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1 Introduction

In 1912, Bernstein [3] introduced the following sequence of operators
B, : C[0,1] — C[0,1] defined by

(Qro-rs(l) oo o

for n € N and f € C|0,1].

Bn(fvx) = Z
k=

0

In 1950, Szész [24] introduced the following operators
e (n2)* (K
s =S U (5) geco. @)
k=0
for x > 0.

The introduction of g-calculus has emerged as a new venue of re-
search in the field of approximation theory. Lupag [10] introduced the
first g-analogue of the well-known Bernstein polynomials in 1987. An-
other g-analogue of the classical Bernstein polynomials was given by
Phillips [19] in the year of 1997. This intrigued many researchers to
introduce the g-generalizations of various operators and to study their
approximation properties [18, 11, 20, 12, 14].

Also, recently, Mursaleen et al. have introduced the (p, ¢)-calculus,
which is a generalization of the g-calculus. They have introduced the
(p, q¢)-analogues of several well known operators and have studied their
approximation properties. Some of them are in [15], [16], [17].

For p = 1, the (p, q)-integers, 0 < ¢ < p < 1 reduce to the g-integers.

Below we present some basics of the g-calculus.
The g-integer [n],, the g-factorial [n],! and the ¢-binomial coefficient of
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n € N are defined by (see [2])

1—q" +
{ g0 e eRTA{L]) for n € N and [0], = 0,

o= 07 g,
e
[ ! ] - mq!&]q—! Kl
respectively.

The g-analogue of (1 + x)™ is the polynomial

(1+x)2 ::{ §1+.%')<1+qg;)...(1+qnflx)

A g-analogue of the common Pochhammer symbol also called a ¢-shifted

factorial is defined by

[e.9]

n—1
(@590 =1, (¢ = [[( - ¢2), (¥10)e = [J(1 - ¢).
j=0 j=0

The Gauss binomial formula is given by

(x + a)g _ Z [ Z ] qk(k—l)/2akxn—k'
k=0 q

The g-analogue of the Bernstein operators [19] is defined as

Bn’q(f;x):g:o[Z] ﬁ (1—-¢°z) (E]jﬁ), 6[0,1],n€(N).
3
#. defined

There are two g-companions of the exponential function e

as
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For]z]<1—iqand]q]<1,

and for | ¢ |[< 1,

k

> koD 2 .
H (1+1-qdz), => q ° o = A+ =a2), ()

k=0
where (1 —2)2° = [[7Z,(1 - ¢x).
Using a generalization of the exponential function [21], Sucu [23]
defined a Dunkl analogue of Szasz operators as
1 & (nx)k | (k+2uby
Safia) = 1l , ©
i) 2797
where x >0, feC[0,00),u>0, neN
and
:L,n
€ (x) = )
: HZ:;) Vu(n)
where i )
22RIT (K + pu + 3
Yu(2k) = ( 1 2
T (p+3)
and

2RI (K + pu+ 3)
UES)

A recursion formula for v, is given by

Yu(2k+1) =

Vﬂ(k_‘_l) = <k+1+2,u'0k+1)7#<k)7 k:071727"' )

where

, _ [0 ifkeon
Tl ifkeoN+1.
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Cheikh et al. [1] stated the g-Dunkl classical ¢g-Hermite type poly-
nomials and defined the g-Dunkl analogues of exponential functions and
recursion relations for y > —% and 0 < ¢ < 1.

o xn

euq(T) = , @ €[0,00) (7)

e 7;) Vg (1)

o nn=1)

Bug@) =3 L 2 0,x) (s)

n=0 /yﬂ»Q(n)

1— q2M9n+l+"+1

Vuq(n+1) = < 1—g¢ > Vu,g(n), n €N, (9)

where

0 _ 0 if n € 2N,
" l1  ifneoN4+1.

An explicit formula for v, 4(n) is the following

(@, %) sy (0%, %))
7#7‘1(”) = (1 _Qq)n : 7#7‘1(”)7 n € N.

Some particular cases of 7, 4(n) are

1— q2u+1 1— q2u+1 1— q2
Yg(0) =1, ypue(l) = 17_(17 Vug(2) = )

1—gq 1—q

1— q2,u+1 1— q2 1— q2u+3
- (52) (22 (522).
1—q l1—q 1—gq
(4) _ 1— q2,u+1 1— q2 1— q2,u+3 1— q4
ﬁyﬂvq 1— q 1 — q 1— q 1— q .

In [8], Giirhan Ig6z gave a Dunkl generalization of the Kantorovich
type integral generalization of the Szdsz operators. In [9], they gave a
g-Dunkl generalization of the Szasz operators as

L E ([l (1 gt
Dralfi2) = o) 2 e ()
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for,u>%, x>0, 0<g<1land feC(C[0,00).
We have the following lemma.

Lemma 1.1. 1. D, 4(1;2) =1,
2. Dpy(t;z) =,

3. x2+ [1 _2N]qq2u€u,q(fl[n]q($))i < Dn7q(t2;a:) < :L‘2+ [1+2ﬂ]qﬁ;

enq([nfqz) [nlq

4‘ qu(t?’;l') > $3+(QQ+1)[1_2:UJ] eu,q(‘I[n]qz)ﬁ+q4u[1_2u]2euyq(QQ[n]qz)LQ’

7 ep,q([nlqz) [nlq 9 epq([nfqz) [n]2

3 2
5. Dpo(thz) < 2* +6[1 + 2ulgfy + 71+ 2#]3[?’7;1 +[1+ zu]gﬁ.

2 Construction of Operators and Auxiliary Re-
sults

Mursaleen et al. gave the following Dunkl generalisation of the Kan-
torovich type Szasz-Mirakjan operators via g-calculus as follows:
For any x € [0,00), n €N, 0<q<1,and,u>%

(k4142404 ]q

n > n:):k nlq
K(fia) = e SO LRl [ )

eua(nle®) £=5 Wn, alk+2104)q

[n]q

where f is a continuous and nondecreasing function on [0,00). They
obtained approximation results and studied rate of convergence for these
operators in [22]. Inspired by their work, we introduce the Stancu type
Dunkl generalization of the Kantorovich-Szész-Mirakjan operators via
g-calculus as follows:

For any x € [0,00), n€eN, 0<g¢g<1, and p > %, we define

e () [ e+

n nl.,x nlq n (67

T . _ q q dgt 12
n,q(f?x) €u,q([n}q$) kZ:O ’Y,u,,q(k) % <n+/8> o ( )

where «, 8 are such that 0 < o < 8 and f is a continuous and nonde-
creasing function on [0, c0). If we take & = 0 = (3 in the above operators,
they reduce to the operators (11). Therefore, the operators in (12) are
generalised form of the operators in (11).
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Lemma 2.1. Let T (. ; .) be the operators given by (12). Then we
have the following identities and inequalities:

1.

2.

3.

T,;"q(l; x) =1,

* . _ 2qn n «
Tqa2) = Gippn + mpLm, + mis)

n2 1 2na 2 3q 2na 2q
-+ P)2 [31q[n}3+<n+ﬂ>2[21q[n1q+(n+ﬂ>2 ™ ((n+ﬁ)2 Blals T A2 2lg
3g2(nt1)

[3lq[n]q
[1 2;“] euq(q([["] qa(@ ))>x+(

eu,q([n]qx)

n2

n+p)2 H 2<T*( 12) <

n? 1
(rTﬁ) Blz T

2no a? 3 2no 2
R, T e T ((n+/3)2 Bllnls T A2 Bl +(n+ﬁ)2 a1

2,u]q)x
3.2

2
+ i B, Y

n n? 3na 3a? 4n2q
(n+ﬁ)3[n]q<[4}q[n]§ T Bl T, )+ (<n+6))3 + wrEP (”([4}q{n15 T
3na 3q 6a3q 2n 3a \3n2gPntl . eu,q(g[n]q(z))
ol T 2, ) + (@ + 60" [ - 2ue e+

[

4n3  4u+3 2 eu,q(q?[n]q(x)) n> 6ng®> | 9aq® | 4ng®

DAD A T P (e )“ AP <[4}q[nq1+ e T gl (24
eu,q(q[nlqgx) \ .2 n3g3 3 x (43, n n2

D[-24]q “q([nﬁaz)) torprm, e S Tng(t ) < Gy, ([4q[n13+

]

3na 3o 4n3 InZa
Blanly +m) + (n+ﬁ)3 + m38) ([41 [nP( +[1+2000) + g, (U F
_l’_

G S

3
1+2
[1+2u]) +6n( & 4]q[n]‘; ) . (4] £ (142[1+ 2]
Ina 2 4n3 3
13l )"3 + (n+64)3[4}q$ ’

3

* 4. n n an’a 6na? 403 a*
5. Ty (t%0) < oy (i + 1 + By + 1) + o +

n? 5n2 16na 18c? 8na 5n2 12na
((n+6)4([5] T g T Bl T “‘2 oyt + Al oly +
902\ [1+24] 2n3 5n 8\ 1+24] spt  [1+24]

B e T et BLel T ) mE T A, e ) +

2n? 5n2 12na 902 6n3 5n 8a \ [14+24]
(G (el + Wi + W) + oo (e, + ) e +
35m4  [1+2u)2 8a 5t [1+24] 3
CRCPND ) + ((mm (Bt + 1)+ Gep e, Tl )”“" +
5n 4
(ORGP
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Proof. It is easily seen that
[k + 14 2u0k]q = qlk + 2p03]q + 1. (13)

So we get the followings

[k+1+2u6;]q 1
[n]q
qlk+2p0;]q 1dqt - m’ (14)
[”]q
[k+1+2M9k]q
[n]q
q[k+[2];u9k]q tdqt - [2](1[”]3 (1 + 2Q[k + 2M0k]Q) ’ (15)
nlq
[k+1+2u6)]q
[nlq 2 o 2 2
iz, T B (1 3qlk + 2u6i] + 347 [k + 2ubil;) .
nlq
(16)
[k+1+42u6)]q
[”]q 3 o
s t3dgt = a0 (1 + 4qlk + 2u0]q + 6¢°[k + 20052 + 4¢°[k + 200,]3) |
n q
(17)
and
[k+1+42u6)]q
nlq A4 _ 2 2 3 3 4 4
s thdgt = N (14 5glk 4 2u01]g + 10¢° [k + 2u0k]; + 10¢°[k + 2u6%]; + 5¢° [k + 2u6k],)
Tlg
(18)
From the Lemma 1.1 we have the following results:
1 1 o ([nlg2)"
=S e+ 208)]y = . (19)
[ng epq(n]qz) e Vg (k) !
2, 2u englgnlez) @ 1 = ([n]q r
w1 -2p] T < Z k+2u9k] < 2241424,
enq([n]gz) [nlg = [n]F epuq( k:o Vi [ lo’

(20)
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1 Nt (n 22 5 T
[ e (1) 2 e ke 2ul < a2, T, g
(21)
T et o o ol + 2063
(q[n]qx) 4 2€ #q(QQ[n]tﬂ) x
> 2q+1)[1 — 24, S IM) T appy o) 12 Cma\d M)
o D=2 et 0 [n]ﬁq =200, (Plge) T
(22)
and
I oo([n]qx)k29< 142 37122x2123i
o o () 2 g () (21000 < 2 (L2l 4 T2 e (L4 20y
(23)
In view of (12) and (14), (1) is easily proved.
If f(t) =t, then (12), (15) and (19) imply that
[ ] 00 ( [k+1?'?t9k]q ta
« . _ nq n nlq n (6% d
Tnﬂ(t’x) euq([n]qz) Z;) Vg /W <n+ﬂ> o
n 1 1 2 ([n]qz)k a

T+t B2y enq(n o) £ 0 (K) (14 2q[k + 2ubk]4) +
2qn n o

T ARt B2y  nt B

n+ 3

which proves (2).
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If f(t) = t2, then (12), (16), (19) and (20) imply that

[k+1+2ubg]q

P (PR N (7 Ll o e ST
Tnglt50) = € ]qx Z Vg / kffi%lq (n+ﬁ) At
_ 1 [ }q = n? 2 2
2na a?
+ [2]q[n]q(1 + 2q[k + 2pbk)q) } + CFYOE
= n’ ! (g )k(1+3q[l€+2u0k] + 3¢%[k + 2u6;]?)
(n+ B8)? [Blg[nlzenq([nlgr) o Tn q(k) / I
2na 1 ([n]gw)* a?
*‘<n+ﬁvwbm%ax[bmk()wqw>“*2“k+””””+<n+ﬂv
_ n? 1 n 2no n a? o n? 3q
()2 Bl T (n+B)2glnly  (n+B)2 T (n+ B)? [3]glnlg
2na 2q . n? ﬁ 1 2 ([n]qx)*
C AP B Bl o) 2 ) 2O
. (200 n? 1 2na a? n? 3q
Tl 2 G ap g G BPE, T e8Pt (s AP Bl
2nae 2q . n? 3¢ . 9 englglnlez)
AP G, (2 )

n2 1 2no a? ( n? 3
(

(n+ B2 Bl | (n+ BP2glnly (4 B2 | \(n+ ) Blylnl,

2nac 2 n? 3 [ 9 T
(n+5)2[2]q)x+(n+6)2[3]q<$ + [1+2M]q[n]q),

Ty, (t52) <

which proves (3).
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If f(t) =t3, then (12), (17), (19), (20), (21) and (22) imply that
(k+1+2p6y]q

* 3. _ [n]q a ([n]qx)k [nlq (nt+a>3
e (o P /HH i)

k=0
n’ 1 - ([]g2)"

= (1 + 4q[k + 2uby], + 6¢°[k + 200;]2

(n+ B)3 [4]61[”]26#,(1([”]1153) 0 Vuq(K)
3n’a 1 2 ([n]qx)*
(n+ B Bl (g0) 2= g k)
3na? 1 = ([n]gz)®

(n+ B)3 [2lg[n]gen,q([nlq2) =0 Vuiq(K)

+ 4q3[k + 2u9k]2) +

+ 3¢%[k + 2u6,]2) +

(1 + 3q[k + 2u0k]q

(1 + 2q[k + 216%]q)

RO
" ) n n? 3no 3a? a? 1
Tialt's) 2 oy (e @t 3y T e B T e R
dna g a2a-L 2n 3o 3n%q?0 0 _ €ua(
B e A TR T M T e )
Ap3girt3 B 5€u.q(¢%[n]4) . n? 6nq> 9ag?
+ T A Gl ) e e T B

X (2¢+1)[1— QM]Q)M)QQ i ( An’g’

euq([nlqz) n+ /8)3[4]qx ,

2

n n 3na 302 ol n

* 3.$
Tl ®) < G,

+ o [L+2u) +

02 T Bl ) i

Ina oi n?[1 + 2pu)q -
A, (1240 + 6+ )

n 6n 0 s
" (n+B)? <[4]q[n]q(1 +2[1 4 2p),) + = )2?

which proves (4).
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If f(t) =t%, then (12), (18), (19), (20), (21) and (23) imply that
[k+1+2ubg]q

Tz (th2) = [7lq i([?ﬂqfc)k/ "la (”t+o‘>4dqt

eua([nlg®) =5 Vua(k) Jobrzuona  \n+ B

1 > ([n]qz)® n? 4nda 6n3a? 4na’

= T B ena 1) 2 () Bt Rt B Bl

)

5nq 16na  18n%a?q  8nlayq 10nt¢®>  24n3aq®
NN R TR A R R PR R DR R TR
18n%a?q? 9 10nt¢®>  16n3aq¢® 3 5ntqt 4
b O G g gy PO gy 2O
o
RN
_ n ( n? n an’a n 6na? +4;«3)+ n’q (5n20z n 16nagq
(Yl Bl T Mglnl2  Blelnlg 217 (n+ B Blglnli  [4l[n)
18a%¢  8na 1 = ([n]qx)* 2n2q? 5n?
* Blnls T ) Wlenall®) 2 gy e G
12na 9a2¢? 1 2 ([n]qz)® 9 2n3¢® | Sna 8a
O, Bl o) 2 gy 2O G B,

1 = ([n]qn)* . onig! o
b e 0a7) 2 ) 2O, + Gy gy
n n> 4n?u 6na? 40 ot
< _ -
S v A, BlE T ELeE T B, T @, T Ay
n? 5n? 16na 9 8a? 8na -
T Gt A B T @ T Bl g )
2n? 5n? 12na % 22 ES
T et B BLE T, T E, T 2
R (LT S N A
(n+p)4 [Blglnlg ~ [nlq ! [n]q I [n]g
4 ) , 2t o
T g, & T Ay YT 2l L2l p )
n n3 4nlu 6na2 403 ot
=+ )i, <[51q[n]3 T ALRE T B, &)
n? 5n2 16na 18¢/2 8na
+ (gt )

nt B Bl | W Bl | 2l
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2n? 5n? 12na 902 [1+ 24, 2n3

5n

117

(nt B (

st (142} 2n? 5n? 12na
(n+8)'Bly [l > ((n + 5)4([5]q[n]3 i [4]q[nlq

* B T, B W, ey

+ =)

902

m)

ml) Tl B, [P (

[1+2uq\ 3 5n 4
<l P
which proves (5). O

n+ B)*

8a  [1+ 24, 35n* [1+2,u]2> 9 ( 2n3 5n
( [5lq

[n]q

Lemma 2.2. Let the operators Ty; (. ; .) be given by (12). Then

* . _(_2gn n a
LT3 (= wiw) = (( A, 1)””* M, T Ay

3

* 2. n n 20
2 Ty g((t=2)2) < <n+,8>2[n1q([31q[n}q+[21q)+ (n+/3)2+<( B

3lq[n]q

)

6n3
+

8a  [1+24];
By [l

[n]7

q
5n
(

(n+p)*

5nt

(14

2n 2a 1 2a n 3
1+ 2u]q) + m(m - m) T )t ((n+ﬂ)(m B

4n 2
e E,) T 1>$ ;

3. T;:,q((t—l')zl' 4n’a 6na? 4a3)+

) < GrBy, ([51 Bt Wz T L, T,

16na 18a2 8na 1

o

(n+B)*

,n2
((;;%)4([51 OE T e B T ) T s (e A
[e1e%
o)
[1+2H]q

2na 4

[n]q

5n Sa ) [142p)2 54 [142u]3 in

op +(n+ﬁ>4([51 OPREON

3na 3a2 5n2 12na 902
B T )~ e ) + ((n+ﬁ) (B0 * 0, mq* B, T
[1+24] [(+2u)] 4

FZ T e, R (BB,

6n3

(et

(n+8)*

51 8a q 35n? _
(b, + ) T ey o Gy (g (1 1+2043)

q
n-o a2 T'L2 [1+2 }2
+ B (14 [1+2ulg) + 6n(gr + B i

op

e ) + 6 e

(14244

2na a? 2 5n 8a 5nt
+ B, mq*(nw)?))x +(<n+5>4([5}q[ RN AR LI

[nlq

4 9n2a 2 2na 2
— e (g, (2004 20l0) + 5.2) +6( i Brimy T oo B

6n? 3 [1+2u]q nt

16n3

)

RNCE LA P i ( ew IR n+ﬁ)> <<n+5>4[s} e

6n? 3 8n
(n+8)? [3lq (n+8)[2]q

+ 1)3:4.

[5lq[nlq
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3 Main Results

We obtain the Korovkin’s type approximation properties for our opera-
tors defined by (12).

Let Cp(R™) be the space of all bounded and continuous functions
on Rt = [0, 00), endowed with the norm

| fllep=sup | fz) .
x>0

Let

f(z)

H = {f:xG[O,oo),m

is convergent as x — 00}.

In order to obtain the convergence results for the operators T, (. ; .),
we take ¢ = g, where ¢, € (0,1), such that

lim g, — 1, limg, — a (24)
n n

Theorem 3.1. Let g = gy, satisfies (24), for0 < g, <1 andif T, , (.5 .)
be the operators given by (12). Then for any function f € C[0,00) N H,
lim T, (f;z) = f(z)

n—oo
uniformly on each compact subset of [0,00).

Proof. The proof is based on the well known Korovkin’s theorem re-
garding the convergence of a sequence of linear and positive operators,
so it is enough to prove the conditions

lim T, ((t;2) =2/, j=0,1,2, {asn— oo}

n—00 Hn
uniformly on [0, 1].
Clearly from (24) and ﬁ — 0 (n — co0) we have

qn

. . _ . 2' _ 2
,}LH;OT;,qn(t’w) =z, T}Ln;ng7qn(t ;x) = x”,

which completes the proof. O
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We recall the weighted spaces of the functions on R™, which are
defined as follows:

Pp(RT) = {f:| f(z) |< Msp(2)},
QRT) = {f:feP,R")NC[0,0)},
QIZ(RJF) = {f:fer(RJr) and  lim J@) _ =k(k is a constant)},

2—00 x)

where

plx) =1+a?
is a weight function and M/ is a constant depending only on f. Note
that Q,(R™) is a normed space with the norm

| f(z) |
plx)
Theorem 3.2. Let ¢ = q, satzsfym (24), for 0 < g, < 1 and if
Ty .. (-5 .) be the operators given by (12). Then for any function f €
Q% (RT) we have

hm ” nqn( ) fHP_O

Proof. From the Lemma 2.1, the first condition of (1) is fulfilled for
7 =0. Now for 7 = 1,2 it is easy to see that from (2), (3) of the Lemma
2.1 by using (24)

| g, ®)72) =27 [l,= 0.

This completes the proof. O

4 Rate of Convergence

In what follows we calculate the rate of convergence of the operators
(12) by means of modulus of continuity and Lipschitz type maximal
functions.

Let f € C]0,00]. The modulus of continuity of f, denoted by
w(f,d), gives the maximum oscillation of f in any interval of length not
exceeding 0 > 0 and is given by

w(f,0) = sup [ f(y)—f(x)], w,y€]0,00). (25)

ly—z|<o
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It is known that lims_g4 w(f,d) =0 for f € C[0,00) and for any § > 0
one has

16— 1@ 1< (L5 4 1) o) (26)

Theorem 4.1. Let T (.; .) be the operators defined by (12). Then for
feCl0,0), >0, 0<q<1 wehave

T30(F2) — F@)] < (14 Vo) ) (f:——).

[n]q
where
B n n 2c a? n? 3 14149
@) = oo, @, ) e ae (g B, O 0 2
2n ( 2a _i)_27a>x+< n ( 3n _ 4n
(n+8)2lg (n+8) [nlg" (n+B) (n+8) (n+P)Bly (n+ )2l

and C[O,oo) is the space of uniformly continuous functions on R* and
w(f,0) is the modulus of continuity of the function f € C|[0,00) defined
n (25).

Proof. Making use of (25), (26) and the Cauchy-Schwarz inequality,we
obtain

| T3 (f52) = f(2) |

[n] 2. ([n]qz)* lot oty
S () 2 g Jatagy |10~ D40
)y & (lga)t [ (1 |
< ewq([rf]qx) P Vi, ;1( ) /z[k-;-gmgk <1 + 5 |t—1U ’> dq(t)w(f,é)
= 1+1 [n]q i( /W|t_x’d(t) w(fd)
6 \ epql[n]qw) o T % q )
[k+1+2p0;]q %
(5o et R
R <€u,q([n]qw ;::0 Vi /W (t=2) dq(t)) (Trq(L:2)) 7 pw(f; )

N

- {1+§(T;7q(t—x)2;x) w(f;9),
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if we choose § =6, = , /ﬁ, then we get the result. O

Now we give the rate of convergence of the operators T,  (f;z)
defined in (12) in terms of the elements of the usual Lipschitz class
Lippy(v). Let f € C[0,00), M >0 and 0 < v < 1. The class Lipys(v) is
defined as

Lipy(v) ={f:| f(C1) = f(Q)ISM [ =" (G,¢e [ano))(} |
27

Theorem 4.2. Let T} (. ; .) be the operators defined by (12). Then for
each f € Lipy(v), satisfying (27), we have

(SIN

| Trg(f52) = f(2) [< M (An(2))2

where

An(z) =Ty, ((t— z)% 7).

Proof. We prove it by using (27) and the Holder’s inequality.

| Tog(f52) = f(2) | | T (f(8) = f(2);2) |
Thg (L f(t) = f(2) [;2)

MTy ([t =z [%2).

IANIN TN

Therefore,
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[k+1+2u6;]q

g N~ () oF
= M t—a|” dy(t
a euq([n]qx) kz—o Vg () % | |7 dy(t)
— 22

VAN

=
=

=]
[~
7N
T

)
=&
~ =
N———
N

[k+1+2u64]q

" <(v[:,]52;>g[zwﬁ’t—x\”dq<t>

[n]q

0o [k+14+2u6y]q 3
M(e Iy ([elgr)® [ dq@)

a([nlgz) k=0 Vg (F) %
byl [

t— dy(t
. <€#,Q([n]qx Z Vg /k+[2]uek]q | T | q( ))
%

= M (T, (¢ — )% z)?,

IN

which completes the proof. O
Let Cp[0, 00) denote the space of all bounded and continuous func-
tions on Rt = [0, 00) and

CB(RT) ={g€ Cp(R"): ¢, ¢" € Cp(RT)} (28)

with the norm

I 9 ez @)=l 9 lop®+) + 11 9" lles@e)y + 1 9" los@s) - (29)
Also,
| 9 ley@ny= sup | g(z) | . (30)
zeRt

Theorem 4.3. Let T; (. ; .) be the operator defined by (12). Then for
any g € C%4(RT), we have

n o An ()

e 1< (2T
Talfi0-1@ 1< (G mm )™ e amm e 2

where A\ (x) is given in Theorem 4.2.

) 19 llog ey
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Proof. Let g € C4(R"), then by using the generalized mean value
theorem in the Taylor series expansion we have

/ " (t - x)Q
g(t) =g(x) +g'(x)(t—2)+g (¢)T, Y € (z,1).
Operating by T}, , on both sides, we have
T3 ,(9.2) — 9(2) = § @5, (0 - 2)2) + L0077 (¢ - 2)%)
which implies that
| Ty o (g52) — g(x) |
2gn n o /
< (Gram ) wopmm ) 19 e
n n 2 a? n? 3 1 1+ 2u],)
(o m T @) e (e, < 2k
2n 2 1 0 2o - n 3n _ 4n 22
t wrm e W )t G e am et YUe)
19" oy @y
e

On using (29), || ¢’ llep0,000<I 9 llcz(0,00) completes the proof by (2)
of the Lemma 2.2. O
The Peetre’s K-functional is defined by

o - " . 2
Koll.0) = uf {(1£ =9 lesm) +0 19" ey ) 9 €W}
(31)

where
W?={geCpR"): ¢, ¢" €CaR")}. (32)

There exits a positive constant C' > 0 such that Ks(f,d) < Cwa(f, (5%), o>
0, where the second order modulus of continuity is defined by

wa(f,02) = sup sup | fz+2h) —2f(x+h)+ f(z)|.  (33)
0<h<ss TERT
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Theorem 4.4. Let T}, (. ; .) be the operator defined by (12) and Cg|0, c0)
be the space of all bounded and continuous functions on RY. Then for
r e Rt feCp(RT), we have

| T5 o (f52) — f(2) |
4qn 2n
< 2M{w2 (f \/ (n+/§ 2>x+<(n+i>[2}q[n]q+n+5>+/\n( ))
e —2) et (mraibm +An
T (1’ (e~ 2) (gl 55 ) ) gy )

where M is a positive constant, \,(x) is as in the Theorem 4.2 and
wa(f;0) is the second order modulus of continuity of the function f de-
fined in (33).

Proof. We prove this by using the Theorem (4.3)

| T5g(f32) — f(2) | | T g(f = g52) | + 1 T g(9:2) —g(2) | + | f(z) —g() |

(T
D ) g ey e

IN

N

< 2|l f-9llegmt) +

_l_

(<m+2(g)[2]q o+ g T ) 19 o

From (29) clearly we have || g o0,y <1 9 2 0
Therefore,

A s + An(2)
* (n+8)[2] (n+8)[2lq[n] (n+ﬁ) )
| Ty ()= F@) 12 2( 1| =9 leneer) At =) e 9 loy @)

where \,(z) is given in Theorem 4.2.

By taking infimum over all g € C3(R") and by using (31), we get

4qn om 20
[l Z)HWWW “n(ﬂf))
1 .

| T o (f5 )= f(2) |< 2K (f, (

For an absolute constant D > 0 in [5] we use the relation

Ks(f;6) < D{wa(f; V8) +min(1,6) || £ [I}-
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This completes the proof. O

Atakut and Ispir [1] introduced the weighted modulus of continuity
of f € QF(R") defined as

Qs - sy LEEN - f@)]

. 34
e s AT R+ a?) (34)

The two main properties of this modulus of continuity are

lim ©(f,6) = 0

and

[t -]

70— ) |< 2 (1 ; ) L+ 821+ 22)(1+ (- 2201 5),
(35)

where f € Q5(RT) and ¢,z € [0, 00).

Theorem 4.5. Let T} (. ; .) be the operators defined by (12). Then for
feQ’;(R*), 0<qg<1andz>0 we have

| T5g(f52) — f(2) |

B ) SC“(l*ml}q)Q(f’[lnb)’

where C,, is constant independent of n.

Proof. We prove it by using (34), (35) and the Cauchy-Schwarz in-
equality.

125
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| T3 g (f52) = f(2) |
ool et
T epgl[n]er) Py Vg (k) % q
= ()t [

< 2014 6H(1 +22)Q(f;9) nlq o .
< 201+ 0%)( x)(feu Z;)N kﬁ?ﬁf’“](
= 2(1+ 61+ 22)Q -5%

SRR e

k=0 /YM»Q(k) k=0 /Yu,q(k) W 9

[k+14206)]q

—i—%\t—:ﬂ)(l—i—(t—x)z)dq(t

LI ()" /[k“ﬁﬁ:gk“
6 &= Yuq(k) et Pl
< 2(1+0%)(1 +2*)Q(f;9)
1
* 2 *
X <1 T (= 2)% ) + g\/:rnq((t
where T ((t — x)% @) and Tj;  ((t — 2)*;

the Lemma 2.2. If we choose § = §,, =

g

k QF
qlk+2p0k]q

[nlq

t—x | dg(t)

lt—a| (- m>2dq<t>}

+ 5Tl 2P T (o))

x) are defined in (2) and (3) of

i, then we get the result.
[nlq
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