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Abstract. Let R = ®,>0R, be a graded Noetherian ring with local
base ring Ro and let Ry = @,,>1R,. Let M and N be finitely generated
graded R-modules. In this paper we extend some of the known results
about ordinary local cohomology modules H . (M) to generalized lo-

cal cohomology modules Hi N (M, N). Indeed, among other things, we

prove that certain submodules and factor modules of H§+ (M, N) are
Artinian for some i. Also we obtain some results on the asymptotic
behaviour of the n-th graded components Hp, (M, N)n of Hg, (M, N)

for n — —oo0.
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1. Introduction

There is a lot of current interest in the theory of graded local cohomology
modules and, in recent years, there have appeared many papers in this
area of research. The main purpose of this paper is to extend some
of the known results about ordinary graded local cohomology to the
generalized local cohomology.
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For an ideal a of a commutative Noetherian ring R and R-modules M
and N, the i-th generalized local cohomology module

H;(M,N) = li_n>1Ext§3(wl£M,N),
n>1

was introduced by Herzog in [8] and studied further in [1,2,17,18]. It is
clear that if M = R, then Hi(M, N) is converted to H(N), the i-th
ordinary local cohomology module of N with respect to a.
Throughout the paper we assume that R = @n20 R, is a positive graded
commutative Noetherian ring and that Ry = @, R, is the irrelevant
graded ideal of R. Also we use M = P,czM, and N = PB,ezN, to
denote non-zero finitely generated graded R-modules. (Here Z denotes
the set of all integers.)
It is well known, see for example [9], that H}ﬁ(M ,N) carry a natural
grading and that the grading of it have some similar properties as the
ordinary graded local cohomology module H}'2+ (N). Let us recall briefly
some of those.

(i) If0 — N’ — N — N” — 0 is an exact sequence of finitely
generated graded R-modules and homogeneous homomorphisms, then
there is a long exact sequence

0 — Hp,(M,N') — Hp, (M,N) — Hp, (M,N") — ...
— Hp (M,N') — Hp (M,N) — Hp (M,N") — ...

of graded R-modules and homogeneous homomorphisms.

(ii) If N is an R;-torsion module, then there is a homogeneous iso-
morphism HE+(M, N) — Ext'y(M,N) for all i > 0.

(iii) For all ¢ > 0, the n-th graded component of Hp (M,N ), which
is denoted by Hlih (M, N)p, is a finitely generated Rp-module and it is
zero for sufficiently large values of n.

As we mentioned above, our aim in this paper is to extend some of the
known results of ordinary graded local cohomology modules to general-
ized one. Let us describe our purposes precisely.

Throughout the paper,we assume that the base ring Ry is local with
maximal ideal mp. In [5], a certain number g = g(M) is defined and
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it is proved that if R = Ry[R;], then Assg, (H]%+(M)n) is stable and
the R-module I'm,r(Hp, (M)) is Artinian for all ¢ < g. In this pa-
per, we introduce an invariant g(M, N) and then we prove a similar
result about the R-modules HEJF(M ,N). In [16], it is proved that if
R = Roy[Ry], then ijz+ (M)/moH}ih(M) is Artinian. We prove (with-
out the assumption R = Ro[R;]) that if qg is an mg-primary ideal,
then Hi (M, N)/aoHp*(M, N) is Artinian and R -cofinite, where [ =
pd(M), the projective dimension of M, and d = dim%. Also, it is
shown that Hll,%td(M ,N) is tame. In the second section of the paper we
study the asymptotic behaviour of Ry-modules Hfﬁ (M, N),, as n tends
to —oo. It is proved, in [6], that Assr,H}, (M), is stable if Hp, (M) is a
Noetherian R-module for all i < r. We prove that if either Hp, (M, N) is
Noetherian for all i < ror Hp (M, %)
AsspyHp, (M, N)y is stable. Finally, it is shown that if g(M, N) < oo,
then ASSRO(H‘I%+ (M, N),) is asymptotically stable.

is Artinian for all 7 < r, then

2. Artinian Properties of Graded Generalized
Local Cohomology Modules

Following [5], we define the generalized homological finite length dimen-
sion of N with respect to M as

g(M,N) =inf{j € N0|ZROH£+(M, N),, = oo for infinitely many n € Z}.
The following lemma, which is needed in the proof of the next theorem,
describes some of the properties of g(M, N).
Lemma 2.1.

(i) g(M,N) > 0.

(i) If i < g(M,N), then there exists r € Z such that lRoHJlé+(M7 N), <
foralln < r.

(iii) Let x € Ry be a homogeneous element such that T'r, (0 :x x) = (0 :y z).
Then g(M, 5¢) = g(M,N) — 1.
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(iv) Let x be an indeterminate. Let Ry = Ro[t]mgro[e), Mo = MoRy, R =
R, ®p, R, M' = R, ®p, M and N’ = R) @p, N. Then g(M,N) =
g(M',N") and, for an Artinian R-module Y, the R'-module R ®p, Y is
Artinian.

(’U) g(M7 N) = g(Ma %)

Proof. (i), (ii) and (v) are clear. (iii) Since, in view of the hypothesis,
H}é+ (M,0 :y z) & Extly(M,0 :y z) for all z"} 0, it is straightforward
to see that there exists r € Z such that Hp (M, (0 :x x)), = 0 for
all n < r and each i < g(M,N). Hence if we let deg(x) = t, then,
by using the exact sequences 0 — (0 :y z) — N — zN — 0
and 0 — 2N — N — % — 0 in conjunction with the functorial
property of Hf%+ (M, —), we obtain an exact sequence

N
’:LTVMH —
N

HIZ%_‘_(M?N)TZ L H}Q_ (M7 N)n+t B H}%.;. (M’ ﬁ)n“!‘t

Hp '(M,N), == Hp (M, N),; — Hg (M

for all n < r and all i < g(M, N) — 1. Now, we can deduce from this, in
view of (ii), that g(M, %) > g(M,N)—1.

(iv) Let n € Z. Then, in view of [14, 1.9 and 1.6], Hf%+ (M,N), is
mo-cofinite if and only if Hfﬁ (M, N), is an Artinian Rop-module. Since
H;’%,+ (M',N")p, = Hp (M,N), ®r, Rj, it follows that H;'%,+ (M',N'"),
is mg-cofinite if and only if H]i%,l+ (M,N),, is mg-cofinite. Therefore
H};_(M,N)n is an Artinian Ro-module, if and only if HY%, (M',N'),

, +
is an Ar‘tinian Ri-module. Hence lg,(Hp, (M,N),) < oo if and only
if lpy (Hp (M',N"),) < oco. It now follows from this that g(M,N) =
+

g(M’,N'"). The last part of the lemma follows from [5, Remark 2.1.c]. O

In the following theorem, which is an improvement of [5, 4.2], we use the
concept of the Hilbert-Kirby polynomial. Let X = ®,c7X,, be a graded
Artinian R-module such that, for n < 0, {g,(X,) < oco. Then there
is a (uniquely determined) polynomial Px € Q[z] such that lr,(X,) =
Px(n) for all n < 0. Py is called the Hilbert-Kirby polynomial of X (cf
[10]). By convention the zero polynomial has degree -1.
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Theorem 2.2. Let i < g(M,N). Then FmOR(Hf%+(M,N)) is Ar-
tinian. Moreover, if R = Ro[R1], then the Hilbert-Kirby polynomial of
FmoR(H}ig+(M7 N)), denoted by P, is of degree less than i.

Proof. We prove the theorem by induction on ¢ (i > 0). It is straight-
forward to see that the result is true when ¢ = 0. Suppose, inductively,
that 0 < ¢ < g(M,N) and that the result has been proved for ¢ — 1.
By 2.1(v), we have g := g(M,N) = g(M,%). Also, it is easy

to see that if FmOR(H}é+ (M, FRL(N))) is Artinian for all ¢ < g, then
+

g R(H}%+(M ,IN)) is Artinian for all i < g. Therefore we may assume
that IV is Ry -torsion free. Using prime avoidance theorem, we can get
a homogeneous N-regular element x of positive degree. Now, we may
consider the exact sequence 0 — N —— N — % — 0 to obtain the

exact sequence

. Hp (M, N)
zHp '(M,N)

- HR+1(M= ﬁ) — (0 5H1i%+(M,N) z) — 0

This sequence, in turn, yields the exact sequence

Hp (M, N)
zHp '(M,N)

) — FmoR(HR+1(Ma ﬁ))

Hp (M, N)
eHp '(M,N)

0—>FmOR<

— FmoR(O :H;{+(M,N) CC) — ‘HTIYLOR (

Therefore, in order to complete the inductive step, it is enough, in

view of [13,1.3], to show that FmoR(H}i{:(M,%)) and HranR(T) are
. Hp!OLN)

Artinian, where T = m. Since i < g, we see, by 2.1 (iii),

that i — 1 < g —1 < g(M, %) Therefore, by the inductive hypoth-

esis, FmoR(HELl(M,%)) is Artinian. Next, we have, by [4, 13.1.10],
H), p(T) = ®nezH}Y, (Ty,). Since i < g, the set A = {n|lRO(H§{+1(M, N),) =

oo} is finite. It therefore follows that H}) o(T) is a direct sum of finitely
many Ro-modules H}, (T5,); so that it is an Artinian R-module. For the
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last part of the theorem, assume that R = Ry[R1]. We use induction
on n = dim N to prove that P is of degree less than ¢. If n = 0, then
H}ﬂ(M,N) = Ext, (M, N). Hence FmOR(HE+(M,N)) is a finitely gen-
erated R-module. Therefore I'n,,(Hp, (M, N)); = 0 for all ¢t < 0; and
hence degp = —1 < i. Now, suppose, inductively, that n > 0 and that
the result has been proved for any finitely generated graded R-module
N of dimension less than n. In order to prove the inductive step, we
may assume that I'g, (V) = 0 and that
Ry

m—o is an infinite field. Now, there is an element x € R; which

is a non-zero divisor on N. Using the exact sequence 0 — N ——
N — xiN — 0, we obtain the exact sequence H%,;l (M, x%)"+1 2,
H}ﬁ(M,N)n = Hﬁer(M, N)p+1, which in turn yields the exact se-
quence
i—1 N
H}B_,_ (M7 m)n+1
ker v

Since i < g, it follows that lg,(Hp o, (M,N)), < oo for all n <

H;:Qil(leN)n‘Fl
0. Hence Ty, (kery) = kery. Therefore, Ty, <+kerfb> =

Fmo (H)Z{: (M:%))rH»l
keriy

00—

— Hp (M,N), = Hp (M,N)p1.

. One can use the above exact sequence to deduce

N

lro (T'my (HIZ:H— (M, N))n) < lro(T'mg (HIL%+ (M, N))nt1)+lro (Fmo (Hlb%jrl(Mv W))nJrl) :

Now, we can use this inequality to complete the inductive step.

The concept of tameness, which we will use in the next theorem, is
the most fundamental concept related to the asymptotic behaviour of
cohomology. A graded R-module T' = @®p,ezT), is said to be tame (or
asymptotically gap-free) if the set {n € Z|T,, # 0,T,+1 = 0} is finite.
Note that, all graded Artinian R-modules are tame. [J

Theorem 2.3. Assume that d = dim %, I = pdM and that qo is an
mg-primary ideal of Rg. Then

_ Hif*(M.N)
(i) The R-module W

) Artinian and Ry -cofinite. Moreover

Hg;d(M, N) is tame.
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(i1) Hg:d(M, N) is Artinian and R -cofinite whenever Suppr,(N;) C
{mgo} for alli e Z.

Proof. (i) We prove this by induction on d. If d = 0, then ' (N) = N
and hence Hﬁ%‘:d(M ,N) = Extl,(M,N). Therefore, since the radical

o Hp (M,N)
of the annihilator of m is equal to mp + R4, the R-module
Hp (M,N) . . . .
m is Artinian and R, -cofinite. Suppose, inductively, that d >
ry WM

0 and the result has been proved for d — 1. Now, we can use the exact
sequence 0 — I'g, (N) — N — FRL(N) — 0, in conjunction with
+

the facts that H§+(M, Ir, (N)) = Extly(M,Tg, (N)) and | = pdM, to

see that H%:d(M, N) = Hﬁ%td(M, %) Therefore, since

dlmm = dim (FR+(N) /mo T, (N))? we may assume,in addition,

that N is R -torsion free. As d > 0, we also have Ry ¢ q for all q €

min Ass%. Hence there exists a homogeneous element x of positive

degree which avoids all members of Ass(N) and minAss(%). It is

straightforward to see that dim (%/moﬁ):d — 1.Hence, by [19, 3.2],
Hﬁid(M N_) = 0. Therefore, the exact sequence

) zN

0—N-2N_— " 50
x

induces the exact sequence

N .
H =N (M, —) — HE (M, N) == Hi{ (M, N) — 0

which in turn yields the exact sequence

Ry

B om0 01, 20y — B By
0

I+d T I+d
W) q70®R0HR+(M’N)—>q70®R0HR+(M7N)—>O
Now, one can use the above exact sequence in conjunction with the

inductive hypothesis to see that the R-module O : x is Ar-

Hg’f(M,N)
a0 H g (M.N)

tinian and R4-cofinite. Therefore,in view of [15, 4.1], the inductive step
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is completed and the result follows by induction. In particular,the R-

I4+d
Hi “(M,N)

W is Artinian; so that it is tame. It therefore follows,

module

in view of Nakayama’s Lemma, that Hll,%td(M , IN) is tame.

(i) We argue by induction on d. If d = 0 then N =T'g, (N). Hence
in view of the hypothesis, N is Artinian. Therefore, since H ll'%+ (M,N) =
Extl, (M, N),wesee that Hy (M, N) is Artinian and R-cofinite. Sup-

+ +
pose, inductively, that d > 0 and the result has been proved for smaller
values of d. Since d > 0, it follows that Hlllad(M, N) = Hg;d(M, %)
So we may assume that N is Ry-torsion free. Now, as in the proof of
(1), there exists a homogeneous N- regular element = of positive de-

gree which is not belong to any minimal element of Ass%. Therefore
N
dim mom piay < d—1. Now, we may use the exact sequence
xN

_ N
Hyg 7N M, —) — H (M, N) = H (M, N) — 0

in conjunction with the inductive hypothesis and [15, 4.1] to see that
Hp Y(M,N) is Artinian and R-cofinite. [J

Proposition 2.4. Hj (M,Tw,r(N)) is Artinian for all i > 0. Moreover,
if R = Ro[R1], then the Hilbert-Kirby polynomial of Hliﬁ (M, T r(N)) is of
degree less than 1.

Proof. By [9, 4.2], Hy, (M, Tw,r(N)) is Artinian. Now, we prove the
last part of the proposition by induction on ¢ = dim(I'y,z(N)). Let p;
be the Hilbert-Kirby polynomial of Hléﬁ (M, Tor(N)). If t =0, then it
is immediate to see that deg(p;) = —1 < i. Suppose that ¢t > 0 and that
the result has been proved for smaller values of ¢t. Put I'y g(N) = N'.
We may assume that % is an infinite field. Then there exists © € Ry
such that I'r, (0 :pv ) = (0 :p5v x). Now, it is straightforward to
see that H}éJr(M, (0 :nv ), = 0 for all n < 0. Therefore, we can
use the exact sequences 0 — (0 :pv ) — N’ — N’ — 0 and

N/

0 — 2N’ — N’ — = — 0 to obtain an exact sequence

- N’ ) .
H}%+1(M7 W)nﬂ — Hp (M,N'), = Hy, (M,N')p41.
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This exact sequence yields the inequality

, , . N’
lroHp, (M, N')y < lpoHp, (M, Ny + gy Hp ' (M, I

As dim xLN,, < t, we can use the above inequality to conclude the result
by induction. [J
Corollary 2.5. Let N = FLR(N), d= dlm—, pdM =1 and let qo
mo
be an mg-primary. Then
(a) H (M, N) is Artinian for all i > d+1.

Hl+d (M,N) - i
(b) " HHd(M o is Artinian and Hp, (M, N) is tame for all i > d+1.

Proof.

(a): The exact sequence 0 — 'y g(N) — N — ﬁ — 0

induces an exact sequence

N

i A i P i
H M, Ty N)) — H M,N)— H M, ———
R+( ; OR( )) R+( ) R+( FmOR(N)

) = HE:I (M7 FmoR(N))‘

. ; N o . )
Since H;Dur(M’ W> =0foralli>{+d+ 1, we can use the above
exact sequence and (2.4) to conclude (a).

(b): Again we can use the above exact sequence in conjunction with

(2.3) and (2.4) to see that, im\,imep and Tori® (imp, RO) are all Ar-

tinian. It therefore follows that HE:Z(M ,N) ®g, % is Artinian. In

. HEJOLN) -
particular, —————— is Artinian; and therefore it is tame. Now, we
mo Hig' 4 (M,N)
can use Nakayama’s Lemma to see that H]l,%td(M ,N) is tame. Since
H%Jr (M, N) is Artinian for all i > [ + d, the result follows. [J
In 2.3(ii), under certain conditions,we proved that the R-module Hﬁ%':d(M ,N)
is Artinian and R -cofinite. However, in non graded case, the following

theorem holds.

Theorem 2.6. Let (A, m)be a local Noetherian ring and let M and N
be finitely generated A-modules. Suppose that n =dim N, pdM =1 and
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that a is an ideal of A. Then the A-module HY (M, N) is Artinian and
a-cofinite. Furthermore the set AssH (M, N) is finite.

Proof. We prove by induction on n = dim N. If dim N = 0. then N
is m-torsion, and hence a-torsion module. Therefore H.(M,T(N)) =
Exty (M,Tw(N)) is a finitely generated A-module. Hence HL(M, N) is
an a-cofinite and Artinian A-module.

Now suppose, inductively, that dimN = n > 0 and the result has
been proved for all finitely generated A-modules of dimension smaller
than n. Consider the exact sequence 0 — I'g(N) — N — % —

0 and note that HF(M,Ty(N)) = Extii (M, T4(N)) = 0 for all i > 0.
Therefore H™(M, N) = H™(M, %) Thus we may assume that
I'a(N) = 0. Then there exists = € a such that x is an an N-sequence.

It is straight forward to see that H.T™(M, %) = 0. Therefore, we can

use the exact sequence 0 — N — N — % — 0 to obtain the ex-

act sequence H{"=Y(M, £y — HUF™M(M,N) - HI"(M,N) — 0.
Using this exact sequence, one can deduce, by the inductive hypothesis
and [13,1.3], that the A-module H*"(M, N) is Artinian and a-cofinite.

Therefore AssaHL (M, N) is a finite set by [14,1.4]. O

3. Asymptotic Behaviour of Graded Compo-
nents of Graded Generalized Local Cohomol-
ogy Modules

In this section, we study the asymptotic stability of the set of asso-

ciated primes of certain generalized local cohomology modules,that is

the question whether, for a fixed integer i,the set of associated primes

Asspg, Hp, (M, N),, of the Ry— module H}Lr (M, N),, becomes ultimately

constant if n tends to —oo.It is easy to see that

AsspHp (M,N) =
{p € Spec(R)|pNRy+ R+ =p,pNRy € AssROH}§+(M, N),, for some n € Z}

Therefore AssRl'ﬂer (M, N) is a finite set whenever Assg, Hli% (M,N),
is asymptotically stable for n — —o0. The finiteness dimension of M
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and N relative to Ry is defined by
f=f(M,N)=inf{j € NO\H£+(M, N) is not finitely generated}

and it is proved,in [9, 3.5],that if R = Ry[R;] then (ASSROHIJ;+(M, N)pn)nez is
asymptotically stable.Since f(M,N) < g(M, N),the next theorem pro-
vides a generalization of the above mentioned result. At this stage the
following remark is needed.

Remark 3.1. Let f: Ry — R{, be a faithful flat ring homomorphism
and let R = R, ®p, R, M' = R, ®r, M and N' = R ®p, N. Then
Hﬁ(M’,N’)n ~ HE(M,N), ®g, Ry. Note that H§+(M, N) is Ar-
tinian (resp. Noetherian) if and only if H{%(QL (M',N") is Artinian (resp.

Noetherian). Moreover
AsspyHp, (M, N)n = {p'o N Rolp'y € Assp Hj L (M, N')n}

foralln € Z [12, 23.2]. It follows that ASSROH};2+ (M, N)p)nez is asymp-
totically stable if and only if (ASS%Hi ,+(M’, N")p)nez is asymptotically
stable.

Theorem 3.2. Let R = Ry[R1] and g(M,N) < oo.
Then (ASSROHI?er (M, N)p)nez is asymptotically stable.

Proof. If f(M,N) = g(M, N), then the result is clear by [9,3.5]. So,
let f < g. Then AssRUHIJ;Jr(M, N), = {mo} for all n <« 0. Hence
AsspoHp, (M, N)n — {mo} # ¢ for all n < 0.

Let (Ro, mo) denote the my-adic completlon of the local ring (R, my)
and let M ®p, Ry =M and N ® R, Ry = N. In view of 3.2 we may as-
sume that R is complete. Then theset A =], o, AssROHg+ (M,N),—
{mp}is not empty. Hence, by [11,3.2], there exists x € mg such that
T & Upeap. Let S = {zK|0 < K € Z}. Then SN my # ¢. Hence
f(STIM,S7'N) < g(M, N). If i < g(M,N) then Ip,Hp (M, N), < 0o
for all n < 0. Therefore there exists ¢ € Zo such that mgHp, (M, N), =
0 for all n < 0. Hence S*1H§+ (M,N), =0 for all n < 0. It follows
that g(M,N) = f(S~'M,S~IN).
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Therefore (ASSSARO(Hg_lRJF(S*lM, STIN)L))nez is stable.

Hence there exists ng € Z such that Asss_1R0(Hg,1R+(S_1M,S‘lN)n) =
Asss_lRO(Hg,1R+ (S~1M,S7IN),,) for all n < ny.

Thus Assg,Hp,, (M, N)y — {mo} = AsspyHp, (M, N)n, for all n < no.
Note that, by 2.2, r(Hg, (M, N)) is an Artinian R-module. Hence
Loor(H, (M, N)) is tame and T, (Hg, (M, N)y) is an Artinian Ro-
module for all n.

Thus SupproLmg (Hp, (M, N)y)subs{mo} for all n € Z.

Now, using the exact sequence
o ; Y, (M,N),
0 — Doy (Hg, (M, N)n) — Hp (M, N)n — 5 —gr—arm,)
+
we get AssROHfh(M, N), = AssROH%JM, N)p, for all n < ng. O

_)07

Now, we state a Lemma which will be used in the remaining part of
the paper.

Lemma 3.3. ([3]) Let T = ®peczTy be a graded R-module such that
mLOT is Artinian and that T, is a finitely generated Ro-module for all

n € Z. Then, there exists t € Z U {oc} such that, for each x € Ry —

UPEAttmgT _w(r) P and all n < t, the multiplication map Ty, — Ty 11 is

surjective.

Theorem 3.4. Let R = Ry[R;] and suppose that H}éJM, FRL(N)) is
+

Artinian for all i <r. Then (Assp,Hp, (M, N)n)nez is asymptotically
stable.

Proof. As H) (M,N), = (Hom(M,Tg, (N)), = 0 for all n < 0, the
case where r = 0 is clear. So, let r > 0.

It is straightforward to see that (Assp,Hp, (M, N)n)nez is stable
if and only if (Assg,Hp, (M, %)n)nez is stable. Therefore, we
may assume that I'r, (V) = 0. Also, in the view of 3.2 and 2.1(iv),
we may assume, in addition, that ﬁ—g is an infinite field. Put A =

Hj, (M.N)
moHp, (M,N)
ists a homogeneous N-regular element x € Ry — Upe ab.

Ass(N) U U Att V(R4). Then, by [7, 1.5.12], there ex-

. x
Now, we consider the exact sequence 0 — N — N — x% —



SOME RESULTS ON GRADED GENERALIZED ... 71

0 to deduce the exact sequence ngl(M,N) — H}il(M,xiN) —
H%Jr(M,N) =, H}h(M,N). Using this exact sequence we see that
H}%+ (M, xlN) is Artinian for all ¢ < r — 1. Therefore, by 3.1, the above

exact sequence, yields the exact sequence

. N . )
0— Hﬁj(M, ﬁ)n+1 — Hy, (M,N), = Hp, (M, N)ni:1

for all n <« 0. Hence

. N i
Assp,Hp (M, W)”“ C Assp,Hp, (M,N),

i N i
C Assp,Hp (M, xTv)"“ U AsspyHp, (M, N)pi1.
Now, one can deduce ,by induction on r, that (Assgr,Hp, (M, N)n)nez

is asymptotically stable for n — —oco. [

References

[1] J. Asodollahi, K. Khashyarmanesh, and Sh. Salarian, On the finiteness
properties of the generalized local cohomology modules, Comm. Algebra,
30 (2) (2002), 859-867.

[2] M. H. Bijan-Zadeh, A common generalization of local cohomology theo-
ries, Glasgow Math. J., 21 (1980), 173-181.

[3] M. P. Brodmann, S. Fumasoli, and R. Tajarod, Local cohomology over
homogenous rings with one-dimensional local base ring, Proceedings of the
AMS., 131 (2003), 2977-2985.

[4] M. P. Brodmann and R. Y. Sharp, Local cohomology-An algebraic in-
troduction with geometric applications, Cambridge Studies in Advanced
Mathematics 60, Cambridge University Press, 1998.

[5] M. P. Brodmann, F. Roher, and R. Sazeedeh, Multiplicities of graded com-
ponents of local cohomology modules. J. Pure Appl. Algebra, 197 (2005),
249-278.

[6] M. P. Brodmann and M. Hellus, Cohomological patterns of coherent
sheaves over projective schemes, J. Pure and Appl. Algebra, 172 (2002),
165-182.



72

[7]

[15]

[16]

[17]

F. DEHGHANI-ZADEH AND H. ZAKERI

W. Bruns and J. Herzog, Cohen Macaulay rings, Cambridge studies in
Advanced Mathematics 39, Revised edition, Cambridge University Press,
1998.

J. Herzog, Komplexe, Auflésungen und dualitit in der Lokalen Algebra;
Preprint, Universitat Regensburg, 1974.

K. Khashayarmanesh, Associated primes of graded components of gener-
alized local cohomology modules, Comm. Algebra, 33 (2005), 3081-3090.

D. Kirby, Artinian modules and Hilbert polynomials, Quart. J. Math.
Ozford, 24 (1973), 47-57.

T. Marley and J. Vassilev, Cofiniteness and associated primes of local
cohomology modules, J. Alegebra, 256 (2002), 180-193.

H. Matsumura, Commutative ring theory, Cambridge Studies in Advanced
Mathematics, 8, Cambridge University Press, 1986.

L. Melkersson, On asymptotic stability for sets of prime ideals connected
with the powers of an ideal, Math. Proc. Cambridge Philos. Soc., 107
(1990), 267-271.

L. Melkersson, Properties of cofinite modules and applications to local
cohomology, Math. Proc. Cambridge Phil. Soc., 125 (1999), 417-423.

L. Melkersson, Modules cofinite with respect to an ideal, J. Algebra, 285
(2005), 649-668.

C. Rotthaus and L. M. Sega, Some properties of graded local cohomology
modules, J. Algebra, 283 (2005), 232-247.

N. Suzuki, On the generalized local cohomology and its duality, J. Math.
Kyoto. Univ., 18 (1978), 71-85.

S. Yassemi, Generalized section functors, J. Pure. Appl. Algebra, 95
(1994), 103-114.

N. Zamani, On gradedgeneralized local cohomology, Arch. Math., 86
(2006), 321-330.



SOME RESULTS ON GRADED GENERALIZED ...

Fatemeh Dehghani-Zadeh
Department of Mathematics
Assistant Professor of Mathematics
Islamic Azad University

Science and Research Branch
Tehran, Iran

E-mail: f.dehghanizadeh@yahoo.com

Hossein Zakeri

Department of Mathematics
Professor of Mathematics

Tarbiat Moallem University
Tehran 15618, Iran

E-mail: Hossein_ zakeri@yahoo.com

73



