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Abstract. In this paper, we first proposed the extension principles of
neutrosophic multi-sets and cut sets which are a bridge between neu-
trosophic multi-sets and crisp sets. Then the representation theorem
of neutrosophic multi-sets based on cut sets are studied. Finally, the
addition, subtraction, multiplication and division operations over neu-
trosophic multi-sets are defined based on the extension principle.
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1. Introduction

There are many mathematical tools that with uncertainties such as;
rough set theory [19], fuzzy set theory [43], intuitionistic fuzzy set the-
ory [7] and neutrosophic set theory [26]. A neutrosophic set theory in-
dependently is characterized by a truth-membership, a indeterminacy-
membership and a falsity-membership. Therefore the neutrosophic set
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theory has become a popular topic of investigation in the real problems
which contain uncertainty. In recent years, the academic community has
witnessed growing research interests in neutrosophic set theory [1, 2, 3,
4,5, 6, 8, 13, 15, 27, 38, 41].

Since membership values are inadequate for providing complete infor-
mation in some real problems which has different membership values for
each element, different generalization of fuzzy sets, intuitionistic fuzzy
sets and neutrosophic sets have been introduced is called multi fuzzy
set [39], intuitionistic fuzzy multiset [36] and neutrosophic multiset [41,
42], respectively. In the multisets an element of a universe can be con-
structed more than once with possibly the same or different membership
values. Some work on the multi fuzzy set [18, 28, 29, 30, 31, 32, 33, 34,
35], on intuitionistic fuzzy multiset [12, 16, 20, 21, 22, 23, 24, 25, 36]
and on neutrosophic multiset [9, 10, 11, 37] have been studied.

As far as we know, however, there is less investigation on the cut sets
and extension principle for neutrosophic set theory as well as algebraic
operations. It is noted that the algebraic operations defined in this pa-
per are remarkably different from those introduced by Chatterjee et al.
[11], Deli et al [14] and Ye [42]. The purpose of this paper is to develop
a bridge between neutrosophic multi-fuzzy sets and crisp sets. To do
this, in Section 2, some concepts relate to neutrosophic sets and neutro-
sophic multi-fuzzy sets are briefly reviewed. In Section 3, the cut sets and
extension principles of neutrosophic multi-fuzzy sets are developed. In
Section 4, based on the extension principle some arithmetic operations
such as; addition, subtraction, multiplication and division operations
over neutrosophic multi-fuzzy sets are defined. In last Section, conclu-
sion is made.

2. Definitions and Preliminary

In this section, we present the basic definitions and results of neutro-
sophic set theory [2, 38, 41] and neutrosophic multi (or refined) set the-
ory [11, 14, 42] that are useful for subsequent discussions. See especially
2, 1,9, 10, 11, 27, 37, 38, 41] for further details and background.
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Definition 2.1. ([38]) Let E be a space of points (objects), with a generic
element in E denoted by u. A neutrosophic set (N-set) in U is charac-
terized by a truth-membership function Tx, a indeterminacy-membership
function Iy and a falsity-membership function Fyn. Tn(x), In(x) and
Fn(z) are real standard or nonstandard subsets of |~0,17].

It can be written as

N = {< xz, (TN(JJ),IN(:E),FN(l')) > x el TN(U),IN(:E),FN(l') C [0, 1]}

There is no restriction on the sum of T (u); In(u) and Fn(u), so ~0 <
supTn (u) + suply(u) + supFn(u) < 37.

Here, 1T7= 1+, where 1 is its standard part and ¢ its non-standard
part. Similarly, ~0= 1+, where 0 is its standard part and € its non-
standard part.

Definition 2.2. [2] Let N and M be two neutrosophic set on E. Then,

1. A neutrosophic set N with Tn(u) = 1, In(u) =1 ,Fy(u) =1 is
called normal neutrosophic set.

2. When the support set is a real number set and the following applies
for all u € [a,b] over any interval [a,b]; Ty (u) = Tar(a) A Tar(b),
IN(U) > IM(a) A IM(b) and FN(U) > FM(CL) A FM(b)

A is said to be convex.

3. For a neutrosophic set N = {< u, (ITn(u), In(u), Fn(u)) > u €

E}
No = {u : u € U,eitherTn(u),In(u) > aor Fn(u) < 1 —a,a €
]70,17[} and

Nz = {u : u € U,eitherTn(u),In(u) > aor Fn(u) < 1 —a,a €
]70,17[} are called the weak and strong cut respectively.

4. Extending the function f : X — Y, the neutrosophic subset N of X
is made to correspond to neutrosophic subset f(N) = {Tyn, Lr(vy: Frv)}
of Y may be the following ways

Ty (y) = { ViTw(@) e e fHW)Y, iff W) #0,

0, otherwise
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Iny(y) = { MIn(z) iz e f7Hy)} iffy) # 0,

0, otherwise

Frov(y) = { MFn(z):z e [ )}, iffH(y) #0,

0, otherwise.

3. Extension Principles and Cut Sets for Neu-
trosophic Multi-Sets

In this section, we present the extension principles of neutrosophic multi-
sets and the representation theorem of neutrosophic multi-sets based on
cut sets by extending the study are given in [2, 17].

Definition 3.1. Let E be a universe and N, = {1,2,...p}. A neutro-
sophic multi-fuzzy set(Nmfs) A on E is the set

A= ({2, (T4 (@), T3 (@), o Th(@)), (T4(2), T3 (@), ... T (2)),
(Fi(z), F%(2),..., Fi(2))) : z € E}, where T%(z), I’ (z), F§(z) € [0,1]
with 0 < supT’y(z) + sup]ﬁl(x) + supF%(x) < 3 fori,j,k € Np.

(Th(z), T3(2), ..., TY (), (I} (2), I3 (), ..., I§ (2)) and (F}(z), F3(z),
. Ff(x)) are the truth-membership sequence, indeterminacy-membership
sequence and falsity-membership sequence of the element x, respectively.
Also, p is called the dimension (cardinality) of Nmfs A and it is denoted
by d(A).

Definition 3.2. If a neutrosophic multi-sets A satisfies the following
conditions, we call it a neutrosophic multi-numbers.

1. A neutrosophic multi-sets A with TY(u) = T%(u) = ... = T¥(u) =
1, Ih(u) = I3(u) = ... = I{(u) = 0, Fi(u) = Fi(u) =
F?(u) =0 is called normal neutrosophic multi-sets.

2. When the support set is a real number set and the following applies
for all w € [a,b] over any interval [a,b]; T4 (u) = Th(a) A Th(b),
Iy (u) < Ig(a) v I(b) and Fj(u) < Fi(a) vV Fi(b)

A is said to be conver (T';convex, Iy and FY; concave), (i €
{1,2,...,p}).
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Definition 3.3. Let A = {< u, (T} (v), T3 (), ..., T% (u)), (IA( u), I3 (u),
s IE (), (FA(0), FR(), ooy FE () >: w € U} (T} (), Iy (u), Fiy(u) €
[0,1]}, (i € {1,2,...,p}) be any neutrosophic multi-sets on U. Then, ex-
tending the function f : X — Y, the neutrosophic multi-subsets A of X is
made to correspond to neutrosophic multi-subsets f(A) =
of Y may be the following ways

T = { fAE 2 €I i) 0,

fla 0, otherwise

{Tay Tpay Froayt

; L(x):w -1 iff1
I}(A)(y) _ { /\{IA( ) ef ) iff Ty # 0,

1, otherwise

Fin )_{ MFA(@) o e fH W)} if 7 (y) #0,

F\Y 1, otherwise
fori=1,2,..p.

Definition 3.4. Let A = {< u, (T} (v), T3 (), ..., T% (u)), (IA( ), T4 (u),
TR (W), (FY(), F3(w), oo Y () > w € U, {Th(w), Iy (), Fi(u) €

[0,1]}, (i € {1,2,...,p}) be any neutrosophic multi-sets on U. For any
ordered a («, 3,7) where o, 3,y € [0,1], s0 0 < aa+ S+~ < 3. Then

(o, B,7)-cut set of neutrosophic multi-sets A is denoted by A, ), is
defined by

Atagqy = {u:Th(u) > o, Iy(u) < B, Fi(u) < y,u € U},

That is;

A gy ={u: Thu) Ao = o, Iy(u) V B =B, Fy(u) Vy =~,u €U}

The strong (a, B,7)-cut set of neutrosophic multi-sets A is denoted by

Am, is defined by

Ay = {u: Ta(u) > o, y(u) < B, Fj(u) <v,ue U},

Definition 3.5. Let A = {< u, (T4 (w), T%(u), ..., TX (u)), (I} (w), I3 (),



74 MEHMET SAHIN, IRFAN DELI AND VAKKAS ULUCAY

oy I3 (), (Fi(), F3(w), ., F5 (0) >0 uw € U AT} (u), Iy(u), Fy(u) €
[0,1]}, (i € {1,2, ..., p}) be any neutrosophic multi-sets on U and A, g )
be any («, 3,7)-cut set of neutrosophic multi-sets A. Then,

1. A((l’1,,“71)7(070’,“0)’(0707,”70)) 1s called the core of neutrosophic multi-
sets A.

2. A((on,._70)7(1717,._1)7(1717”_71)) is called the support of neutrosophic multi-
sets A.

Remark 3.6. For any ordered («, 3,7), a crisp set on X can always be
derived from the neutrosophic multi-sets A. Its an inverse image of the
neutrosophic multi-sets A at the confidence cut (c, 3,7).

Theorem 3.7. Let A = {< u,(T}(u), T3(v), ..., T (u)), (IA( ), I3 (w),

15 (), (Fi(u ) A1)y FX (u) > w € UL T4 (u), I (u), Fiy(u) €
[0 1]} (1 € {1,2,....,p}) be any neutrosophic multi-sets on U. Then,
(a1, 81,m) < (042,527’72)
1. A(Cmﬂm’yz) < A(a1,517’71)~
2. A

(a2,62,72) < A(Oqﬁh’n)-

3. A(oz2ﬂ2ﬁ2) < Am

Here, (a1, 51,71) < (ag, 82,72) means that a1 < as, 1 = P2 and v1 = 72

Proof. Here, (a1, 51,7) < (ag,02,72) means that oy < 9,01 >
B2 and y1 = o

A(Oézﬂzﬂz) = {u : TIZ(’U,) > (o, IA(U) <
<Hu:Th(uw) = oq, I (u) < 51,FA(U) < vi,u €U}
< A(Oél,ﬂh%).
Therefore A(

2.

C A(alﬁ1

az,62,72) 1)

= {u: T (u) > ag, I'y(u) < B2, F(u) < y9,u € U}
<Au:T%(u) > oq, I (u) < f1, Fiy(u) <y1,u € U}

A(Oézﬁzﬁz)

< A(alvﬂlv’Yl)'
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Therefore A( CA
az,32,72) (a1,81,71).
3. It is proved similarly.

Example 3.8. Suppose that A = {u; : (0.6,0.5,0.4,0.3), (0.3,0.2,0.4,0.5),
(0.4,0.6,0.8,0.7), uz : (0.5,0.8,0.3,0.4), (0.6,0.4,0.3,0.5), (0.3,0.5, 0.4, 0.6),
us : (0.7,0.2,0.4,0.5), (0.2,0.6,0.1,0.4), (0.1,0.3,0.7,0.5)}. Let (a =
05,8 = 04,7 = 03) € [0,1] and (az = 0.7,05 = 0.1,72 = 0.2) €
[0,1].Then

1‘A(al,ﬁ1,71) = {U1,UQ,U3} and A(a2,52,72) = {U3} It is clear that

A(042ﬁ2,‘72) c A(a1,ﬁ1,'y1)'
2‘A7(a1,61771) = {u1,u9,uz} and Ai(o%ﬁ%w = {ug}.Therefore A( ) -
(1,81,71)°

Definition 3.9. Let A = {< u, (T}(v), T3 (), ..., T¥ (u)), (IA( u), I3 (u),
TR (@), (Fi(w), F3(w), o, FE(w) > w € U}, {4 (w), Ty (), Fiy(u) €
[0,1]}, (4 € {1,2,...,p}) be any neutrosophic multi-sets on U. Then a-
cut, B-cut, y-cut, (o, B)-cut, (a,y)-cut and (3,7)-cut set of neutrosophic
multi-sets A is denoted by An, Ag, Ay, Awp)s Aay), Asy)- Tespec-
tively, is defined by;

Ag ={u:Ta(u) > a,u € U},

Afa) = {u: Ta(u) > a, Ia(u) < B,u € U},
Aoy = {u: Ta(u) >
Apry ={u:Ia(u) < B, Fa(u) <v,u €U}

Oé,FA(U) g v, U € U}a

Example 3.10. Suppose that A = {u; : (0.4,0.3,0.5,0.2), (0.5,0.2,0.4,0.3),
(0.3,0.6,0.5,0.2), uz : (0.8,0.4,0.3,0.6), (0.4,0.3,0.6,0.1), (0.7,0.3,0.4,0.2),
us : (0.7,0.6,0.5,0.8), (0.1,0.6,0.4,0.2), (0.5,0.4, 0.6,0.8)}. Let (= 0.6, 8 =
0.4,7 = 0.3) € [0, 1] Then,
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Ay = {UZaUS}7
Aﬁ = {’U,l, ug, U3},
Ay = {u1,ua},
A(a,ﬁ) = {’LLQ,Ug},
Aoy = {uz},
Ap) = {un, u2}-

Theorem 3.11. Let A = {< u, (T} (w), T3 (w), ..., T% (u)), (I} (u), I} (u),
o I3 (w), (Fh(u), F3(w), ... F§ (0) > w € U {T)(u), Iy(u), Fy(u) €
[0,1]}, (i € {1,2,...,p}) be any neutrosophic multi-sets on U and A 3
be a set of (o, B,7)-cut. Then,

1. Aap) = Aa N Ap.

2. Ay = AgNA,.

8. Apy ) = Ay NA,.

4 Alapy=Aa N Ay

9 A,py) = A(any) N Ap-

6. Aa,y) = A, N Ay

7. Ay =Aa N AgN Ay,
Proof. It is trivial. O

Theorem 3.12. Let A, B, A; and B;(i € I) be any neutrosophic multi-
sets on U. Then,

1' (A U B)(Oéﬂﬂ) = A(avﬁv’y) U B(a’ﬁ7"/)'

2. (AU B)(a’m) =A

(a,3,7) Y B(a,ﬂﬂ)

3. Ui(A) @57 S (U; Ai)(a,8,9).

4 Uiy = Ui Ao
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Proof.
1. Let A and B be any neutrosophic multisets on U. Then,

AUB(apq) = {u: Typ(u) > o, Iy pu) < B, Fi p(u) <v,u € U}
={u: TAUB( JANa=a, Iy gV B =0 FypuVy=yueU}
= {u: (Th(u) vV Tp(u)) A= a, (Ty(u) V Ip(u)) V 6 = B
,(Fa(u) V Fy(u)) Vy = v,u € U} A
={u:Ty(u)Na=a,I(u)VE=06Fyu)Vy=yucU}V
{u:Thu) Aa=a,I5u)VE=8Fyu)Vy=~ueU}
= A(a,89) Y Bla,g)-

2. Let A and B be any neutrosophic multisets on U. Then,

(AU B)(aﬁﬂ) = {u: Thypw) > o, Ty p(u) < B, Fy p(u) <v,u € U}
={u:T)p(u) ha=a,Iy,p(u) VB =B, Fy,p(u) Vy="uelU}
— {us (Th{a) V Th(w) A = o, (Tiu) v Tyu)) v f = 9
J(Fy(u)VEFy(u)Vy=~uel}t
={u:Ty(u)Na=o,I(u)VB=0Fyu)Vy=yucU}V
{u:Th(w) ha=a,I5(u) VB =B, Fiu)Vy=",ucU}
A( B:7) UB( Bo)”

The proofs of (3) and (4) can be made similarly. [

Theorem 3.13. Let A, B, A; and B;(i € I) be any neutrosophic multi-
sets on U. Then,

1. (AN B)(a8y) = Ata,87) N Blag).
2. (AN B) =A

@iy = ey N Basa
3 Ni(A) .8 € (N Ai)(a,8.).

4 M)y = (i Ao

Proof.
1. We can see that
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ANBapy ={u:Tinpu) > o, Tinp(u) < B, Fynpu) <v,ue U}
={u: TAﬂB( JAha=a,Tjnp(u) VB =0 Fipu)Vy=7uecU}
= {u: (Th(u) ATh(w) Ao = a, (I (u) AT (u) v B = 5
(P4 AFy(w)Vy=ryuel}
={u:Th(u)ha=a,Ii(u)VE=05Fiu)Vy=yuecU}A
{u:Th(w)ANa=a,I5(u)VE=06Fhu)Vy=ryueU}
= Aa7) N Blapy):

2. We have

(AN Bl = {u: Ting(®) > a, Tiyp(u) < B, Fing(w) < v, € U}
={u: TAQB( Jha=a,Iynpw) VB =8 Fipu)Vy=7ueU}
= {u (Ty(u) A Th(u)) Ao = a, (Ly(u) A(w) vV B =5
(Fh ) A Fy(u)) Vy=y,uely
={u:Ty(u)Na=a,ly(uw)VE=p5Fu)Vy=yucU
{fu:Thu) Na=a,Iz(u)VE=pFyu)Vy="yuecU}

A( ByY) N B( B)°

The proofs of (3) and (4) can be made similarly. O

Theorem 3.14. Let A be any neutrosophic multi-sets on U and fori € I,
(ala ﬁlv ’Yl) = maxi{(ai’ ﬁia 72)} and (062, ﬁ?v 72) = mml{(az, ﬁi? '}/@)}7

1. ni(Ai)(ahﬂia’Yi) = A(alzﬁlﬁl)'

2. Ui(Ai)(ai,ﬁiin) - A(0l2,52,72)-
Proof.
1. Note that

(1) > g, N T4 () < B N Fiy(u) < iyu € U}
: iTZ(UM% ar, \ Ly(u) V B = B, A\ Fi(w) Vi = myu € U}
= {u: (Tﬁl(u) AT (u )) Aay = ay, (Ly(u) ANg(w) Vi = b,

(a1,81,m)-
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Uildiggag = (s AiTil) > a0,V Ii(w) < B,V Fy(u) < ,u € U}
- 0 AT = V40V = Y, ) Vo= U
= {u: (Tj(u) ATp(u)) Aag = ay, (I (u) A Tp(w) V By = fa,
(Fi(u) A Fy(u)) Vya =y2,u € U}
= A

Definition 3.15. Let A be any two neutrosophic multi-sets on U and

for (o, B,7) € [0,1]® (0, B,7)A is defined as; Yu € U,
(o, B,7)A(u) = {u: Th(u) Aa, Tj(u) V 3, Fiy(u) Vy,u € U},

Even though A is a crisp set, (a, 3,7)A(u) is still a neutrosophic multi-
sets defined by

( 7/67 7)7 u e A
e
Theorem 3.16. Let A, B be any neutrosophic multi-sets on U and for
(i, Bisvi) € 0,1 (i=1,2). We have

1. If (041751,’71) < (042,52772)a then (O[]_,,B]_,’Yl)A g (042,/82,’}/2)14

2. IfA g B7 then (051751771)"4 g (041,51771)3
Proof. Let A and B be any neutrosophic multisets on U and for («;, 3;, i)
€ [0,13(i = 1,2). We have
L (a1, B1,7) < (az,B2,72) =
(alaﬁla’yl)A = {U : TA(U) A alvlg(u) N Bl?FA(u) \ 7,U € U}
<Au s TY(u) A ag, Iy (uw) V Ba, Fiy(uw) V y2,u € U}
— (OQ)ﬁQ?’YQ)A

Therefore (o, 51,71)A C (a2, B2, 72) A.
2.I1f ACB then (AC Bif Ty(u) < Tg(u), Ia(u) > Ig(u) ,Fa(u) >
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Fp(u), Vu € U)

(alaﬁlv’yl) :{ ( )/\OZl,IA(U)\/ﬁl,FA(U)\/’}/l,UEU}
< Au: ( YA o, Ig(u) Vv B, Fp(u) Vy,ue U}
= (041751771)

Therefore (a1, f1,7)A C (a1, B1,7)B. O

Theorem 3.17. Let A be any a neutrosophic multi-sets on U. Then,

A= U (a, /87 ’Y)A(a,ﬁ,%.
(a,8,7)€[0,1]
Proof. Let A be any neutrosophic multisets on U and for (o, 3,7) €
[0,1]3. We have

U(aﬂm/)e[o,l]B (aaﬁa’Y)A(a,ﬁﬁ) =V 7)€lO0, 1]3{( )/\A(aﬂ%}

Viape0si@ 5» ) Th(u) > a,
: ﬁFA( ) <v,ucU}

= (T (u), I'y(u), F(u))

Theorem 3.18. Let A be any a neutrosophic multi-sets on U. Then,

A= U (snAgs

(a.B)€E01]?

Proof. Let A be any neutrosophic multisets on U and for (o, 3,7) €
[0,1]3. We have

Utasmenos (@ 80 Ag a4 Bl B,7) A A(aﬁm}

=V
\/( BY)ED, 1]3{(0‘ Byy) s Ty(u) > a,
(u) <5,FA( u) <v,u €U}

;TA( u), Iy (u), Fy(u))

~
[N

Theorem 3.19. Let A, B be any two meutrosophic multi-sets on U.
Then,
A=B @v(aaﬂvv) € [Oa 1]3514(

By T B(avﬁv/‘/)
&V, 6,7) € (0,17, 4

(a7577) - B(a7ﬁ77)
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Proof. Let A and B be any neutrosophic multisets on U and for
(o, B,7) € [0,1]3. We hav
A = B(A = B if Ta(u) = Tp(u), Ia(u) = Ig(u) ,Fa(u) = Fp(u),
Vu e U)s

A ={u:TY(u) > a,I}(u) < B, Fi(u) <v,u e U}

={u:T4(u) Ao, Iy(u) VB, Fy(u) V~y,ueU}
={u:Th(u) Na, Iz(u) VvV B, Fg(u) Vvy,uec U}
= B(

a,B3,7)

a,B,7y-
Therefore A(aﬁﬁ) = B(aﬂﬁ).
A= B(A = B if TA(U,) = TB(U), IA(U) = IB(U) ,FA(U) = FB(U),
Vu e U)e
Am ={u: T}%i(u) > a,I‘fL‘(u) < B,Ej‘(u) <~v,ueU}
— {u: Th(u) Ao, T (w) V B, Fi(u) V v, u € U}
={u:Th(u) N, Ig(u) vV B, Fy(u) Vy,uec U}

(a7677) '
Therefore A

(awg’f}/) - B(azﬁ7’y)'

Theorem 3.20. Let A be any a neutrosophic multi-sets on U and for 6 =
(o, B,7) € (0,13, If H : [0,1]* — P(X) satisfies that ¥§ € [0,1]3, A5 C
H(6) C As, then

A= |J 6H()

5elo,1)3
and the following properties are fulfilled:
1. H(61) 2 H(d2) whenever 61 < ds.
2. V6 €(0,1], As = Nges H ().
3.6 €(0,1]2, As = Ngas H(0).

Proof.

1. It is obvious.

2. When 0 < 6 , we have H() D Az O As. Thus (.5 H(0) O As. On
the other hand (y_; H(0) C (g5 Ao = As. Hence A5 = (g5 H(0).
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3. When 6 > 6, we have H() C Ag C A;z. Thus Az D (Nyo5 H(0). On
the other hand,H () C Ay and (\yo5Ho D (y»s Ay = Aj. Therefore,

Let extending the function f: X — Y. we recall the (direct)image of a
the neutrosophic multi-subsets A of X under f is defined as

FCA) = A{Tcay Tycay, Freay € Y,

and the inverse image of a neutrosophic multi-subsets B of Y is defined
as

I7HA) = {Tjy Ty Fray € X
In other words, the mapping f : X — Y induces two new mappings
f:P(X)— P(Y)and f~!': P(Y) — P(X). These induced mappings
possess the following properties.

Theorem 3.21. f: X — Y, A, B, A, € P(X)(i € J), then the induced
mappings f satisfies that

1. A C B implies f(A) C f(B).

2. f(Ui(4i) = (U; f(Ad)).

3. (N (Ad) € (N f(A))-
4- W eY(FA)W) = Vri , 0=y A Ari 0= AR AFi @)=y Al).

V(a,ﬂ,fy) € [07 1]37f(A(01,,3,’y)) C (f(A))(a,ﬁ,'y)‘
6. f(A) :U a,8,7)€[0,1]3 s(a, 8,7)(f(A )) (a,817) :U( Br)e (Oé B,)f(A aﬁ,w))'

Proof.
1. It is Trivial.
2. Let y € Y. Then

y€ f(Ui(4) & el (4 )ﬂﬂ)() %@(ﬂ)—y,( () y}
& Ji € Jx € (Ai)and{T} o (x) =y, I} 4 (x) =y, Fj py(2) =y}
s Jdiedye f(A)
syel; f(A)
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3. It is similar to the proof of (2)
4. Let y € Y. Then

(f(A))(y) :{1’070}
eye f(4) |
<:>5‘1'EA{ ()= yI()() }(A)@:y} ‘
NS A< 1000 (1) = .5 1) =, El 1) =)

< VTZ = ( )_1 /\I}(A) =y ( ) = Oa /\F}M)(x):y A(‘T) =0.
5. Let y € Y. Then
ye (f(A))(a,ﬂ,'y) <:>T}(A)( )>04ap( )( y) < B,F; A( ) <y

SV @)=y ()>04/\p J=y ()<ﬁ/\F1 @)=y AlT) <7
<:>E|$€XT () f () yaFf( (x) = ($>(aaﬂ77)
30 € XA T (8 T () P (2) =1
<:}?JEJC( aﬂw)

6. By for every A € P(X), A =4 5.)ep0,12(% 5, 7)A(a,5,7) and ()

f(A) = U (a, ﬁv7)(f<A)>(a,,8,'y) = U (CM7 57 ’Y)f(A(a,ﬁ,'y))‘
CHRIS (I (eBm)Ef0,1?

For every y € Y, we have

U(am e[01]3( a, 8,7)(f(A )) (,8,7) :\/(am (a B, ) A (f(A ,ﬂ,v)))(y)
= Vaepo CV/\\/T}(A> (2)=y Aa(@),

Nsepo, (B /\Ii —y Ap(x)),
Mepo) (VV/\F}(A yA’Y(x))
_\/T}(A) 7\/ [01]0‘/\14(33)

At @)=y Nseppy BV Ap(@),
/\Ff(A /\'yE[O 17V Ay(2)
= \/Tz =y Az )’/\I}w (z)=y Az),
/\Fz )=y 90)

~ (1(a ))( )
Thus f(A) = U(a7ﬁ77)6[071]3(a)ﬂv’y)f(A(O‘wBﬂ))'
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Theorem 3.22. f : X — YA, B,B; € P(Y)(i € J), then the induced
mappings =1 satisfies that

1. AC B implies f~1(A) C f~4(B).

2. f7H(BY) = (fH(B))".

3. f~HUi(B) = (U; f1(By).

4 7N N(B) = (N f7H(BY).

5. ¥(a, B,7) € (0,1, f T (Biasy) = (FH(B)) (@)

6. [7'(B) = U(a,ﬂ,*y)e[(],l]:s(&?ﬁ', 7)<f71(B))(a,ﬂ,7) = U(a,ﬁ,’y)e[o,lﬁ(aﬁ ﬁﬁ)fﬁl(B(a-ﬁm))'

Proof. We proof (4) and (5) as examples.
4.

Yo € X, fH(N;(Bi)(@)

5.

T e f_l(B(a,ﬂ,’y)) ~ {T}(A) (x)71}(,4) 1‘), FZ(A) (LL')} € B(a,ﬁ,'y)‘

The proofs of (1),(2),(3) and (6) can be made similarly. [

4. Algebraic Operations Over Neutrosophic Multi-
Sets Based on Extension Principle

Let A and B be two neutrosophic multi-sets on the universal sets X
and Y respectively. According to the extension principle of the neutro-
sophic multi-sets. We can define algebraic operations over the neutro-
sophic multi-sets A and B, i.e.,the addition, subtraction, multiplication,
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and division operations are defined as follows:
Ak B = {{z,Vamasy {T} 4y (@) A Ty (@)}, Asmang { Ly ) () V Ty (2)}

Ao Flony (@) V F (@)1, 9) € X x Y,

where the symbol “x” represent one of the algebraic operations “+”,

“ e m

”oW_

M«

,“x 7 and “+ 7. The division operation is required to satlsfy
the condition: 0 € supp(B) = {y|T}p(y) > O,I}(B)( y) <L, Fpp(y) <
l,yeY.

More specifically, A+ B,A— B, Ax B,A+ B and A X B are defined as
follows:

A+B= {<Z V= x+y{T ( ) f )( )} M= :1:+y{I ( )VI;(B)(Z/)}?
No=zty{Fja () (HwaeXxY}

7

AfBz{@Np%ﬁﬁw() T )} Ay L ) (2) V I g (),
Mo AP ()Y Fiy (Do) € X x VY

AXB= {<Z>\/z:az><y{Ti ( ) )(y)}v/\ZZOEXy{I}( ( )\/I}(B)( )}
Aeeasg{Fhgay (0¥ Fhgy ) )z.3) € X % V)

A+ B = ({5 Vamay (T () A T (901 Ao (T () Ty ),
Ne=o+y{F} (A) (z) VEip )( )}H(m y) € X x Y}

AB = {(z,V.= )\xy{T ( )}7/\22)\Xy{1}(3)(y)}7
/\z—)\xy{F ( )}>|(.’L’ y) € Y}v

respectively, where A # 0 is any real number.

fB
(v)

Example 4.1. Let A and B be two neutrosophic multi-set as follows;

A= {(1,(0.5,0.6,0.8,0.7),(0.2,0.1,0.3,0.5), (0.3,0.4,0.1,0.5)), (2, (0.6,0.4,0.7,0.9),
(0.4,0.3,0.5,0.2), (0.2,0.1,0.4,0.3)), (3, (1,0.8,0.5,0.7), (0.1,0.2,0.4,0.3),
(0.4,0.3,0.2,0.1))}.

and

B= {(4,(0.8,0.5,0.6,0.7),(0.3,0.1,0.2,0.4), (0.6,0.4,0.5,0.7)), (2, (0.7,0.6,0.4,0.8),
(0.5,0.3,0.4,0.2), (0.3,0.7,0.4,0.6)) }.
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respectively. Then,

A+B= {(3,0.5,0.6,0.4,0.8),(0.5,0.3,0.4,0.5), (0.3,0.7,0.4,0.6))
(0.5,0.3,0.5,0.2), (0.3,0.7,0.4,0.6)), (5, (0.7,0.6,0.4,0.7),
(0.4,0.7,0.4,0.6)), (6, (0.6,0.4,0.6,0.7), (0.4,0.3,0.5,0.4),

(0.8,0.5,0.5,0.7), (0.3,0.2,0.4,0.4), (0.6,0.4,0.5,0.7)) }.

,(4,(0.6,0.4,0.4,0.8),
(0.5,0.3,0.4,0.3),
(0.6,0.4,0.5,0.7)),

A-B= ,(0.5,0.5,0.6,0.7), (0.3,0.1,0.3,0.4), (0.6,0.4,0.5,0.7)), (~2, (0.6, 0.4,0.6,0.7),
£,03,05,04),(0.6.0.4,0.5,0.7)), (—1. (0.8, 0.5,0.5.0.7). (0.3, 0.2, 0.4, 0.4),
6,0.4,0.5,0.7)), (0, (0.6,0.4,0.4,0.8), (0.5,0.3,0.5,0.2), (0.3, 0.7, 0.4, 0.6)),

AxB= (4,(0.6,0.4,0.4,0.8),

1(0.5,0.6,0.4,0.8), (0.5,0.3,0.4,0.5), (0.3,0.7,0.4, 0.6)),
5,0.3,0.5,0.2),(0.3,0.7,0.4,0.6)), (6, (0.7,0.6,0.4,0.7), (0.5,0.3,0.4,0.3),

(1,
{(-3
(0.
(0. )
(1,(0.7,0.6,0.4,0.7), (0.5,0.3,0.4,0.3), (0.4,0.7, 0.4, 0.6)) }.
: it
(0.4,0.7,0.4,0.6)), (8, (0.6,0.4,0.6,0.7), (0.4,0.3,0.5,0.4), (0.6, 0.4,0.5,0.7)),

,(0.8,0.5,0.5,0.7), (0.3,0.2,0.4,0.4), (0.6,0.4,0.5,0.7)) }.

(12

A=B= {{1/4,(0.5,05,0.6,0.7),(0.3,0.1,0.3,0.4), (0.6,0.4,0.5,0.7)), (1/2, (0.5,0.6,0.4,0.8),
(0.5,0.3,0.4,0.5), (0.3,0.7,0.4,0.6)), (3/4, (0.8,0.5,0.5,0.7), (0.3,0.2, 0.4, 0.4),
(0.6,0.4,0.5,0.7)), (1, (0.6,0.4,0.4,0.8), (0.5,0.3,0.5,0.2), (0.3,0.7, 0.4, 0.6)),
(3/2,(0.7,0.6,0.4,0.7), (0.5,0.3,0.4,0.3), (0.4,0.7,0.4,0.6))

}
AB = {(4)(0.8,0.5,0.6,0.7),(0.3,0.1,0.2,0.4), (0.6,0.4,0.5,0.7)), (2, (0.7,0.6,0.4,0.8),
(0.5,0.3,0.4,0.2), (0.3,0.7,0.4,0.6))}.
Note that the algebraic operations defined in this section are remarkably
different from those introduced by Ye [42]. The reason is thatYe [42]
defined the operators over neutrosophic multiset on the basis of algebraic
sum and product which is t-norm and t-conorm.

5. Conclusion

Using the concept of cut sets of neutrosophic multi-sets, we proposed
the representation theorem for neutrosophic multi-sets. Based on the
extension principle, we defined algebraic operations such as the addi-
tion, subtraction, multiplication and division, which were extensions of
the operations over the intuitionistic fuzzy sets in [17]. The algebraic
operations proposed in this paper were remarkably different from those
defined by [11, 14, 42], which were not always rational from a logical
point of view and practical aspects. Different applications of the rep-
resentation theorem and extension principles of neutrosophic multi-sets
will be examined in near future.
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