = pα−δ − 1, respectively.

In the group G, each isomorphism class of metacyclic p-groups can
be represented by five parameters p, α, β, ϵ and δ. These parameters are
used to measure the order, the center and abelianness of the groups as
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well as their nilpotency class and whether the groups are split extension
or not.

The metacyclic p-groups of class two can be partitioned into two
families of non- isomorphic p-groups given in the following.

Theorem 2.1. (See [4]) Let G be a non-abelian metacyclic p-group of
nilpotency class two. Then G is isomorphic to exactly one group in the
following list:

G ∼= ⟨a, b|apα = bp
β
= 1, [a, b] = ap

α−δ⟩, (1)

where p is a prime, α, β, δ ∈ N, α ≥ 2δ and β ≥ δ ≥ 1.

If p = 2, then in addition α+ β > 3.

G ∼= ⟨a, b|a4 = 1, b2 = [a, b] = a2⟩, (2)

the group of quaternions of order 8.

The following two theorems show that metacyclic p-groups (p an odd
prime) of positive type of class at least three are divided into split and
non-split families of non-isomorphic p-groups.

Theorem 2.2. (See [4]) Let p be an odd prime and G a metacyclic p-
group of nilpotency class at least three. Then G is isomorphic to exactly
one group in the following list:

G ∼= ⟨a, b|apα = bp
β
= 1, [b, a] = ap

α−δ⟩, (3)

where p is an odd prime, α, β, δ ∈ N, δ ≤ α < 2δ, δ ≤ β and

δ ≤ min {α− 1, β}.

G ∼= ⟨a, b|apα = 1, bp
β
= ap

α−ϵ
, [b, a] = ap

α−δ⟩, (4)

where p is an odd prime, α, β, δ, ϵ ∈ N, δ + ϵ ≤ α < 2δ, δ ≤ β,

α < β + ϵ and δ ≤ min {α− 1, β}.

Likewise, Theorem 2.3 gives a classification of metacyclic 2-groups
of positive type of class at least three, which is divided into split and
non-split families of non-isomorphic 2-groups.

Theorem 2.3. (See [4]) Let G be a metacyclic 2-group of nilpotency
class at least three. If G is of positive type, then G is isomorphic to
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exactly one group in the following list:

G ∼= ⟨a, b|a2α = b2
β
= 1, [b, a] = a2

α−δ⟩, (5)

where α, β, δ ∈ N, 1 + δ < α < 2δ and β ≥ δ;

G ∼= ⟨a, b|a2α = 1, b2
β
= a2

α−ϵ
, [b, a] = a2

α−δ⟩, (6)

where α, β, δ, ϵ ∈ N, δ + 1 < α < 2δ, δ ≤ β, α < β + ϵ, δ + ϵ ≤ α

and δ ≤ min {α− 1, β}.

Theorem 2.4. [5] For any group G, if Gab has no elements of order
2 then Γ(Gab) ∼= ∇(Gab) and ∇(Gab) ∼= ∇(G). Moreover, if Gab has
no elements of order 2 then J(G) is isomorphic to the direct product
∇(G)×M(G).

Theorem 2.5. [2] Let G be a finite metacyclic p-group, p an odd prime.

Then Gab ∼=
{

Cpβ × Cpα−δ , if G is of Type (1) and β ≤ α− δ,

Cpα−δ × Cpβ , otherwise,

Theorem 2.6 will be used to prove some theorems in the main results
for computing J(G), ∇(G) and ∇(G/G′) of some metacyclic p-groups
with p odd.

Theorem 2.6. [5] If Gab has no elements of order 2 then, Γ(Gab) ∼=
∇(Gab) and ∇(Gab) ∼= ∇(G). Moreover, if Gab has no elements of order
2 then, J(G) is isomorphic to the direct product ∇(G)×M(G).

Furthermore, the following theorem will be used for computing△(G),
G⊗̃G and J̃(G) of finite groups.

Theorem 2.7. [1] Let G be a torsion group with no elements of even
order. Then, △(G) = ∇(G), G⊗̃G = G ∧G and J̃(G) = M(G).

Theorem 2.8 will be used to prove some of our main results for ob-
taining M(G) of some non-split metacyclic p-groups.

Theorem 2.8. [6] Let G = ⟨a, b|am = e, bs = at, bab−1 = ar⟩ be a
finite metacyclic group, where the positive integers m, r, s and t satisfy
rs ≡ 1(mod m), m

∣∣t(r − 1) and t
∣∣m. Then M(G) ∼= Cn, where n =

(r−1,m)(1+r+r2+...+rs−1,t)
m .
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3 Homological Functors of Finite Non-abelian
Metacyclic p-Groups of Positive Types

We compute the homological functors for metacyclic p-groups based on
their classification into types. These computations focus on groups of
positive type and utilize the following preliminary theorems.

Definition 3.1. Let △(G) denote the subgroup of J(G) generated by the
elements (x⊗y)(y⊗x) for x, y ∈ G. Thus △(G) = ⟨(x⊗y)(y⊗x)|x, y ∈
G⟩ ≤ J(G).

This section determines the various homological functors as outlined
in the introduction for the groups described in Theorems 2.1, 2.2 and 3.5.
It begins with a general result to facilitate determining these functors,
but which is also of interest in its own right.

We are now in a position to compute the homological functors for
the p-groups of Types 1, 3 and 4 with p an odd prime. The groups of
Type 1 are divided into three cases, namely the cases where β ≤ α− δ,
α− δ ≤ β ≤ α and α ≤ β. The results of the computations for the case
β ≤ α− δ are given in the next theorem.

Theorem 3.2. Let G be a finite non-abelian metacyclic p-group of Type
1 (β ≤ α− δ). Then,

1. ∇(G) = ⟨a⊗a⟩×⟨(b⊗a)(a⊗b)⟩×⟨b⊗b⟩ ∼= ∇(Gab) ∼= Cpα−δ ×C2
pβ
.

2. J(G) = ⟨a⊗ a⟩ × ⟨(b⊗ a)p
δ⟩ × ⟨(b⊗ a)(a⊗ b)⟩ × ⟨b⊗ b⟩ ∼= Cpα−δ×

Cpβ−δ × C2
pβ
.

3. G ∧G = ⟨b ∧ a⟩ ∼= Cpβ .

4. M(G) = ⟨(b ∧ a)p
δ⟩ ∼= Cpβ−δ .

Proof. For (1), note that ∇(G) ⊆ J(G). From the definitions we have
∇(G) = ⟨a⊗a⟩×⟨(b⊗a)(a⊗b)⟩×⟨b⊗b⟩. By Theorem 2.5, since Gab has
no elements of order 2 for odd p, then ∇(G) ∼= ∇(Gab) ∼= Cpα−δ × C2

pβ
.

For Case (2), observe that κ : G ⊗ G → G′ implies J(G) = ker(k) =

⟨a ⊗ a⟩ × ⟨(b ⊗ a)p
δ⟩ × ⟨(b ⊗ a)(a ⊗ b)⟩ × ⟨b ⊗ b⟩. Using Theorem 2.6,

J(G) ∼= Cpα−δ × Cpβ−δ × C2
pβ
. For (3), since G ∧G = (G⊗G) /∇(G) =
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⟨b∧a⟩, then G∧G ∼= Cpβ . For the final case, from M(G) = J(G)/∇(G),

we have M(G) = ⟨(b ∧ a)p
δ⟩ ∼= Cpβ−δ . □

By using a similar method as in the proof of Theorems 3.2, the
homological functors of groups of Type 1 with p an odd for the cases
where α− δ ≤ β ≤ α and α ≤ β are obtained.

For p = 2, the same structure applies for finding the homological
functors of groups of Type 5 for the cases α− δ ≤ β ≤ α and α ≤ β.

Corollary 3.3. Let G be a finite non-abelian metacyclic p-group of Type
(5) and β ≤ α− δ. Then

1. J(G) = C2α−δ+1 × C2β−δ × C2
2β
.

2. ∇(G) = C2α−δ+1 × C2
2β
.

3. G ∧G = C2β .

4. M(G) = C2β−δ .

Proof. These results follow directly from replacing p with 2 in the
previous proofs, with adjustments for powers of 2 in the orders of the
cyclic groups. □

The following theorem provides the homological functors of groups
of Type 2.

Theorem 3.4. Let G be a finite non-abelian metacyclic p-group of Type
2. Then,

1. G⊗G ∼= C2
2 × C2

4 .

2. M(G) ∼= C1.

3. G ∧G ∼= C2.

Proof. Let G be a group of Type (2). It is easy to see that G′ =
⟨a2⟩ ∼= C2. Since G⊗G ∼= C2 ×C2 ×C4 ×C4 then, (1) holds. To prove
(2), the result follows directly from Theorem 2.8. To prove (3), observe
that M(G) ∼= C1. From the results in [9] we have the following central
extension: Therefore, we have the following central extension:

1 −→ M(G) −→ G ∧G −→ G′ −→ 1.
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Hence, G ∧G ∼= G′ and the desired result follows. □
The second type of p-groups where p is an odd prime within our

scope is of Type (3). This type splits into two cases, namely the case
where β ≤ α and the case where α ≤ β. The results of the computations
for the case where β ≤ α are given in the next theorem.

Theorem 3.5. Let G be a finite non-abelian metacyclic p-group of Type
3 with β ≤ α. Then,

1. ∇(G) = ⟨a⊗a⟩×⟨(b⊗a)(a⊗b)⟩×⟨b⊗b⟩ ∼= ∇(Gab) ∼= C2
pα−δ ×Cpβ ,

2. J(G) = Cpα−δ × Cpβ−δ × Cpα−δ × Cpβ .

3. G ∧G = ⟨b ∧ a⟩ ∼= Cpβ ,

4. M(G) = ⟨(b ∧ a)p
δ⟩ ∼= Cpβ−δ ,

5. △(G) = ⟨(a⊗ a)2⟩ × ⟨(b⊗ a)(a⊗ b)⟩ × ⟨(b⊗ b)2⟩ ∼= C2
pα−δ × Cpβ ,

6. G⊗̃G = ⟨b⊗̃a⟩ ∼= Cpβ ,

7. J̃(G) = ⟨(b⊗̃a)p
δ⟩ ∼= Cpβ−δ .

Proof. Let G be a group of Type (3) with β ≤ α. For (1), we have
a⊗a ∈ ∇(G), b⊗ b ∈ ∇(G) and b⊗a ̸∈ ∇(G). We also have, (b⊗a)(a⊗
b) ∈ ∇(G). Hence, ∇(G) = ⟨a⊗a⟩×⟨(b⊗a)(a⊗b)⟩×⟨b⊗b⟩. Theorem 2.5
and 2.6 show that Gab has no elements of order 2 and ∇(G) ∼= ∇(Gab) ∼=
C2
pα−δ ×Cpβ . Hence, the desired result holds. Similarly, by Definition 3.1

we get △(G) = ⟨(a⊗a)2⟩×⟨(b⊗a)(a⊗b)⟩×⟨(b⊗b)2⟩. Since p is odd and
G has no elements of even order, then △(G) = ∇(G) ∼= C2

pα−δ × Cpβ .
Hence, concerning the above discussion the result holds.

To prove (2), the homomorphism κ : G ⊗ G → G′ with κ(g ⊗ h) =
[g, h] where g, h ∈ G. For the generators of G⊗G we obtain κ(a⊗ a) =
[a, a] = 1, κ(b ⊗ b) = [b, b] = 1 and κ ((b⊗ a)(a⊗ b)) = [b, a][a, b] =
[b, a][b, a]−1 = 1. Hence, a⊗ a, b⊗ b and (b⊗ a)(a⊗ b) ∈ ker(κ) = J(G).

For b⊗ a, we have κ(b⊗ a) = [b, a] = ap
α−δ ̸= 1. Thus, (b⊗ a) ̸∈ J(G).

However, since |[b, a]| = |apα−δ | = pδ, we have κ
(
(b⊗ a)p

δ
)
= [b, a]p

δ
=

1. Therefore, (b⊗a)p
δ ∈ J(G). Now, Theorem 2.8 yields M(G) ∼= Cpβ−δ .
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Using Theorem 2.5, Gab has no elements of order 2. Therefore, Theorem
2.6 leads to J(G) ∼= Cpα−δ × Cpβ−δ × C2

pβ
. Thus, (2) holds. Now, we

prove (3). Since ∇(G) ◁ G⊗G, we have

G ∧G =(G⊗G) /∇(G)

=⟨a⊗ a⟩/⟨a⊗ a⟩ × ⟨b⊗ a⟩/⟨1⊗⟩×
⟨(b⊗ a)(a⊗ b)⟩/⟨(b⊗ a)(a⊗ b)⟩ × ⟨b⊗ b⟩/⟨b⊗ b⟩

=⟨b⊗ a⟩/⟨1⊗⟩ = ⟨(b⊗ a)∇(G)⟩ = ⟨b ∧ a⟩.

Observing the order restrictions on the generators yield G ∧ G ∼= Cpβ ,
the desired result. Similarly, as ∇(G) ◁ J(G) we have,

M(G) =J(G)/∇(G)

=
(
⟨a⊗ a⟩ × ⟨(b⊗ a)p

δ⟩ × ⟨(b⊗ a)(a⊗ b)⟩ × ⟨b⊗ b⟩
)
/

(⟨a⊗ a⟩ × ⟨(b⊗ a)(a⊗ b)⟩ × ⟨b⊗ b⟩)

=⟨(b⊗ a)p
δ⟩/⟨1⊗⟩ = ⟨(b⊗ a)p

δ∇(G)⟩ = ⟨(b ∧ a)p
δ⟩.

By observing the order restrictions on the generators, we get M(G) ∼=
Cpβ−δ . Thus, (3) holds. Next, since G ⊗ G = ⟨a ⊗ a⟩ × ⟨b ⊗ a⟩ × ⟨(b ⊗
a)(a ⊗ b)⟩ × ⟨b ⊗ b⟩ ∼= Cpα−δ × Cpβ × Cpα−δ × Cpβ , also, using (5) and
observing that △(G) ◁ G⊗G, we have

G⊗̃G =(G⊗G) /△(G)

= (⟨a⊗ a⟩ × ⟨b⊗ a⟩ × ⟨(b⊗ a)(a⊗ b)⟩ × ⟨b⊗ b⟩) /(
⟨(a⊗ a)2⟩ × ⟨(b⊗ a)(a⊗ b)⟩ × ⟨(b⊗ b)2⟩

)
=⟨b⊗ a⟩/⟨1⊗⟩ = ⟨(b⊗ a)△(G)⟩ = ⟨b⊗̃a⟩.

From the above considerations and using Theorem 2.7 the desired result
for (6) holds. Finally, utilizing the above results and considering that
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△(G) ◁ J(G) we have

J̃(G) =J(G)/△(G)

=
(
⟨a⊗ a⟩ × ⟨(b⊗ a)p

δ⟩ × ⟨(b⊗ a)(a⊗ b)⟩ × ⟨b⊗ b⟩
)
/(

⟨(a⊗ a)2⟩ × ⟨(b⊗ a)(a⊗ b)⟩ × ⟨(b⊗ b)2⟩
)

=⟨a⊗ a⟩/⟨(a⊗ a)2⟩ × ⟨(b⊗ a)p
δ⟩/⟨1⊗⟩×

⟨(b⊗ a)(a⊗ b)⟩/⟨(b⊗ a)(a⊗ b)⟩ × ⟨b⊗ b⟩/⟨(b⊗ b)2⟩

=⟨(b⊗ a)p
δ⟩/⟨1⊗⟩ = ⟨(b⊗ a)p

δ△(G)⟩ = ⟨(b⊗̃a)p
δ⟩.

Thus, by Theorem 2.7 and using the fact that p is odd and G has no
elements of even order, (7) is proved. □

Using a similar method, the homological functors of groups of Type
(3) for the case α ≤ β can be computed.

The same calculations as in Theorems 3.5 can be applied for finding
the homological functors of non-split groups of type (4). The results are
stated in the following theorem.

Theorem 3.6. Let G be a finite non-abelian metacyclic p-group of Type
(4). Then

1. ∇(G) = △(G) ∼= ∇(Gab) ∼= Cpα−δ × Cpβ × Cpα−δ ,

2. G ∧G = G⊗̃G ∼= Cpα−ϵ ,

3. M(G) = J̃(G) ∼= Cpα−δ−ϵ ,

4. J(G) ∼= Cpα−δ × Cpβ × Cpα−δ × Cpα−δ−ϵ .

Proof. Suppose that G is a group of Type (4) and p is an odd prime.
For (1), using Theorem 2.5 the group Gab has no elements of order 2.
Thus, from 2.6 and the above consideration we have

∇(G) ∼= ∇(Gab) ∼= Cpα−δ × Cpβ × Cpα−δ .

Now, by Theorem 2.7 the desired result follows.
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To prove (2), we know ∇(G) ◁ G⊗G, thus

G ∧G = (G⊗G) /∇(G)
∼=

(
Cpα−δ × Cpα−ϵ × Cpα−δ × Cpβ

)
/
(
Cpα−δ × Cpβ × Cpα−δ

)
∼= Cpα−δ/Cpα−δ × Cpα−δ/Cpα−δ × Cpα−ϵ/C1 × Cpβ/Cpβ

∼= Cpα−ϵ/C1
∼= Cpα−ϵ .

Hence, using Theorem 2.7 the desired result follows. The result of (3)
follows from Theorem 2.8 and Theorem 2.7. Finally, for (4) since p odd,
Gab has no elements of order 2 and using Theorems 2.5, 2.6, (1) and (3)
the result holds. □

Now, we compute the homological functors of Type (5). This type
splits into two cases, namely the case where β ≤ α and the case where
α ≤ β. The results of the computations for the case where β ≤ α are
given in the next theorem. The remaining type of metacyclic 2-groups
of positive type is Type 6. Since the generators of the non-abelian
tensor square of groups of this type were not specified, some homological
functors can not be computed as before. The results of the computations
for G ⊗ G, M(G) and G ∧ G of the case where β ≤ α − δ are given in
the next theorem.

Theorem 3.7. Let G be a finite non-abelian metacyclic 2-group of Type
6. Then

1. M(G) ∼= C2α−δ−ϵ ,

2. G ∧G ∼= C2δ , if α = δ + ϵ.

Proof. Let G be a group of Type 6. First, observe that (1) follows from
Theorem 2.8. To prove (2), let α = δ + ϵ. Then, M(G) ∼= C1. From
commutative diagram include with exact rows and central extensions

The results in [9] give a commutative diagram, with exact rows and
central extensions as columns. from which we have the following central
extension:

1 −→ M(G) −→ G ∧G −→ G′ −→ 1.

Hence, concerning the above discussion, G ∧ G ∼= G′ and the desired
result follows from (i) in Theorem 2.5. □
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