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Abstract. Identifying the efficient extreme units in a production pos-
sibility set is a very important matter in data envelopment analysis, as
these observed, real units have the best performances. In this paper, we
proposed a multiple objective programming model, in which the feasible
region is the production possibility set under the assumption of variable
returns to scale and the objective function consists of input and output
variables. As we know, by increasing the dimensions of the problem,
the set of efficient points would increase as well; thus, using the multiple
objective linear programming problem-solving methods in a decision set
would lead to computational problems and it would be much easier to
work in the outcome set instead of the decision set. In this research, we
show that the efficient points in the outcome set of the suggested multi-
ple objective linear programming problems correspond with the efficient
extreme points in data envelopment analysis. An outer approximation
algorithm is presented for production of all efficient extreme points in
the outcome set. This algorithm provides us with the equations for all
efficient surfaces. In the outcome set, this algorithm would use few cal-
culations to produce all the extreme points. Finally, we demonstrate
the presented approach through numerical examples.
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1 Introduction

Data envelopment analysis (DEA) developed by Charnes et al. [12]
has become one of the most widely used methods in operations re-
search/management science. A reason for this success is that DEA is a
task-oriented approach and focuses on an important task: to evaluate
the relative (technical) efficiency of comparable Decision Making Units
(DMUs) essentially performing the same task. Based on information
about existing data on the performance of the units and some prelim-
inary assumptions, the purpose of DEA is to empirically characterize
the so-called efficient frontier (surface) based on the set of available
DMUs and to project all DMUs onto this frontier. If a DMU lies on
the frontier, it is referred to as an efficient unit, otherwise inefficient.
Efficiency evaluation is based on the data available without taking into
account the decision-makers (DM) preferences. All efficient DMUs are
considered equally good. However, if the efficient units are not equally
preferred by the decision-makers it is necessary to somehow incorporate
the decision-maker’s judgments or a priori knowledge into the analysis.
A straightforward and widely used method has been to restrict possible
values of the multipliers of so-called dual DEA models. Approach is to
explicitly or implicitly gather direct preference information about the
desirable input and output-values of DMUs, and insert that information
in a form or another into the analysis. DEA is a technique based on
mathematical programming for evaluating the relative efficiency of a set
of decision-making units (DMUs). The efficiency of each DMU is deter-
mined by the efficiency frontier. The units on the efficiency frontier are
assumed efficient; otherwise, they are considered as inefficient. In fact,
DEA sets up a production possibility set and considers its frontier as
the efficient frontier made according to the non-domination condition,
see, for instance DE Witte and Marques [19].

For this approach, some ideas can be adopted from research carried out
in the field of Multiple Criteria Decision Making (MCDM), especially in
Multiple Objective Linear Programming (MOLP). In MCDM /MOLP,
one of the key issues is to provide a decision-makers with a tool, which
makes it possible to evaluate points lying on the efficient frontier. It
has been shown that the MOLP and DEA models have a similar struc-
ture, see, for instance Hosseinzadeh Lotfi et al. [29]. Thus, theory and
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approaches developed in MOLP for evaluating solutions on the efficient
frontier can also be applied in DEA.

This is important that because the dimension of the outcome set is
smaller than m+s and the dimension of the decision set is n+m-+s-1,
generating all or portion of outcome set is expected, in general, to be
less the demanding computationally than generating all or portions of
the decision set. The identification of DEA efficient units under var-
ious DEA models is equivalent to the identification of the lowest in-
put and the highest output solutions within the production possibility
set for the corresponding multi-objective programming problem. The
DEA-efficient DMU corresponds to the pareto efficient solution (or non-
dominated solution). From this point of view, just as in the discussion
of multi-objective programming, the set of all extreme points of variable
returns to scale (VRS) models in DEA have significant values in the field
of DEA, See, for instance Benson [7], Rockafellar [40]. In this article, we
the use outer approximation algorithm for generating the set of all effi-
cient extreme points of models DEA with VRS as proposed by Benson
[8] and to do so, we use all efficient extreme points of the outcome set
of the MOLP problem. The organization of this paper is as follows, in
section 2, we present literature review. In section 3, we present MOLP
problem and its relation to models DEA with VRS, and we provide the
theoretical foundation of the outer approximation procedure. We sum-
marize some relevant results concerning efficient extreme points of the
MOLP problem. Section 4, provides a detailed statement of the algo-
rithm; additionally, a small example problem is solved for illustration
purpose. Section 6, provides a computational experiment and statistical
analysis. Some concluding remarks are given in the last section.

2 Literature review

In recent years, there have been a number of studies discussing the re-
lationship between DEA and MOLP models. In their article, Doyle and
Green [20] showed that DEA is an MCDM method. Alene et al. [1]
used MOLP problem solving methods to apply the decision makers a
priori knowledge in DEA problems. Golany [26] presented a data en-
velopment analysis model with a MOLP structure and used interactive
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MOLP methods to solve the model. Their model helped the decision
maker (DM) to allocate a set of inputs, such as resources, on the effi-
ciency frontier based on the level of outputs. Joro et al. [34] revealed
that DEA problems have a similar structure to MOLP models; there-
fore, to solve the DEA models, we can use the corresponding reference
point models in MOLP.

Wong et al. [46] proposed an equivalent model between DEA and MOLP
and demonstrated how to solve a DEA problem interactively, without
any prior judgment, by transforming a MOLP formula. Using inter-
active MOLP methods, they searched for the most preferred solutions
(MPS) points on the efficiency frontier along with resource allocation
and target setting according to the DMs a priori knowledge; then, they
used interactive approaches such as G-D-F, Steam and Stom to solve
the model and finally, engaged in a comparison of results. Yang et al.
[47] attempted to demonstrate the use of interactive MOLP methods for
target setting in DEA and illustrated the relationship between output-
oriented DEA dual models and formulation of maxmin preferred points
in MOLP models; they used the interactive projected gradient approach
to identify the efficient units. Malekmohammadi et al. [39] focused on
the topic of target setting in DEA using MOLP problems; they extended
the models presented by Yong et al [47] to simultaneously reduce the fi-
nal inputs and increase the final outputs and showed that instead of
solving n models, we can set our targets according to the DMs prefer-
ences by solving only one model.

Hosseinzadeh et al. [28] evaluated the relationship between output-
oriented dual models in DEA and MOLP models. In their study, they
showed how a DEA model can be solved interactively by transforming
a MOLP formula; in this regard, they used the Z-W approach to apply
the DMs a priori knowledge in the performance process. Ebrahimnejad
et al. [21] proposed an interactive MOLP method to identify the tar-
get units in DEA models in the presence of undesirable outputs; they
extended the relationship between BCC models and the reference point
model in MOLP toward a simultaneous and interactive increase in desir-
able outputs and decrease in undesirable final outputs based on MOLP
models.

The main purpose of MOLP problems is to find the set of efficient solu-
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tions. These solutions are Pareto optimal solutions that can simultane-
ously optimize all objective functions. Among these units, the efficient
extreme units are the most important ones; these would be observed,
real units and their performance would determine the performance of
other units in the system.

We may search for solutions also on the efficient frontier in DEA. Since
the outcome set has a much simpler structure and smaller size than the
decision set, a handful of researchers in recent years have begun to turn
their attention to the mathematics and tools for generating all or por-
tions of the efficient outcome set, rather than the efficient decision set,
for the MOLP problem. See, for instance, Banker et al. [2], Banker et al.
[3], Benson [4], Benson and Sayin [10], Dauer and Liu [17], Dauer and
Saleh [18], Dauer and Gallagher [16], Dauer [14, 15]. Various methods
have been presented for identification of these units, out of which we can
mention the approaches proposed by Chon [13], Evans [22], Goicoechea
et al. [25], Luc [38], Sawaragi et al. [41], Steuer [43], Yu [48] and Zeleny
[51]. One of these approaches is the vector maximization method, see
Kuhn and Tucker [37]. We can use this method to determine all efficient
points in a decision set, see Benson [5], Isermann [31], Bitran [11], Villar-
real and Karwan [45], Kostreva and Wiecek [36]. The problem with all
those methods of determining efficient points in the feasible region and
the decision set was too many calculations and the presented approaches
were not convergent in most cases; in this relation, when the problems
dimensions, variables and constraints increase, the set of efficient points
would expand in MOLP problems and we would face a difficult process
for finding the efficient set. Since the outcome set has a simpler form
and a smaller region compared to the decision set, it would be easier to
find the efficient points in the outcome, see Steuer [44], Dauer and Liu
[17], Dauer and Saleh [18], Benson [4, 6], Dauer [14, 15], Gallagher and
Saleh [24], Dauer and Gallagher [16], Horst et al. [30].

Therefore, instead of directly solving the DEA models, we present a DEA
model with a MOLP structure and use the MOLP models outcome set to
specify the efficient extreme units. To find the set of efficient units in the
outcome set, we can employ methods such as the outer approximation
algorithm [8] and the weight set decomposition algorithm [9]. In this
research, we make use of the outer approximation algorithm, which is a
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convergent algorithm using little calculations based on linear searching
and linear programming techniques. The following methods have been
proposed to find DEA efficient points using efficient surfaces in MOLP.
Jahanshahloo et al. [33] presented a method for finding the piecewise
linear frontier of the production function in data envelopment analysis.
Korhonen [35] introduced another method to search for the efficiency
frontier in DEA. In another study, Jahanshahloo et al. [32] proposed
an approach for finding strongly efficient hyperplanes of the production
possibility set (PPS) in data envelopment analysis. Sayin [42] presented
an algorithm for determining efficient faces in DEA. Hosseinzadeh et
al. [27] proposed a new method for finding the set of efficient surfaces
in DEA based on MOLP models; in this relation, they introduced a
linear programming model that could find the efficient defining hyper-
planes of the production possibility set. The approach proposed in the
present paper is a new and distinguished method comparing to previous
approaches. The advantage to our approach is that this method can
determine all efficient extreme points of the production possibility set in
the outcome set through little calculations.

3 Structural Similarities between MOLP and
DEA

Assume that we have n observed decision-making units as DMUj,j =
1,...,n, where each DMU consumes an m-vector input to produce

an s-vector output. Suppose that X7 = (z},23,...,2%,)" and Y7 =

(y], 93, ..,yl)" are the vectors of inputs and outputs, respectively, for
DMUj,j=1,...,n, in which it has been assumed that X7 > 0, X7 # 0
and Y7 >0, Y7 #£0. A; is the reference weight for DMU;,j =1,...,n.
X = (x1,29,...,2,m) € E™ represents the input variable vector. ¥ =
(y1,Y2,...,Ys) € E® shows the output variable vactor. We define the
production possibility set of data envelopment analysis with VRS as fol-
lows:
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n n
Nl <wii=1,...m > N=1X>0,j=1,...,n}
j=1 j=1

We must note that the T}, set includes all input and output vectors
(X,Y) that apply to the sets constraints.

Definition 3.1. DMU, = (X°,Y?) € T, is called an efficient point if
and only if there is not an (X,Y’) € T, such that (X, —Y)! < (X°,-Y°)!
and (X, -Y)! # (—X°, Y°)L

Definition 3.2. DMU, = (X° Y?) € T, is called a weak efficient
point if and only if there is not an (X,Y) € T, such that (X, -Y)" <
(Xo, _Yo)t‘

Consider the following MOLP problem

min C'Z (1)
st. ZeR={Z|AZ<b,Z>0}.
where C = (CT,CT, ... ,CpT) is a p x n matrix, ¢/ = (¢j1,¢i2,. .., Cip) €

E™ ,i=1,...,p, represent the multiples of the i-th objective function
in the MOLP problem. E" shows the Euclidean space. A is the tech-
nology matrix including all variable multiples in problem (1). A is an
m x n matrix, n > m and rank(A4)=m,

b= (b1,b2,....,by) € E™. Z = (2L,2T,...,2) € E", Z € R" repre-
sents the decision-making variable vector in the MOLP problem and R
shows the feasible region of the MOLP problem. The Pareto solution

and weak Pareto solution of (1) are defined as follows:

Definition 3.3. Z € R is called a Pareto solution of (1) if there does
not exist Z € R such that CTZ <CTZ, Tz +CTZ.

Definition 3.4. Z € R is called a weak Pareto solution of (1) if there
does not exist Z € R so that C'Z < C'Z.

Put Z7 = (X,Y,\) = (1, -, Ty YLy -+ Usy Ay o5 An)y, X € E™,
YeFR S ANeE",Cl =—el,j=1,....m,Cl'=el, j=m+1,....,m+
s, ejT € E™MTST is a vector whose jth element is one and other elements
are zero, C = (CT,cT,...,CL . .), and

» ~m—+s
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n
R = {(:Cla---vl'maylv"'aySa)‘la"'v)‘n) ’ Z)‘jyi 2 Yr, T = 17'--a57

n

Z)\x <zii=1,. m,Z)\jzl,/\jZO,jzl,...,n}.
j=1

Then problem (1) is converted to

max {—Z1,...,—Tm,Y1,---,Ys}
n

Z)\]yi > Yrs r=1,...s,
n .
Z)\j{ﬂg < z;, i:1,...,m,

=1

Ajzo, jzl,...,n
z; >0, i1 =1,....m, y >0, r=1,...,s.

In model (2), vector(z1,...,ZTm,¥y1,.--,Ys) is the variable vector for in-
puts and outputs; we can obtain the values of this vector by solving
model (2). Note (X,Y,\) is a feasible solution of problem (2) while
(—X,Y) is a vector belong to objective function space of problem (2).
By considering definition 3.3 (X*,Y™*, \*) is called a pareto solution of
(2) if there does not exist (X, Y, \) such that (—=X*,Y*) < (-X,Y) and
(_X*’ Y*) 7é (_X7 Y)

Theorem 3.1. Let (X*,Y™*) € T, then

(i) (X*,Y*, \%) is a Pareto solution of (2) if and only if (X*,Y™) is an
efficient unit in T5,.

(i) (X™*,Y*, A*) is a weak Pareto solution of (2) if and only if (X™*,Y™)
is a weak efficient unit in T5,.

Proof. (i) Let (X*,Y*, A*) be a Pareto solution of (2). We show that
(X*,Y™) is an efficient point in T,. By contradiction, suppose (X*,Y™)
is not an efficient point in T}, then there is an (X,Y) € T, such that
(-X,Y) > (=X*,Y*) and (—X,Y) # (—=X*,Y*). Since (X,Y) € T,
there is a A € E™ such that (X Y 5\) is a feasible solution of (2) . Since
(—=X,Y) > (=X*,Y*) and (—X,Y) # (—X*,Y*), then we have a con-
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tradiction; therefore, (X*,Y™) is an efficient point in T},

Now suppose (X*,Y™*) is an efficient point in 7). Since (X*,Y™*) € T,,
there is a A* € R™ such that (X*,Y*, \*) is a feasible solution of (2).
AS (X*,Y*) is an efficient point in T, there is no (X,Y) € T, such
that (—X,Y) > (=X*,Y*) and (—X,Y) # (—X*,Y™*). Since, there is a
vector \ for (X,Y) € Ty, such that (X, Y, ) is a feasible solution of (2).
Regarding the above relations there is no (X, Y, \) that is a feasible solu-
tion of (2) such that (—X,Y) > (=X*,Y*) and (—X,Y) # (—X*,Y*).
Therefore (X*, Y™, \*) is a Pareto solution of (2), and the proof iscom-
pleted.

(ii) Proof is similar to (i). O

Theorem 3.2. Let V= = {(—z1,...,—Zm, Y1, .-+, Ys) |
(1, oy Tm, Y1y -+, Ys) € Ty}, (V= is called the outcome set for MOLP)
then dim (V=) =m +s.

Proof. Since C = (C’lT,CzT,...,C;‘fLH) and CjT = —e]T, j=1,...,m,
C’jT = —ejT,j =m+1,...,m+s. Rank{—e1,...,—€m,em+1,---,Es4m} =

m + s and T, # 0, then dim (V=) <m+s. O

Theorem 3.3. The optimal values of problem (2) are finite.

n n
Proof. Since Z)\jy{ >y, r = 1,...,8, and Z)\j =1, )\ >0,
j=1 j=1

n
j=1,...,n, then y.,r =1,...,s are finite. Similary —Z)\jacg > —xy,

j=1
n
t=1,...,m, and Z)\j =1, X >0,j=1,...,n, then (—z;),1 =
j=1
1,...,m are finite, Therefore, the optimal values of problem (2) are fi-

nite. [

By using the observed DMUs, For each ¢ = 1,...,mand r = 1,...,s,

we put v/l = —max{z] | (x1,...,Tm,Y1,.--,Yys) € Tp,j=1,...,n}.
AL g j -

UT+m = mln{yg' | (xly' s Tmy Y1y - - 7y8)] S Tva] = ]-7 7”}'

Vector vAr = (Al vl . vAL V;r?fl, v;f#z, ... ,v;‘r‘ﬁrs) € R™*S is called

the anti-ideal point of outcome set for problem (2) . Let & € R™"¢ sat-
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isfy 0 < vAL, we define V as follows:
V ={v=(v1,v2,...,0m, Umt1,-- s Umts) | 0 < v <
(=21, oy —Tmy Y1,y -+ -, Ys), for some (z1,...,Tm,Y1,...,Ys) € Ty}

Theorem 3.4. Set V is a nonempty, bounded polyhedron in R™"$
of dimension m + s.

Proof. Since ©# < vAf < (=X,Y),(X,Y) € T,, T, # 0, by Theo-
rem(3.3), the definition of V implies that V' is a nonempty, bounded set
in R™*5. We may write V =V, N {V= + Va2}, where
Vi={veR"S|v>5d}and Vo = {Z € R™""$ | Z < 0}, Since Vi, Vs,
V= are polyhedral sets as proposed by Dauer and Gallagher [10], there-
fore V' is a polyhedral set. Since v < (—=X,Y),(—=X,Y) € T3, IntV #
((IntV show interior points set of V), by Theorem (3.2) the dimension
of V' is m + s, and the proof is complete. [J

A point v° € V is called an efficient (or admissible) point of V' when no
v € V exist such that v > v° and v # v°. When no v € V exist such that
v > v°, then v° is called a weakly efficient (or weakly admissible) point
of V. Let Vg and Vjy g denote the set all efficient and weakly efficient
points, respectively of V.

Theorem 3.5. Let V;; be the set of efficient point of V= then Vj; =
Vg.

Proof. Suppose that (—=X,Y) € V7 but (—X,Y’) does not belong to
Vi, then by the definition of Vi there exists a point v € V such that
v > (—X,Y). Since v € V , there exists a point (X',Y") € T, such
that v < (=X, Y"), therefore (—X,Y) < (=X',Y"). This contradicts
(—X,Y) € Vi, therefore v = (-X,Y) € Vg.

Now suppose v € Vg, to show that v € Vi, we show that v = (—X,Y)
for some (X,Y) € T, and (—X,Y) € EF (efficient points of outcome set
for MOLP). Since v € V, therefore v < (—X,Y) for some (X,Y) € T,,
since v € Vg and (—X,Y) € V then v = (=X,Y). Let (X,Y') € T,
satisfy (—X,Y) < (=X,Y"), (=X,Y) # (=X',Y"), then by the def-
inition of V , since vt < (=X, Y"), we have (—X',Y') € V , then
v = (—X,Y) does not belong to Vg, but this is a contradiction, there-
fore v € Vi and the proof is completed. [
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Let

B=max> y - >
202 9

s.t. (55175172,---7$+mayl,y27---,ys) eTv

By Theorem(3.3) 3 is a finite number. If (X, —Y) is an optimal solution
of (3), then (X, —Y) is an optimal solution of (2), (we solve problem (2)
by the wighthed-sum problem method (by choosing w; =1,
j=1,...,m+s), see, Zeleny [48, 49]).
Fori=1,...,m+s,j=1,...,m+s, we put ¢ =0 =(01,...,0mts)
(=X,Y), o < v and ¢ = (a1, 4% 4, ) such that ¢/ =

m-+s

S m
fori # 5 andqf-:6+@j—Zﬁj:6+ﬁj—(Zgjr—Zi’i) for i = j.
r=1 j=1 i=1

~
1

Theorem 3.6. The Convex hull of {¢° q1,...,¢™ "} is an m + s—
dimensional simplex and contains V.
Proof. First we show that {¢°,¢1,...,¢™"*} is a affinely independent,

S m
since (¢/ —q°); = 0 for i # j and (¢ —¢°); = B—Zz}r—i-zi"i for i = j,
r=1 i=1

S m
t=1,....m+s,5=1,....,m+s, weput'yzﬁ—Z@r—i—szzi, there-

r=1 i=1
m+s ‘
fore, v > 0 (by the definition of /3, this is evident), Let Z ¢j(¢—q") =0
j=1
m+s '
then Z ci(¢? —q°) = (17,27, ..., emysy) = 0; since v # 0, therefore,
j=1

cj=0,j=1,....,m+sand {¢',ql,...,¢™"*} is a affinely independent.
To show that the convex hull contains V', suppose v € V. Since

{g1 —q°, ..., ¢™"* —¢"} is a lineary independent set, hence it is a basis
m-+s
for R™*$: therefore, there is o = (a1, ..., 1) such that Z aj =1,
j=1
m-+s m-+s

aj>0,j=1,....,m+sand v—¢" = Zaj(qj—qo). IfZaj > 1, we
j=1 J=1

11
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m+s m+s m+s m+s
have Z(@_qo)j — Z iy =7 Z aj > 7, but we have Z(T}—qo)j <
=1 j=1 ' j
m+s m—+s m+s
maxZ(v—qO)j:maX(Zvj Zv] ) =08— Zyr—i—ZxZ:%
j=1 j=1
m+s

which contradicts the previous paragraph. Hence Z aj <1land v =

j=1
m+s m—+s

(1— Z ozj)qo + Z ozjqj , therefore, v € S (S is the convex hull of
Jj=1 ]

{¢°,q1,...,¢™*}). Then we showed that V C S and the proof is com-
pleted. [

Theorem 3.7. S may also be written as following.

S = {(_X7 Y) € Em+s | (—X,Y) < (_X7 Y)azyr - sz < ﬁ}
r=1 i=1

Proof. Suppose that v € S, then

m+s m—+s m-+s m+s

v = Oéqu'Z(l—Zaa(JvLZaqj—quZ (@ — 4%
— st

ji
(_X7Y) + (041")/, CYAQ’)/,A... 7am+57) ( X7Y) -
Therefore v > (—X,Y). On other hand, we havae

m-s m+s
Z v = Z ajy =7 < B, therefore
r=1 i=1

S m
PE((-X,Y) € B (-X,Y) > (X, 70,3 e - 3o < B,

= i=1
Now suppose that (—X,Y) € {(-X,Y) € R™""* | (=X,Y) > (—X,Y),
Zyr Zx, < B} Let o = (FEH) G = 1. m, ayy = (?71;@]'),

m—+s oy —{—.T
jzl,...,s,()gozjgl,thenZajzz —L ) +Z
7j=1 j=1

We have —z; + &; > 0, g — ; > 0, but Z:&r - Zi"j - (Z@r -
r=t .
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s m m+s m

Tj) < B— (Z?ﬁr - Zi]) = ~, therefore Z o = Z(M) i

m
j=1 j=1 j=1 Jj=1 J=1 7
S — ~
Z(u) < 1. By the definition of ¢/, j = 1,...,m + s, we have
Jj=1 "
m+s )
@+ i@ — ") ="+ (7,027, amisy) = (=X, V) +
j=1
~T + 4 T+ B 1 — G Js — i oo
(— = m BB s (R D)X T+
Y Y Y Y
m-+s m+s
(~X,Y) = (-X,Y), then (=X,Y) = ) ajg; = (1= ) aj)¢’ +
j=0 J=1
m—+s
Z @;q;, therefore v = (=X,Y) € S. O
j=1

Theorem 3.8. Let (—X,,Y,) € Int(V) and suppose (—X,Y) >
(=X,Y), (—X,Y) does not belong to V and (—X%,Y¥) = (—(X +
N (Xp— X)), Y + X (Y, —Y)) , where X\* is the solution of problem (4)
then (—X",Y") € Viyg.

max A (4)
st. (—(X+AMXp,— X)), Y+ AY,-Y))eV.

Proof. Suppose (—X™,Y") does not belong to Viyg. Then we may
choose a point (—Xo, Yp) € V such that (—Xo, Yp) > (=X",Y™). Since
(—=X,,Y,) € IntV, then (—X,,Y,) > (=X,Y), on other hand, we have
(=X,Y) > (=X,Y), then (—X%,Y%) > (—X,Y).

Put di = min{(yro — ), (—zio + ) |r=1,...,s,,i=1,...,m},

do = min{(y® — 9r), (—2" +23) |r=1,...,s,i=1,...,m}.

Choose ¢ > 0 such that ¢ < d; and € < dp. Let N (—X", YY) =
{(-X,Y) e R™™ ||| (-X,Y) — (—X", YY) ||< €}. Suppose

Z € Ne(—X",Y") then —e < z, —y¥ <eand y¥ — e < z < y¥ + e
Since € < dj then yo —yY > €, y¥ — Yr < € then, §r < 2z < Yro,
r=1,...,8,4=1,...,m. Therefore Z € V. Similarly we show that
—3 < 2z, < —a9,i=1,...,m. We conclude that N.(—X¥,Y%) C V.

Since € > 0, this contradicts the fact that (—X%,Y™") belong to the
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boundary of V (consider problem(4)) so the proof is complete. [J

From Rockafellar [40] and Yu [48] and the weighted-sum problem, F'
is a face of V if and only if F' is equal to the set of the optimal solution
set of following problem

s m
max Z UrYr — Z Ui+5T4
r=1 i=1 (5)

sit. (1,22, Ty Y1, Y2, - -+, Ys) € Ty,

for some (w1, us, . .., Us, Ust1, Ust2y - - -, Us ) € RET™.

The variable vector (uj,ug,...,Us, Ust1, Ust2, ..., Ustm) €Xpresses the
corresponding multiples of the output and input vector

(Y1,Y2, - - s Ys, T1, T2, - - -, Ty ). We know that (—X ™, Y™) is weak efficient
if and only if the optimal value of the following problem is zero. (It is
the clear)

max t
st (—X,Y)—et > (—Xv, V) (6)
(X,Y) eTy,t>0

The dual of the linear program (6) is as follows:

s m
: w w
min — g UrYy + g Uit sT; T Umtstl

r=1 i=1
st. —ur+uv->0 r=1,...,s8
Ugti — Vgpi > 0 1=1,....m

S m 7)
Su+ Y w1 <
r=1 i=1

S m
— Z vryl + Z VigsZ] + Umgst1 >0
r=1 i=1

u; > 0,0, 20,7 =1,...,m+s.

By the duality Theorem of linear programing, since the optimal value of
(6) is zero, problem (7) also has an optimal value equal to zero, therefore
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s m
* W * w * —
E UpYp — E UitsTi — Umgs+1 = 0 and
r=1 i=1

(U], U3, o U U, U gy Ul y) > 0,

(Ui, ul, .. uf, s g, Uy oy sy ) # 0, From Falk and Hoffman [23],
we know that the optimal values of problem (5) correspond to weakly
efficient faces of V' for (uy,ug,. .., Us, Ust1, Ust2, .., Ustm) =

S m
(ul, ud, ..o uf, uh g, U oy Uy ). Inequality Zu:yr - Z Uiy Tf —
r=1 i=1
Uptsp1 < 0, construct inequality cuts needed in the outer approximation
algorithm for generating all efficient extreme points of V.

4 Generating All Efficient Extreme Points of
the production possibility set

We apply the outer approximation algorithm for generating all efficient
extreme points of the outcome set of problem (2). In what follows, all
efficient extreme points of the production possibility set of the DEA
with VRS are essentially immediately available upon termination of the
algorithm, by converting points (—X,Y") in the outcome set of problem
(2) to equivalent points (X,Y) in T, .

The Outer Approximation Algorithm applied as follows:

The Initialization step. Compute a point (—X,,Y,) € Int(V).
(—X,,Y,) € E™T$ may be set equal to any strict convex combination of
vAL and (—X*,Y*), where (—X*,Y*) is any optimal solution to the lin-
ear program (6) with (—X*,Y%) = (= X4L YAL) = vAL and construct
the m+ s-dimensional simplex S° = S containing described in Theorems
(3.6) and (3.7). Set S is a m+s-dimensional simplex consisting of the
vertices of V', as described in Theorems (3.6). Store both the vertex set
S given in Theorem (3.6) inequality representation of S° = S given in
the Theorem (3.7). Set k = 0 and go to iteration k. Iteration k, k > 0,
See Steps 1 through 4 below.

Step 1). If, all vertices of S* belong to V, then stop S¥ = V. Otherwise,
choose any vertex of S* such that, it does not belong to V, for example

15
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(—X* Y*) and continue (To test a given (—X*, Y'*) is membership in V,
one may apply the phase-1 procedure of the simplex method to problem
(6) by putting (_va Yw) = (_kayk))

Step 2). Compute (—X",Y"™) description in the Theorem (3.8) by
putting (—X,Y) = (- Xk, YF).

S m
Step 3). Set ¥l = SFN{(-X,Y) € R™* | Zu:yr — Zuf+sxi <
r=1 i=1

* * * * * * * o : .
Upisa1) Where (ul,ud, ... u}, ul, ,u} o,...,u},,,) is any dual optimal

solution to the linear programing (7) with (—X™ Y™) that have been
calculated in the step (2).

Step 4). Using vertex of S¥ and method that it supposed by Falk
and Hoffman [23] and definition of S**! given in Step (3), determine all
vertex of S¥*1 set k = k + 1 and go to iteration k.

By definition of S¥*1 in step (3) since (—X*,Y*) don’t belong to S*+1
and V C S**1 we conclude that algorithm generates distinct polyhe-
dral S, j = 0,1,...k, so that V. .c 8k c Skt ... c S' c SO This
implies that the algorithm must be finite and it must terminate in some
iteration k > 0. S¥ is a m+ s-dimensional simplex including the vertices
of V, formed in each stage k.

Theorem 4.1. Let k£ > 0 denotetheiteration number in which S*¥ =V
and the outerapproximation algorithm terminate. Let E = {(—=X,Y) |
(—X,Y) belong to vertex set of S¥ and (—X,Y) > (—X,Y)} then E is
identical to the set of all efficient extreme points of V=.

Proof. From before we have S¥ =V = {(-X,Y) € R™™ | (-X,Y) >

S m
(—X,Y),ZyT — z::v2 < Bin (ﬂfl;%)Hn) and for n = 0,1,...,k — 1,
r=1 i=1

S m

Hy ={(-X,Y) € R™ | > uly, — Y ulymi— vy o1 <0,(X,Y) €
r=1 i=1

To}. (uf,...,ul,ulyq,. .., usy,,) is any dual optimal solution to the lin-
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ear programing (6) With (—X" Yw) in step 3. Notice also that

{( X Y) € RMES i ZU Yr — Zus+1xl - U’r’riz—i—s—i—l < 07 (Xv Y) € Tv} -
r=1 =1

Vive. Suppose that (—X,Y) € E, then (—X,Y) are belong to vertex
set of S¥ =V and (—X,Y) > (—X,Y), therefore at last, m + s of the
inequalities below, must hold as equations at (—X,Y) = (=X 17)

Zyr Z$Z<ﬁ>zu Yr — Zus+legvm+5+17n_0 k=

=1
That 1mphes that ( X,Y) € Viyg. We show (—X,Y) € Vg, by con-
tradiction, suppose (—X,Y’) dose not belong to Vi, therefore, there is
(—X,Y) such that (—X,Y) < (—=X,Y), (-X,Y) # (-X,Y).
Let In = {j | y; = 4} e = {J | y; # 93} In = {5 | 25 = 35},
Iy = {j | ©j # Z;}. For j € Iio let n; = y; — y; and for j € Iy let
m; = —x; +T; > 0.
We choose M > 0 such that g; — M > Uj, »Tj + M < &, and define
y; < =yj for j € Iy and yj*" = y; — 37 for j € Lo and 27" = z; for
jGIQIaHdJL' _l'j—i-MfOTjEIQQ
Then y; = nj—i—gjj > 0 for j € I11, yj; = y; for j € I12 and z; =
—m; + Zj > 0 for j € Ioq, Tj=2X; for j € Iso.

new

17

Then §; = 5757y} arri¥is T = 1417 ;Lew—i—M—o—li therefore (~X,Y) =

7 (=X Y )+ 7 (- X790, Y7e0). We have 0 < g7y < 1 then (=X, Y)
is a strict convex combination of (—X,Y) € V and (—X"eW, Y"W) ¢
V, that is contradiction (because © = (—X,Y) is belong to vertex
set of V = S¥ ). Therefore (-X,Y) € Vg, from Theorem (3.5), we
have(—X,Y) € V5. Since V= C V then (—X,Y) is an efficient extreme
point of V= .

Now suppose that (—X,Y") is a efficient extreme point of V= and (- X,Y")
don’t belong to all efficient extreme points of S*, therefore, we choose
(-XLYH, (-X%2Y?) € Vand a € R,0 < a < 1 so that (—X,Y) =
a(=X5 YY) + (1 — a)(=X2,Y?). By solving problem (2) by wighthed-
sum problem method (see, Zeleny [49]), and from Theorem (3) that it
proposed by Benson [7], we conclude that (—X,Y) is an efficient extreme
point of the polyhedron V=.

We may select a point (uq,us, ..., Us, Usi1, Usi2, .- - Usim) € RTTS
(U1, U2y vy Ugy Us 1, Ust 2, -« -y Ustym) > 0, such that (—X,Y) is the unique
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optimal solution to the problem

s m
max E UrlYr — E Ui+ 54

s.t.

(8)

(_xlv —XL2y vy = TmyY1,Y25 - - - 7ys) S V.

From the definition of V, this implies that (—X,Y") is also the unique
optimal solution to the problem (8). since (—X!, Y1) (-X2,Y?) €
V therefore

Zuryr ZuH_Sx < Zuryr Z%—i—s% and
Z uryr Z U/H—sm < Z UrYr — Z UitsTi-

Smce 0< a < 1 these mequahmes 1mply that

Z uryT Z usti (1-« Z uryr
i:l r=1
Z UpYy — Z Uitsx;. Since (—X,Y)
r=1 i=1

S
the left-hand-side of the previous inequality equals Z Up Yy — Z Uit sTi,
r=1 i=1
yielding a contradiction. Therefore, (—X,Y") belong to all efficient ex-
treme points of S¥ must be true, so that the proof is complete. [J

E U1+3$

= a(-X1, Yl) +(1-a)(—X2%Y?)

5 Application and discussion

In this section, we illustrate the problem by two numerical example.
Example 1. Consider the case where there are seven units with an
input and an output whose details have been given in the following
Table.

Table 5.1. The data of the seven DMUs.

DMU,; DMU, DMU3 DMUs DMUs DMUs DMU~
Inputs 1 1 2 4 5 6 3
Outputs 1 3 5 6 7 8 2
0scce 1 1 1 0.83 0.93 1 0.33
Efficiency status | non-extreme extreme extreme - extreme -
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Figure 5.1: The efficiency frontier of production possibility set.

The corresponding MOLP is

max {—z1,y1}
st A+ Ao+ 2A3+4M + 55+ 66 + 37 < 19
A1+ 3X2 + 53 + 64 + TA5 + 86 + 27 > 1 9)
Mttt MM+ A5+ X+ A7=1
A1 > 0,A2 > 0,A3 > 0,A\4 >0,A5 >0,
Ae > 0,7 > 0,21 > 0,y1 > 0.

Where the efficiency frontier of production possibility set of above ex-
ample is shown in Figure 5.1. In the initialization step of the algorithm
have v{' = —maz{z) |j=1,,...,7} = —6,

viE = min{y] | j=1,,...,7} = 1 then vAF=(v, vy) = (=6, 1).

We select (—X,Y) = (—6.5,0.5). By definishition of V, we have

V = {(v1,v2) | 0.5 < vy < yp,—6.5 < vy < —xy, for some (x1,y1) be-
longing to the feasible region of problem (9)}.

Put k& = 1. If we solve problem (3), we would obtain § = 3.

Therefore S° = {(—z1,y1) | 0.5 < y1,-6.5 < —21, y1 — 21 < 3}. As
shown in Figure 5.2. The vertexs set of SV given in Theorem (3.6) are

19
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Figure 5.2: The S° set in (1, y1) space.

{(-6.5,0.5), (—6.5,9.5), (2.5,0.5)} which are computed as follows:

" = (-6.5,0.5),¢f =3 —-65+6 = 2.5,¢¢ = 0.5,¢> = —6.5,¢3 =
3+ 0.5+ 6 = 9.5, therefore ¢! = (2.5,0.5) and ¢*> = (—6.5,9.5).

In step (1) of the algorithm, since (-6.5,9.5) does not belong to V, we
put (-X1 Y1) = (-6.5,9.5).

We go to step (2). If we solved problem (6) by (— X%, Y¥)=vAl=(v1,v3) =
(—6,1) we would obtain (X*,Y*,t*) = (2,5,4). We put (—X,,Y,)=0.5
(—X*, Y*)+ 0.5(vF, v41)=0.5(-2,5)+0.5(-6,1), then (— XP,YP) = (—4, 3).
Now we solved problem (4), we put (—X,Y) = (—X1,Y1) = (—6.5,9.5)
and (—X,,Yy) = (—4,3), we would obtain A\* = 0.76 and (—X",Y") =
(—5.9,7.92). As shown in Figure 5.3. We solved problem (7) by (—X*,Y") =
(—5.9,7.92). , we would obtain uj = 0.57,u5 = 0.43,v5 = 2, then the
inequality cut is as follows.

0.57y; — 0.43z1 < 2.

We go to step (3) and we organize

St ={(-x1,11) | 0.5 <1, —6.5 < —x1,y1—21 < 3,0.57y1—0.4317 < 2}.
As shown in Figures 5.4 and 5.5. The vertex set of S' given in the
Theorem (3.6) are {(—6.5,0.5), (—2,5), (2.5,0.5), (—6.5, 8.375)}. We put
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Figure 5.3: The (—X,,Yy), (=X, Y"), and vA” in (21,y1) space.

k = 2. Since (-6.5,8.35) does not belong to V, we put (—X2,Y?) =
(—6.5,8.375). In the next step, we solved problem (4), we put (—=X,Y) =
(-X2Y?) = (-6.5,8.375) and (—X,,Y,) = (—4,3), we obtain \* =
0.924 and (—X",Y") = (—6.326, 8). We solved problem (7) by (—X*,Y") =
(—6.326, 8), we would obtain u} = 1,u} = 0,v; = 8, then the inequality
cut is as follows.

y1 < 8.

We go to step (3) and we organize

S2 = {(—xl,yl) | 0.5 <y;,—65 < —x1,y1 — o1 <3,0.57y; — 04321 <
2,y1 < 8}

The vertexs set of S? given in Theorem (3.6) are
{(-6.5,0.5),(—2,5),(2.5,0.5), (—6.5,8), (—6,8)}.As shown in Figure 5.5.
We put k = 3. Since (2.5, 0.5) dose not belong to V', we put
(—X3,Y3)=(2.5, 0.5). In the next step, we solved problem (4), we put
(-X,Y) = (—=X3,Y3) = (2.5,0.5) and (—X,,Y,) = (—4,3), we would
obtain A* = 0.462 and (—X",Y") = (—1,1.8462). We solved problem
(7) by (=X",Y") = (—1,1.8462), we would obtain uj = 0,u5 = 1,05 =
—1, then the inequality cut is as follows.

il < —1.
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Figure 5.6: The S® in (x1,v1) space.

We go to step (3) and we organize S = {(—z1,v1) | 0.5 < y1,—6.5 <
—r1,y1 —r1 <3,0.57y; —0.43z1 <2,y < 8,21 < —1}.
As shown in Fig.5.6. The vertexes set of S given in Theorem (3.6) are
{(=6.5,0.5), (—1,4), (~1,0.5), (=2,5), (=6,8), (—6.5,8)}.
We put k = 4. Since (-1,4) does not belong to V, we put (—X*, Y?) =
(—1,4). In the next step, we solved problem (4 ), we put (—X* Y*4) =
(—1,4) and (—X,,Y,) = (—4,3), we would obtain A* = 0. 857 and
(X", Y") = (—1.429,3.857). We solved problem (7) by (=X",Y") =
(—1.429,3.857), we would obtain u} = 0.3333,u} = 0.6666, v} = 0.3333,
then the inequality cut is as follows.
y1 —2x1 < 1.
We go to step (3) and we organize S* = {(—z1,71) | 0.5 < 1, 6.5 <
—r1,y1 —r1 <3,0.57y; —043x1 <2,y1 <8, 21 < —1,y1 — 221 < 1}.
As shown in Figure 5.7, the vertexes set of S* given in Theorem (3.6)
are {(—6.5,0.5), (=1,3), (=1,0.5), (2, 5), (—6,8), (—6.5,8)}.
Since (-6.5,0.5), (-1,0.5) and (-6.5,8) have the same components to V =
(=X,Y) = (—6.5,0.5), then they do not belong to V=. Therefore, the
vertexes set of Vi are as follows.
{(-1,3),(-2,5),(—6,8)}. We obtain the vertexes set of T,, by converting
(—x1,y1) to (z1,y1) as follows:
(1,3),(2,5), (6,8).
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Figure 5.7: The S* in (x1,v1) space.

The algorithm is terminated.
Example 2. Consider the case where there are five units with an input
and two outputs whose details have been given in the following Table.

Table 5.2. The input and outputs of the DMUs.
DMU, DMU, DMUs; DMUy DMUs
Inputs 1 1 1 1 1
Outputl 6 5 2 3 2
Output2 2 3.5 5 3.5 2
Ohoo 1 1 1 0.833 05
Efficiency status | extreme extreme extreme - -
The corresponding MOLP is
max {—z1, Y1, Y2}
st M A A+ A3+ A+ A5 <z,
61 + Do 4+ 2A3 + 3N + 2X5 > 1,
2X1 + 3.5X0 + b3 + 3.54 + 2X5 > yo, (10)
Mt A+ A3+ A+ A5 =1,
)\1 > 07)\2 > 07A3 > 07)\4 > 07)\5 > 07
x> O7y1 > 07y2 > 0.
In the initialization step of the algorithm have v{'F = —mam{ﬁ | j =

1,...,5} = =1, vl = min{y] | j =1,,...,5} = 2, v = min{y} |
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j=1,,...,5} =2 then vAl=(v1,v9,v3) = (—1,2,2).

We select (—X, 57) = (—1.5,1.5,1.5). By definishition of V', we have

V = {(vi,v2,v3) | =1.5 < v; < —x1,1.5 < w9 < y1,1.5 < vg < y9, for
some (x1,y1,y2) belonging to the feasible region of problem (10)}.

Put k = 1. If we solve problem (3), we would obtain g = 7.5.
Therefore S° = {(—z1,y1,y2) | 1.5 < 9y1,1.5 < yo, —1.5 < —21, y1 +y2 —
x1 < 7.5}. The vertexs set of S given in Theorem (3.6) are
{(=1.5,1.5,1.5), (—4.5,1.5,1.5), (—1.5,7.5, 1.5), (1.5, 1.5, 7.5)} which are
computed as follows:

¢ =(-15,1.5,15),¢f =75—-15—-15=45,¢; =1.5,¢3 =1.5,¢? =
—1.5,¢3 = 75+ 15— (1.5) = 7.5,¢3 = 1.5,¢} = —1.5,¢3 = 1.5,¢3 =
7.5+1.5—(1.5) = 7.5, therefore ¢' = (—4.5,1.5,1.5), ¢*> = (-1.5.7.5,1.5)
and ¢® = (-1.5.1.5,7.5).

In step (1) of the algorithm, since (—1.5.7.5,1.5) does not belong to V,
we put (—X!, Y1) = (-1.5.7.5,1.5).

We go to step (2). If we solved problem (6) by (—X%,Y¥)=vAl=
(v1,v2,v3)=(-1,2,2) we would obtain (X*, Y* t*)=(-1,6,2,0). We put
(=X, Y,)=0.5 (—=X*, Y*)+0.5 (oL, vsl 04 ) =0.5(-1,6,2)+0.5(-1,2,2),
then (—XP,YP) = (—1,4,2). Now we solved problem (4), we put (—X,Y) =
(-X1 Y1) = (-1.5,7.5,1.5) and (—X,,Y,) = (—1,4,2), we would ob-
tain A* = 0.571 and (—X",Y") = (—1.286,6,1.715).

We solved problem (7) by (=X, Y") = (—1.286,6,1.715), we would
obtain u] = 1,u5 = 0,u3 = 0,v}] = 6, then the inequality cut is as fol-
lows.

y1 < 6.

We go to step (3) and we organize

St = {(—z1,y1,92) | 1.5 < y1,1.5 < 9o, —15 < —zq,y1 + Y2 — 21 <
7.5,y1 < 6}.

The vertex set of S* given in the Theorem (3.6) are

{(=1.5,1.5,1.5), (0,6, 1.5), (—1.5,1.5,7.5)}. We put k = 2. Since (-1.5,1.5,
7.5) does not belong to V, we put (—X2,Y?) = (—~1.5,1.5,7.5). In the
next step, we solved problem (4), we put (—X,Y) = (-X2,Y?) =
(—1.5,1.5,7.5) and (—X,,Y,) = (—1,4,2). We would obtain \* = 0.471
and (—X",Y") = (—1.236,2.823,4.591). We solved problem (7) by
(—Xv,Y") = (—1.236,2.823,4.591). We would obtain u} = %, u} =

%, usz = 0,v) = 4, then the inequality cut is as follows.
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Y1+ 2y2 < 12.

We go to step (3) and we organize S? = {(—z1,y1,92) | 1.5 < y1,1.5 <
Y2, —1.5 < —x,y1 +y2 — 21 < 7.5,y1 <6,y + 2y2 < 12}

The vertexs set of S? given in Theorem (3.6) are
{(~1.5,1.5,1.5), (= 1.5,6,3), (0,1.5,5.25), (0,3.5,4.5)}. We put k = 3.
Since (-1.5,6, 3) dose not belong to V', we put

(—X3,Y3)=(-1.5,6,3). In the next step, we solved problem (4), we
put (-X,Y) = (=X3,Y3) = (-1.5,6,3) and (—X,,Y,) = (—1,4,2),
we would obtain A* = 0.75 and (—X",Y") = (—1.375,5.5,2.75). We
solved problem (7) by (= X", Y") = (—1.375,5.5,2.75), we would obtain
ul = 0.6,u5 = 0.4,u5 = 0,v] = 4.4, then the inequality cut is as follows.
0.6y1 + 0.4y < 4.4.

We go to step (3) and we organize

S3 = {(—z1,y1,92) | 1.5 < y1,1.5 < 9o, =15 < —zq,y1 + 42 — 21 <
75,91 < 6,y1 + 2y2 < 12,0.6y; + 0.4ys < 4.4}. The vertexes set of S3
given in Theorem (3.6) are

{(~1,5,3.5), (—0.5,6,2), (0,1.5,5.25), (0,3,4.5), (—1,5, 1.5, 1.5)}.

We put & = 4. Since (0,1.5, 5.25) does not belong to V, we put
(-X* Y% = (0,1.5,5.25). In the next step, we solved problem (4),
we put (=X Y?) = (0,1.5,5.25) and (—X,,Y,) = (—1,4,2), we would
obtain A* = 0 and (—X",Y") = (—1,4,2). We solved problem (7) by
(X", Y") = (—1,4,2), we would obtain u} = 0,uj = 0,u} = 1,v} =
—1, then the inequality cut is as follows.

—I1 S —1.

We go to step (4) and we organize S* = {(—z1,y1,2) | 1.5 < y1,1.5 <
Y2, —1.50 < —w1,y1 +y2 — 21 < 7.5,y1 < 6,91+ 2y2 < 12,0.6y; + 0.4y <
4.4, —x1 < —1}. The vertexes set of S* given in Theorem (3.6) are
{(~1,5,3.5),(~1,6,2), (-1, 1.5,5.25), (—1,5,1.5, 1.5)}.

We put £ = 5. Since (-1,1.5, 5.25) does not belong to V, we put
(—X°,Y%) = (~1,1.5,5.25). In the next step, we solved problem (4), we
put (—X5Y%) = (-1,1.5,5.25) and (—X,,Y,) = (—1,4,2), we would
obtain \* = 0.923 and (—X",Y") = (—1,1.693,5). We solved prob-
lem (7) by (X", Y") = (—1,1.693,5), we would obtain uj = 0,u} =
1,u3 = 0,v; = 2, then the inequality cut is as follows.

y2 < 2.

We go to step (5) and we organize
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S5 = {(~z1,y1,52) | 1.5 < 91,15 < g, —1.5 < —my,y1 +y2 — 21 <
7.5,y1 < 6,y1 + 2y2 < 12,0.6y1 + 0.4ys < 4.4, —x; < —1,yp < 2}. The
vertexes set of S° given in Theorem (3.6) are

{(~1,5,3.5),(~1,6,2), (—1,2,5), (—1,5, 1.5, 1.5)}.

Since (—1.5,1.5,1.5) hase the same components toto V = (—X,Y) =
(—1.5,1.5,1.5), then they do not belong to V=. Therefore, the vertexes
set of Vi are as follows:

{(-1,5,3.5),(—1,6,2),(—1,2,5)}. We obtain the vertexes set of T, by
converting (—x1,y1,y2) to (z1,y1,y2) as follows:

{(1,5,3.5),(1,6,2), (1,2,5)}.

The algorithm is terminated.

6 Computational Experiment and statisical anal-

ysis

To conduct a preliminary computational experiment for our proposed
approach, we can use the preliminary VS-Fortran code to execute the
outer linear approximation algorithm, see Benson [8]. The Horst-ThoaiDe
Vries method [29] is used to execute the fourth step of the algorithm; the
linear bisection method is used for our univariate search in the second
step, and to solve the linear programming problem, we use the simplex
algorithm; as implemented by the subroutines of IMSL. [51]. Benson [8]
has provided the number of iterations and efficient extreme points and
the CPU introduction times for thirty multiple objective linear program-
ming problems with different dimensions. In the present research, we
use the Gams software to solve our DEA models and the Lindo software
is used for solving the linear programming problems. Note that in order
to determine the efficient extreme points using traditional DEA models,
we need to solve at least n models, which is difficult to do; it would also
be quite difficult to obtain information related to the efficient surfaces.
However, in this article, we arrive at all the efficient extreme points by
solving only one MOLP model, and the model is not dependent on the
unit under evaluation. The m+s+n model is variable in the decision
set and the number of m+s is variable in the outcome set. Now, the
outcome set is smaller and we can convert the efficient extreme points
in this set to efficient extreme points in the decision set through a simple
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calculation; thus, using the presented algorithm, we can determine the
efficient extreme points of the production possibility set and its efficient
surfaces by solving one model and a few iterations of the algorithm. In
the numerical example provided, we use the model to evaluate seven
decision-making units (DMUs) under VRS technology, each having one
input and one output. In the one example, there are 9 variables in the
decision set and 2 variables in the outcome set; we obtained all efficient
extreme points after four iterations of the algorithm. In the third step
of the algorithm, we solve a linear programming problem to find the
optimal values of A\*, and to form the cutting-plane equations, a linear
programming problem is solved in each stage. As can be observed, this
method involves fewer calculations for finding the extreme points com-
pared to traditional DEA models, which require solving n models for the
same purpose. For the example 2, we have similar interparation. The
statisical analysis of examples discriped in Table 6.1.

Table 6.1. The statisical analysis of examples.

Example The number of Inputs and outputs
Example 1 | 2
Example 2 | 3

Example The number of DMUs

Example 1 | 7

Example 2 | 5

Example The number of variables in feasible region

Example 1 | 9

Example 2 | 8

Example The number of efficient extreme points in feasible region
Example 1 | 84

Example 2 | 70

Example The number of efficient extreme points in outcome space
Example 1 | 3

Example 2 | 3

Example The number of algorithm iterations

Example 1 | 4

Example 2 | 5

Example The number of Solved LPs

Example 1 | 9

Example 2 | 12

The presented algorithm has many useful computational advantages to
previous approaches for determining the efficient extreme points of the
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production possibility set:

1. Since the algorithm produces all efficient extreme points of the out-
come set based on the decision set and the outcome set is smaller than
the decision set, fewer calculations are needed for finding these points.
2. The proposed algorithm is precise and finite; thus, through solving
one MOLP model and a number of iterations, we can arrive at all effi-
cient extreme points and efficient surfaces.

3. This algorithm does not face the issues of previous algorithms in pro-
ducing the efficient extreme points, such as infeasibility and degeneracy.
4. The presented approach makes a new connection between DEA and
MOLP problems; in this regard, we can identify all efficient surfaces by
solving one MOLP problem and multiple iterations of the algorithm.

5. The presented approach can be a new method for obtaining all effi-
cient extreme points.

7 Conclusion

The purpose of this paper was to develop a new method for generating
efficient extreme points of the production possibility set with VRS. We
proposed an MOLP problem whose feasible region same of is produc-
tion possibility set. We applied the outer approximation algorithm for
generating the efficient extreme points of MOLP problem. Since the av-
erage number of efficient extreme points in the outcome set is less than
the average number of efficient extreme points in the decision set, the
method proposed is pretty fit. We obtain the efficient frontier by solving
an MOLP problem, the outer approximation algorithm can be imple-
mented relatively easily by using search methods, linear programming
techniques, and any one of several special methods from the global op-
timization literature for generating new vertexes set as linear inequality
cuts are added to the containing polyhedral generated by the algorithm.
This algorithm used few calculations to produce all the extreme points.
The results of this paper can be used on various DEA-related applica-
tion problems. The results proposed a way for extending the analysis
of production efficiency to further path. In this method, we obtain the
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efficient frontier by solving an MOLP problem. For future research, we
suggest extending our presented approach to determine the units return
to scale class; furthermore, we can solve the proposed MOLP problem
using other methods for obtaining extreme points, such as vector maxi-
mization and make a comparison of results.
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