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Abstract. In this paper we establish a refinement and some reverses
for Jensen’s inequality for the general Lebesgue integral on divisions of
measurable space. Applications for discrete inequalities and weighted
means of positive numbers are also given. Some examples related to
Hermite-Hadamard inequality for convex functions are provided as well.
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1. Introduction

Let C be a convex subset of the linear space X and f a convex function on C. If
P = (p1,...,pn) is a probability sequence, i.e. p1,...,p, =0 with > ;1 p; =1
and x = (z1,...,2,) € C™, then

f (Zm%) <Y opif (@), (1)
i=1 i=1

is well known in the literature as Jensen’s inequality.

The Jensen inequality for convex functions plays a crucial role in the The-
ory of Inequalities due to the fact that other inequalities such as the arith-
metic mean-geometric mean inequality, Holder and Minkowski’s inequalities,
Ky Fan’s inequality etc. can be obtained as particular cases of it.
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In 1989, J. Pecari¢ and the author obtained the following refinement of (1) (see
[19]):

i = T o+ Ty,
f (Zpixi> <D PPl (W) (2)
i=1 i1

cenikp1=1
< Z Piy - Pin (“k“f)<~-<2p¢f(xi),
01,00t =1 i=1

for £ > 1 and p, x as above.
If g1,...,qx = 0 with Z?Zl g; = 1, then the following weighted refinement
obtained in 1994 by the author also holds (see [6]):

f <me> < Z Piy - -Di f (lkk) (3)
i=1 Sie=1
< Z Piv - -pinf (@i, + o+ qexs,) < Y _pif (x

11, ,Zk 1 =1

where 1 < k£ < n and p, x are as above.

For other refinements and applications related to Ky Fan’s inequality, the arith-
metic mean-geometric mean inequality, the generalized triangle inequality, the
f-Divergence measure etc., see [1], [3]-[15], [16]-[18] and [20]-[21].

Motivated by the above results, we investigate in this paper the integral version
of Jensen inequality and establish some refinements and reverses of interest for
applications.

Let (2, A, 1) be a measurable space consisting of a set 2, a o -algebra A of
parts of Q and a countably additive and positive measure p on A with values in
R U {oo}. For the p-integrable positive p-a.e. weight w consider the Lebesgue
space

Ly, (Qpu):={f:Q—R, fis p-measurable and /Q|f )] w () dp (t) < oo}

For simplicity of notation we write everywhere in the sequel fQ wdyp instead of
Jow () dp(t) ete.

We say that the family of measurable sets F, () = {Qi},cy I8 a n-
division for Q if @ = J; i, ©;NQ; =0 for any 4, j € {1,...,n} with i # j
and p(Q;) > 0 for any ¢ € {1,...,n}. In this situation, if f € L,, (2, u) then
[ € Ly Qi) for any i € {1,...,n} and [, fwdp = 370, [ fwdp. Also,
Jowdu =370, [q, wdp with [o wdp > 0 for any i € {1,...,n}. /
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For a given n > 2 we denote by D, () the set of all n-divisions of 2 and
consider the functional ¥ (®,w, f,-) : D, () — R defined by

wd
(D, fow, Fy (Q)) = T tlvdu Z(I) <f}29,fwd:> /Q_wdu. (4)

In the next section we establish some results concerning this functional that
are related to Jensen’s integral inequality. Applications for discrete inequalities
and weighted means are provided in the third section. In the last section some
applications related to the Hermite-Hadamard inequality for convex functions
are also given.

2. The Main Results

The following result holds:

Theorem 2.1. Let ® : [m, M] — R be a convex function, f : Q@ — [m, M] a
p-measurable function such that f, ® o f € L, (Q,u). Then for any F, (Q) €
D, () we have
fQ (o f)wdp
Jo welp

Jo fwdu)

>0 (@ S B (@) > @ (S

(5)

where n > 2.

Proof. From Jensen’s integral inequality we have

wd
/Qv(q)Of)wdu?@(W)/ﬂwdu (6)

for any i € {1,...,n}.

If we sum the inequality (6) over i from 1 to n we get

n n wd,
Z/Qv(q)of)wdu Z@(f}l J;}d:>/ wdp (7)

and since

n

Z/Q‘(@Of)wdu=/un

=1 i i=1

@0 pudi= [ @ fywdp,

Q;

then from (7) we get the first part of (5).
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Let f Fud
Q, Jwap .
»; :/ wdp >0, z = 22 M e {1, n
Q; fQi wdp

Then

n

P, = pi:/ wd,u:/wdu,

iz:; o1 Q

and

iZi — fd:/

i=1

fwd,uz/fwdu.
Q Q

From Jensen’s discrete inequality

1 ¢ i1 Pi%i
Fre 28 (25

we have

n d d
Ly (JaSudn / wip > @ [ Jo el

and the second inequality in (5) is also proved. O

Remark 2.2. The double inequality (5) is equivalent to

Jo(@o f)wdp
Twdn 2 Fn(ﬂilelgn(n)ip (@, f,w, Fy () (8)

and

Ja fwdu) 7 9)

inf
Fr(2)€Dn(Q)
where n > 2.

For n = 2 we re-obtain the result from [13] where further applications for
f-divergence measures in Information Theory are also given.

We use the following lemma [10].

Lemma 2.3. Let @ : I — R be a convez function on the interval of real numbers
I and m,M € R, m < M with [m,M] C I, I is the interior of I. If g : Q@ — R
is pu-measurable, satisfies the bounds

—co<m<g(x) <M <o for p-a.e. x €
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and such that g, ® o g € L, (2, ), where p > 0 p-a.e. on Q with fQ pdp =1,
then

Og/ﬂp(Qof)du—(I)(/prdu (10)

M — —
< M= Jopfdn) Jopfdp—m) =y
M —-m te(m,M)

< (M—/prdu) (/prdu—m) o (A‘Q:fﬁ (m)

< 3 (M —m) [8 (31— &, (m)],

where W (;m, M) : (m, M) — R is defined by
M) —2(F) D(t)—P(m)
M-t t-m

\I/q> (t;m,M) =

We have the following reverse of the first inequality in (5).

Theorem 2.4. Let @ : [m, M] — R be a convex function, f : Q@ — [m,M] a
u-measurable function such that f, ® o f € Ly, (Q,u). Then for any F, () €
D, (Q), n>2 we have

Jo (@ o f)wdp
0 =" — wdn

1
<——— sup Ug(t;m, M)
M—m te(m,M)

1 o wfdn ( Ja, wfdp
X widM; (/91 wd”) (M fQi wdu) ( fQi wdp >
< 1 sup \I’@(t;m’M) (M_wifd,U) (wifd,u_m>

(P, frw, Fr () (11)

M = m sem,m) Jowdn )\ Jowdp
Proof. From the second inequality in (10) for ¢ = f and p = %7 i€
Q,
{1,...,n} we have
1 1
0< / w(®o f)dy— / wfdu (12)
fgi wdp Q; fQ wdp Q;

1 (M fszi wfd,u) (sz wfdp _ m) sup Uq (t;m, M)
te

< _
M —m fszi wdp fszi wdp, (m,M)
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for any ¢ € {1,...,n}.
If we multiply by [, wdp > 0 and sum over i from 1 to n we get

- 1
0§;/in(<1>of)d,uZq)(fﬂiwdu/ﬂiwfdu>/.wdp
1

n
i=1 i

() (- e (et ).

which proves the second inequality in (11).

Now, observe that the function ¥ : [m, M] — [0,00), ¥ (t) = (M —t) (t —m)

is concave and by Jensen’s inequality for concave functions with

wfd
pi:/ wdp > 0, 2227&2 fan
Q

Ty €M) i€ (1)

we have

T i i: </g v ) (M ) f}ziwwfdiﬂ> (f?s;;:fdiu ) m)
<M T Z ([, o) m)

(fsz e Z ([, ) m - m)

B (M ) ffgf«zudiu) (&fodﬁ ) m> ’

which proves the last part of (11). O

IN

X

Remark 2.5. Since, as shown in [10],

sup U (t;m, M) < @ (M) — @, (m)
te(m,M)

then we have the following simpler inequality
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ng{?j?wW_w@Jﬂﬁam» (14)
o wap
_ oL (M) — @ (m)

o wdn (0 Jo widn (fo, widn
S (- ) v )

o (M) — ' (m) B fQ fwdp fﬂ fwdp .
< M —m <M fnwdu><fgwdu )

If we use Lemma 2.3 for the discrete measure, we can state the following result:

Lemma 2.6. Let @ : [a,b] — R be a convex function on the interval of real
numbers [a,b], z; € [a,b], p; 20,i€{1,...,n} and Y., p; = 1. Then

0< Zpi‘b (21) — @ (Zpizi> (15)
(b— Z?:l PiZi) (Z?:l pizi — a)

< sup Vg (t;a,b
b—a te(a,b) ® ( )
~ i ® (b)) — P’ (a
< (b - Zm%) (szzl - Cb) %
i=1 i=1
1
< 30— a) [B ()~ @ (@),

The following reverse of the second inequality in (5) holds:

IS

Theorem 2.7. Let ® : [m, M] — R be a convex function, f : Q — [m, M]
u-measurable function such that f, ® o f € Ly, (Q,u). Then for any F, (Q) €
D, (2), n =2 we have

fQ Jwdp
S v L b ) ¢(hww) (16)
(A ) - k) (e - v @)
A(Fn Q) = A (F, ()
% sup Tg (A (Fn (Q), A (Fn ()

tEN(Fr (), A(Fr(2)))
1
< 7 (A(F () = A (Fn (D))

X sup Ug (8 A (Fn (2),A(F, (),
tE(A(Fn()),A(Fn(92)))
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where
Jo. fwdp
AF, () := min —_ 3, 17
(Fn (1) ie{l,..., n}{ sz wdp (17)
wd,
A(F, () := max M .
ie{1,...,n} fQ wdp

Proof. If we write the first two inequalities in (15) for
pi = fQZ wp >0, z; = 7&21' Jwdp i

b Jqwdn C fo wdp
and for a = A (F, (2)), b= A (F, (Q)) as above we have

1 - fQ fwdp > fQ fwdp
ngz(/nf”d“)q’(w> q’(w) o

- SuPte()\(F;(Q)),A(Fn(Q))) Uy (A (F (), A (F (2)))

><< n le wdp le fwd,u)

A(Fn(Q))*Z; widu' fg,wdﬂ

y - fQ wdp ) fszi fwdp
= fn wdp fszi wdy

B (A (Fn (Q)) _Ja fwdll) (JQ fwdp )\(Fn (Q)))

e{l,..,n}

—A(Fn (Q))>

Jowdn Jo wdp
A(F, () = A (Fn ()
X sup Yy (tQ)\(Fn (Q))>A(Fn (Q)))v

tE(Fn (2)),A(Fn()))

which proves the second inequality in (16).
The last part in (16) follows by the elementary inequality

a+f3
2

2
Oéﬂ<< >,o¢,ﬂ€R. O

Remark 2.8. Since

Vo (A (Fa (), A (Fn () < O (A (F, () — @4 (A (Fa (),
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then from (16) we have the simpler inequalities

0< @ g0, @) -0 (20 (19)
Q

L (A (F (Q))) — @ (A (Fr ()
h A(Fn () = X(Fn ()
><<A

<5

Jo fwdp\ ( [o fwdp
Fn () - }ZQ wdp ) ( .}}Q wdp -

( A(F, <Q)>)
A (F, () = A(Fy (90)) [8 (A (F () — @, (A (F ()]

The following reverse of Jensen inequality also holds [10]:

Lemma 2.9. Let ® : I — R be a convex functoz'on on the interval of real numbers
I and m,M € R, m < M with [m,M] C I. If g : Q — R is u-measurable,
satisfies the bounds

—co<m<g(z) <M< oo for p-a.e. x €

and such that g, @ o0g € L, (Q, 1), where p > 0 p-a.e. on Q with fQ pdp =1,
then

0</ﬂp(<1>0f)du—<1></gpfdu> (20)

)

2 m+ M
1 —
><< +M—m /prdu 5 )

¢mw+¢wn_¢(m+M>l

<2
[ 2 2

We have the following result:

Theorem 2.10. Let @ : [m, M] — R be a convex function, f : Q — [m,M] a

u-measurable function such that f, ® o f € Ly, (Q,p). Then for any F, (Q) €
D, (2), n =2 we have
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<Jo@oDwdi g 1 (@) (21)

0<
Jo wp
<|
<

( 5 2 T w(f‘sz)d“D
()
2

M
m+’d,u>.

(®of)
@Mﬂ;@@ﬂ_@(m;M>}
s

(m) )

1 _
% ( TM-m Jo, wdp wdu ‘f
Proof. From the second inequality in (20) for ¢ = f and p =

w

Ja, wdn’ Le

{1,...,n} we have

o<w4w<¢of>du—¢<Wwadu> (22)
Q; i Q; i

(e

2 1 m+ M
1 dp —
X( M —m fﬂiwdu/giwfﬂ 2 D

for any i € {1,...,n}.
If we multiply the inequality (22) by fQ’_ wdp > 0 and sum over ¢ from 1 to n
we get

R N ey

{¢mn+¢wn ¢<m;M)]

N

n

(o ], )
o S <’"*M>]
(s Sl - 252)0)

X

m+ M
di —
, wdp inf : 2 D
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any by dividing with [, wdp = 71" | [, wdp, we get the second inequality in
(21).
By the properties of modulus we have

n

2

1 / ( m+M> ‘ 1 ‘ m+ M
e w(f————|dul < f- d
7 fQWdM Q; 2 fQUJd#Z 1/ 2

i |
= w
fQ wdp Jo

If we use Lemma 2.3 for the discrete measure, we can state the following result:

m+ M

f_

and the last part of (21) is proved. O

Lemma 2.11. Let @ : [a,b] — R be a convex function on the interval of real
numbers [a,b], z; € [a,b], p; 20,3 € {1,...,n} and Y. p; = 1. Then

0< Zpiq’ (z) — @ (Z%%) (23)

g{@(a)-;@(b)_@(a;—b)}( szzz a+b>
<2[(I>(a)+<1>(b) _(I)(a—&-b)]_

2 2

Using this lemma we can state and prove the following result as well:

Theorem 2.12. Let @ : [m, M] — R be a convex function, f : Q — [m,M] a
u-measurable function such that f, ® o f € Ly, (,u). Then for any F, () €
D, (), n =2 we have

< (@ L. P () - @(ffﬂf;”di“)
[ ) EAE @), (A(Fn () + A(F, <9>>)]
2 2
| CA(FL(9) + A (R ()
x(“A(Fn <9>>—A<Fn ) | T, win /g“’fd" 2 D
S O(F, () + (A (F, () - (A(Fa (D) +A(F, ()
L TR Pt

where A (F,, (), A (F,, (Q)) are defined by (17).
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Proof. If we write the first two inequalities in (15) for

o Jo, wdp S0, 2= Jo, fwdp

D = , zi=——— 1 €{l,..,n}
' fsz wdp, ' fsz,; wdp

and for a = X\ (F, (Q)), b= A (F, (Q)) as above we have

1 - Jo. fwdp " Jo wdp [, fwdp
0 —— / wd, ) P|=—/——]-9 ‘ L=
Jo wdp Z ( Q, a ( fQ wdu ; Jo wdp fQ wdp

< |:(I)()‘(Fn W) +2AFE(Q) 4 </\(Fn (Q));A(Fn (Q))ﬂ

+
2
2

4§ {” A (F, () — A (Fn ()

|3 i fo, Fudn (P () + A (F ()
— Jowdp [q, wdn 2
_ {@()\(Fn () + @ (A(Fn () o <)\(Fn Q)+ A(F, (Q)))}
2 2

2
4§ {” A (F, () — A (Fn ()

1 < A(F, (Q) +A(Fn (Q))
% widu;/giwfd“_ 2 ‘}

that proves the required inequalities in (24). O

3. Discrete Inequalities

For a nonempty finite family of indices J and positive weights w;, j € J
we denote Wy = 37, w;. If @ : [m,M] — R is a convex function and
xj € [m,M], j € J then Jensen’s inequality states that

JjeJ jeJ

Assume that, for n > 2, the family J of indices containing more than n elements
and F, (J) = {Ji};eqq,. ny 18 @ n-division for J, namely J = U~ J; and
J;NJ; =0 for any 4, j € {1,...,n} with i # j.
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For a given n > 2 we denote by D, (J) the set of all n-divisions of J and
consider the functional ¢ (®,z,-) : ©,, (J) — R defined by

]EJ

Y (P, x,w, F, ( —7ZW‘] ( Zw]x3>. (26)

From the inequality (5) for the discrete measure we have

JGJ JGJ

for any F), (J) € ©, (J).
From (14) we have

Zw] WLJZWL‘I' ( Zw]xj) (28)

‘ jeJ ]GI
<‘1>C(M)—<I”+(m)
M—m
ZWJ (MZw]xj>( Zw]xj m)
jEJ tjed;
oL (M) — @ (m)
< w;T; wjr; —m |,
e (v ) ()

while from (19) we have

1 n
0< WJ;W‘L@ ( Z w]xj) - ( Zu@:@) (29)

JEJ

c LA (F () = @4 (A (Fa (1))

X(A(Fn(J))—Mi]ijwj ( > wiwj = A( nJ)))
7 jeJ
1
4

]GJ
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for any F, (J) € ©, (J), where

AFE, (J)) = —_— ; 30
(£ ( I { W, J; wm} (30)
A(Fo(J Ly
N = max — Wix
i€{l,...,n} WJi ic7. I

Using (21) we have

1 < 1
Zw] W, ; Wy @ (W} Z U)jlj) (31)

jEJ tjET;
< (@ (m )+@(M)—<I> m+ M
2 2
2 1 — m+ M
x |1 e w;i | T
e | (o QN)
< <I>(m)+<I>(M)_(I> m+ M
2 2
2 1 m+ M
1 -
X +M—mWJj€z;w]xj 5 ’)

while from (24) we get n > 2 we have

0< WLXR:WJT ( Z w]x]) — ( ijx])

]EJ jEJ
(A (Fn (J)))+¢’(A(F (J)))_(I,(/\(FTL(J))ﬂLA(Fn(J)))}
2
AFn () + A (F (J))
TAST o
2] )+ <A<Fn<J>>>_¢<A<Fn<J>>;A<Fn<J>>H )

for any F, (J) € D, (J).
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We consider the convex function ® : (0,00) — (0,00), ® (¢t) = tP with p €
(—00,0) U (1,00). Then from (27)

p
n

W] ij x] % Z W}:p Z W;T; > ijz] ,

JjeJ i=1 JEJ; ]EJ

for any z; >0, j € J.
If we set @ = min{z;},.; and b = max{z;},_; then from (28) and (31) we
have

P
I . 1
Zwa T WJZWJip > w; (34)
JEJ =1 j€Ji
pr—1 — gp~1
< N
p M—-—m
1 n
W (b S | (e S
J i=1 v ged; v jed;

pr—t — qp~1

< P = Zwﬂh ijxa

JGJ j€]
and
. P
1 1
< — al — = WP - 35
WJZ’WJJU] WJZ Ji vajxa (35)
jeJ i=1 jE€Ji
< _a”—i—b”_ a+b\?
2 2
- a+b
x WZ > wji( - 5
i=1 |j€J;
3 < )
2
a+b
« _aW ij ‘
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If we use the inequality (29) and (32) we have

p p
I . 1
< — E W p E 1 — 75 .
'S Wri= " ( wjxj) (WJ wjxj) .

JjE€J; jeJ
Ap_l(Fh(J))_'Ap_l(Fh(Jj)
A(Fn(']))_)‘(Fn(‘]))

p
X (A (Fn ('])) - VélszxJ) ([};']wax] - /\(Fn (J)))

< ojed v jed
p(A(Fy () = A(F, (1) [AP7H(F, (1) = AP TH(F, ()]

and

p p
1 &Ko 1
0 < W]ZW}z P (Z ’U)j.%‘j) — (W]ijxj>

;E” (£ (J)j)legf\p (Fn (1) </\j(€1;“]n () JQr A (Fu (1)) >p]

1 AF, (J A(F, (J
s (Fu (1)) + A (ﬁ)

J =
J

2
XG+AMAW—M&U»

[ PEDILED) (MEOAEDN] o)

where A (F, (J)), A(F, (J)) are defined by (30).

4. Some Inequalities Related to HH-Inequality

Let @ : [m, M| — R be a convex function and f : [a,b] — [m, M| an integrable
function. Consider the division of the interval [a, b] given by

dp:a0=290 < T1<... < XTp_1 < Ty =0, n > 2.
If we take Q = [a,b] and Q1 = [a, 21], Q; = (x5, x441] for i € {1,...,n — 1} then

Q=U",9Q and Q;NQ; =0 for any i, j € {1,...,n} with i # j.
By making use of (4) we can consider the functional
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n ([P w(@) f@)da e
G (CI), f’w’dn) = fa L:ZI‘I) ( x (CC) A ) /xil w (33) dx,
(38)

where w : [a,b] — (0,00) is an integrable weight.

It is clear that all inequalities from Section 2 can be written for univariate
functions f and the functional (38). We are, however, interested here in the
particular case that is related to the celebrated Hermite-Hadamard inequality

q)(a+b)< 1 /abq)(t)dt<q><a)+¢><b)

2 “b—a 2 ’

where @ : [a,b] — R is a convex function on [a, b] .
Now, if we take in (38) w(t) = 1, f(t) = t, t € [m, M] = [a,b] then we can
consider the simpler functional

0 (@, dy)

i (‘““’Z 1) (25— 2i1). (39)

From (5) we then have

1 b " T+ Tiq a+b
L. > .
b—a/a D (¢ mpS ( )(xl le)/@< 5 ) (40)

i=

This inequality was obtained by the author in 1994, [2] (see also [14, p. 22]).
If we use the inequality (14), then we have

L o (Tt T
ogb_a/ t)d > ( 1)(@—%_1) (41)
AU NG
b—a
1 - i+ Ti—1 Ti+ Ti—1
Xb_ai_l(xl—xl_1)<b— 5 )( 5 —a)
1

<5 (b—a) [8L () - @) (@),
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while from (21), the inequality

1 b 2 Ti+ T
0< t)dt - - o . 42
R e S e L I

® (a) + © (b) _¢)<a-2u)ﬂ

Ti+ Ti—1 a+b’>

p 2 2
< |:(I)(a)+q)(b (I)<a+b>}
2 2
Consider
. Ti+ T T +a
A(dy) = = , 4
(dn) ie{rﬂ?fl,n}{ 2 } 2 (43)
Ti+Ti—1 Tp—1+b
A(d,) = = .
( ) 7',6{Hll,?:).(,n} { 2 } 2
Then by (19) we have
1 n 1‘i+$i_1 a+b
< Y [P Mt 3 IYOSTRPSTA Y 44
ob_a;(z)uxl) () (44)

Tp_1+b +
<(I)L( 5 ) @, (11 a) Tp1—a b— 1z
= Tno1tb _ z14a 9 9

2 2

gl :cn_1+b7:c1+a (I)/_ I’n_1+b —<I>’+ r1+a 7
4 2 2 2 2

while from (24) we have

2”: (xl-i-xl 1) - 5eg)— <a—2kb> 5)

Tp_1+b
( 2 ) (a—i—xl—l—xnl—i—b)
- ®
4
a+b—x1—2n )
X
Tp— 1+b—x1—a
z1+a Tpn_1+b
(1 )+(I)( ) ) a+x1+ Tp_1+0b
<2 5 - o 1
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