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Abstract. The main purpose of this paper is to investigate weak
amenability of semigroup algebras. We relate this to a new notion of
weak amenability modulo an ideal of Banach algebras. As an important
result, we show that I'(S) is weakly amenable modulo I,, where I, is
the corresponding ideal of the group congruence o.
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1 Introduction

The notion of amenability for Banach algebras started in 1972, when
B.E. Johnson proved the remarkable result that amenability of a lo-
cally compact group G (discrete group G) is equivalent to amenability
of the group algebra L'(G) [16]. Over the years, many different varia-
tions of amenability have been introduced, among which one can refer
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to [19] that is a good survey of various types of amenability. The con-
cept of weak amenability for commutative Banach algebras was intro-
duced by W.G. Bade, P.C. Curtis and H.G. Dales in 1987 [3]. Indeed,
by definition, a Banach algebra is weakly amenable if H'(A; A*) = 0.
It is known that for a locally compact group (discrete group) G, the
group algebra L'(G) (I'(G)) is always weakly amenable [17], but it is
not known when [1(S) is weakly amenable (see [, 5, 13]). Recently
amenability modulo an ideal was introduced by the first author and M.
Amini in [2]. They showed that the amenability of semigroup S' is equiv-
alent to the amenability of semigroup algebra [*(S) modulo I, where I
is a closed ideal corresponding to the least group congruence o on S.
The main purpose of this paper is to characterize the weak amenability
modulo an ideal of semigroup algebras. We firstly introduce the con-
cept of the weak amenability modulo an ideal of Banach algebras and
we present some useful results, then using the obtained results we con-
sider weak amenability modulo an ideal of semigroup algebras. We show
that when S is an eventually inverse semigroup or S is an F—inversive
E—semigroup with commuting idempotents, then the semigroup algebra
I*(S) is weakly amenable modulo I,,, where I,, is the corresponding ideal
of the least group congruence o. Finally, we present some interesting
examples in order to compare weak amenability and weak amenability
modulo an ideal of semigroup algebras.

2 Weak amenability modulo an ideal

Let A be a Banach algebra and X be a Banach A-bimodule. A linear
mapping D : A — X is said to be a derivation if D(ab) = a.D(b) +
D(a)b(a,b € A). A derivation D is said to be inner if there exists
x € X such that D = ad, where ad, : A — X defined by ad,(a) =
a.x. — x.a. We denote the space of continuous derivations from A to X
by Z'(A, X), the space of inner derivations from A to X by N'(A, X);
and the first (continuous) cohomology group of A with coefficients in
X by HY(A, X) = ffll((ﬁ?) A Banach algebra A is called amenable if
and only if H!(A4, X*) = 0 for each Banach A-bimodule X and is called
weakly amenable if H!(4, A*) = 0.

Let A be a Banach algebra and I be a closed ideal of A. Then ? can
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be made as an A-bimodule where the module actions are defined by
(a+I)b=ab+1,b(a+1)=ba+1 (a,be A).

Definition 2.1. Let I be a closed ideal of A. A Banach algebra A is
weakly amenable modulo [ if for every derivation D from A into (?)*,

there is ¢ € (?)* such that D = ady.

All over this paper we fix A, I and % as above, unless they are
otherwise specified.

Theorem 2.2. Let I be a closed ideal of A. Then the following asser-
tions hold;

(i) if ? is weakly amenable and I?> = I, then A is weakly amenable
modulo T,

(ii) if A is weakly amenable modulo I, then ? is weakly amenable.

Proof. (i) Let D : A — (4)* be a bounded derivation. Consider 4
as an ?—bimodule where the module actions are just its multiplications.
Define D : ? — (?)* bZ D(a+I) = D(a)(a € A). Since 1% = I,
D(xz) = 0(x € I), hence D is a well-defined bounded derivation. Weak
amenability of ? implies that there exists ¢ € (?)* such that D(a) =

D(a+1) = adg(a+1I).

(7i) Let D : % — (?)* be a bounded derivation. Now Do7w : A —
(?)* is a bounded derivation where 7 : A — ? is the canonical quotient
map. Weak amenability modulo I of A implies that there exists ¢ € (?)*

such that D om = ady. Hence D(a+ 1) = Don(a) = ady(a+1). O

Remark 2.3. In example 3.6(i), we show that weak amenability of 4
does not imply weak amenability modulo an ideal of A if I? # I. Thus
the condition I? = I of Theorem 2.2(i), is really necessary.
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For commutative Banach algebras, the definition used for weak amenabil-

ity was that a commutative Banach algebra A is weakly amenable if and
only if each continuous derivation from A into a commutative Banach
A-module is necessarily zero, i.e. H(A, X) = 0[3]. Also it is shown that
this is actually equivalent to H'(A, A*) = 0. In what follows we demon-
strate that the same satisfactorily result is reached for weak amenability
modulo an ideal of commutative Banach algebras.
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Theorem 2.4. Let A be a commutative Banach algebra.

(I) If HY(A,X) = 0 for each commutative Banach A-bimodule X
with I - X =0, then A is weakly amenable modulo 1.

(II) If A is weakly amenable modulo I and I*> = I, then H*(A,X) =0
for each commutative Banach A-bimodule X with I - X = 0.

Proof. (I) Clearly (?)* is a commutative A-bimodule Banach algebra
and (4)*.1 =0, s0 HY (A, (4)") =0.

(IT) Let X be a commutative Banach A-bimodule which I - X = 0.
Then X can be consider as an Banach ?—bimodule where the module
actions are defined by (a+ I).x = ax. As A is weakly amenable modulo
Iand I? =1, é is commutative weakly amenable due to Theorem 2.2.
Thus H 1(?, X) =0, for ?—bimodule X. Since every derivation from A
into X induces a derivation from ? into X when 12 = I, we must have
HY (A, X)=0. O

Recall that for commutative Banach algebras, the continuous homo-
morphic image of a weakly amenable Banach algebra is weakly amenable.

The similar result holds for weakly amenable modulo an ideal.

Theorem 2.5. Let A and B be commutative Banach algebras, A be
weakly amenable modulo I and J be a closed ideal of B. Let § : A — B
be a continuous homomorphism with dense range such that 0(I) C J.
Then B is weakly amenable modulo J.

Proof. Let D : B — (£)* be a bounded derivation. Set ¢ : 4 S by
I) = 6(a) + J. Since §(I) C J, ¢ is well-defined. Suppose that

¢* : (B) = (4) by ¢*(F) = Fo¢ (F € (£7). Then ¢* oD o8 :

A— (?)* is a bounded derivation. Weak amenability modulo I of A

implies that ¢* o D o 6 is inner, i.e. there exists f € (?)* such that

¢p*oDob(a) =a.f — f.a (a € A). Thus for an arbitrary o’ € A,

(D(0(a)), $(a + 1)) = (¢* 0 Dob(a),d +1)

={a.f — f.a,d’ + 1)

=(f,(d+D.a—a.(ad+1)=0

= {(f,(da+1)— (ad +1))=0.

Hence by the density of #(A) in B and continuity of D, we have D =

0. O
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Theorem 2.6. If A is weakly amenable modulo I, then % = (?)2, where

(4)? = span{ab+ 1 :a,b € A}.

Proof. It is enough to show that for each element ¢ € (?)*, such

that <Z>|( 4y = 0, ¢ is identically 0. Consider % as a Banach A-bimodule

where the module actions are defined by a.b = ab, b.a = ba (a,b € A),
and set D : A — (?)* by D(a) = (¢,a)¢. As ¢|(§)2 =0, D is a bounded
derivation on A. Since A is weakly amenable ﬁraodulo I, D should be
inner. Therefore there exists an element v in (?)* such that for every

a€ A, D(a) = (¢,a)¢ = ap —1.a. Then,
((¢,a)¢,a) = (a-y —v.a,a) = (¢, (@)* - (@)?) =0

Hence ¢ is identically zero. [

Let A be a Banach algebra and ¢ : A — C be a character on A. A
linear operator d : A — C by d(ab) = d(a){¢,b) + (¢,a)d(b), is called
a point derivation at the character ¢. Following Dales, Ghahramani
and Gronbaek [7, Prop.1.3(ii)], if A2 = A, then there are no non-zero
continuous point derivations on A. Using Theorem 2.6, we have the
following Corollary;

Corollary 2.7. Let A be a Banach algebra and I be a closed ideal of A.
If A is weakly amenable modulo I, then there are no non-zero, continuous
point derivations on ?.

Let A be a Banach algebra and A** be the second dual of A. Then
A™ is a Banach algebra under two Arens products, of which as usual,
we will take the first product. For more details we refer the reader to
[1, &, 14]. For a subspace I of a normed space A, we set [+ = {f €
A* . (F,i) = 0,for eachi € I}, and I*++ = (I*)t C I'**. It is shown

W
that I++ = (I) =~ I** [I8, Lemma 3.1]. If T is a closed ideal of
Banach algebra A, then I** is a closed ideal of Banach algebra A** [15,

Sech. Theorem 2.1(a)]. Let A be a Banach algebra and I be a closed

ideal I of A, then the canonical quotient map = : A — ? induced a

canonical epimorphism 7 : A™ — (?)** such that ker(7) = I*+. Thus

(7)™ = frr =~ 4.

‘We recall that for a Banach algebra A which A™ is weakly amenable,
if A (the canonical embedding of A into its second dual) is a left ideal
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in A**, then A is weakly amenable [3, Theorem 2.3]. In the following we
have the same result for weak amenability modulo an ideal.

Theorem 2.8. Let A be a Banach algebra and I be closed ideal of A
with I? = I. If A** is weakly amenable modulo I** and A is a left ideal
in A™, then A is weakly amenable modulo I.

Proof. Since A** is weakly amenable modulo I**, ‘?:: ~ (?)** is weakly

) is a left ideal of (%)** Thus
? is weakly amenable (by [3, Theorem 2.3]). As I? = I, using Theorem
2.2, A is weakly amenable modulo 1. g

—

amenable. As A is a left ideal of A**, (

N~

3 Weak amenability of semigroup algebra mod-
ulo an ideal

Following B. E. Johnson [17], for a locally compact group (resp. dis-
crete group) G, the group algebra L'(G) (resp. I'(Q)) is always weakly
amenable. For a discrete semigroup S, weak amenability of the semi-
group algebra [!(S) is rather more complicated. In this section, we
investigate the weak amenability of the semigroup algebra [!(.9) modulo
the closed ideal I, which is corresponding to the least group congruence
.

A congruence p on semigroup S is called a group congruence if S/p
is a group. It is shown that I1(S/p) ~ 11(S)/I,, where I, is the closed
ideal in I1(S) generated by the set {05 — &; : s,t € S with (s,t) € p} [2,
Lemma 1]. Also, if .J is an ideal of [1(S) and p; is the congruence on S
defined by pj = {(s,t) : s,t € 5,05 — 6 € J}, then I,, C J [2].

Theorem 3.1. Let S be a semigroup, p be a group congruence on S
such that I, has an approximate identity, then 1Y(S) is weakly amenable
modulo I,.

Proof. Since S/p is a group, I1(S/p) ~ lll(f) is weakly amenable.

Clearly IZ = I, (because I, has an approximate identity). Using Theo-
rem 2.2(i), I*(S) is weakly amenable modulo I,. [J

Let S be a semigroup and F = FE(S) be the set of idempotents of
S. A semigroup S is called an E-semigroup if the set of all idempotents
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of S, E(S) forms a sub-semigroup of S, E-inversive if for each x € S,
there exists y € S such that xy € E(S5), eventually inverse if every
element of S has some power that is regular and E(S) is a semilattice.
For more details and some examples, see [10, 11, 12]. It is shown that
if S is an F-inversive E-semigroup with commuting idempotents or S
is an eventually inverse semigroup, then o = {(a,b) € S x S|ea =
fb for some e, f € E(S)} is the least group congruence on S [11]. We
recall the following result of [2].

Proposition 3.2. Let S be an eventually inverse semigroup or S be an
E-inversive E-semigroup with commuting idempotents. Then I1(S/o) ~

1Y(S)/1, where I, is a closed ideal of I'(S) and I2 = I,.

Theorem 3.3. Let S be an eventually inverse semigroup or S be an E-
inversive E-semigroup with commuting idempotents, then I*(S) is weakly
amenable modulo 1.

Proof. As S is an eventually inverse semigroup or S is an F-inversive
FE-semigroup with commuting idempotents, there exist the least group
congruence o on S. Now S/c is a group, so I1(S/0) ~ PI(—US) is weakly
amenable. Using Theorem 2.2, [1(9) is weakly amenable modulo I,. [

It is shown that if A is a Banach algebra such that A2 # A, then A is
not weakly amenable. In particular if S? # S, then [1(S) is not weakly
amenable [/, Prop. 4.2].

Theorem 3.4. Let S be semigroup and p be a congruence on S which
is not group congruence. If (S/p)? # S/p, then 1*(S) is not weakly
amenable modulo 1,,.

Proof. By contradiction assume that [1(S) is weakly amenable modulo
I,. Then lll(—f) ~ [1(S/p) is weakly amenable (by Theorem 2.2). As p is
not group congruence, S/p is a not group and is just a semigroup and
since (S/p)? # S/p, 11(S/p) is not weakly amenable which is contradic-
tion. [0

In [8, Theorem 2.1], Ghahramani, Loy and Willis have shown that
for a locally compact group G, if L'(G)** is weakly amenable, then
M(G) is weakly amenable. In the following we present the same result
for semigroup algebras.
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Theorem 3.5. Let S be an eventually inverse semigroup or S be an
E-inversive E-semigroup with commuting idempotents, then if I*(S)**
is weakly amenable modulo I'*, then 11(S) is weakly amenable modulo
Is

Proof. Let o be the least group congruence on S and I, be the it’s

corresponding closed ideal in 1! (S). Then I** is a closed ideal of I'(S)**.
) (11(75))** ~

=\,
I1(S/o)** is weakly amenable. Therefore [1(S/o) is weakly amenable
(by [8, Theorem 2.1]). Using Theorem 2.2, I'(S) is weakly amenable
modulo 1. O

Now, if I1(S)** is weakly amenable modulo I}*, so

Example 3.6. (i) Let S = (N,+) (with respect to addition) be the
semigroup of positive integers. It is shown that p, = {(k,l) € Nx N:

n| (k—10)}(n > 0)is a group congruence on S [I1]. It is known that
1S/ pn) ~ llli—s) where I, is the closed ideal of I'(S) corresponding to

pn generated by {6p — & : (k,1) € pn}[2]. Clearly I1(S/p,) is weakly
amenable. We show that {'(S) is not weakly amenable modulo I,,.
Suppose by contradiction that {!(S) is weakly amenable modulo I,,.

Let D : I1(S) — (l}%)* o~ Ipln be a nonzero bounded derivation, so
there exists ¢ € Ipln such that D(0;) = 0g.¢ — ¢.0r. Now

(01, 0k-0 — ¢.0k) = (01 % Ok, &) — (Or * 01, @)
= {14k, ) — (Okt1,90) =0

Therefore D vanishes on ['(S)\I,,, which is a contradiction. We note
that the congruence p, (n € N) is not least group congruence and Iﬁn %

I,

(77) Let S = {p™q" : m,n > 0} be the bicyclic semigroup generated
by p,q. Clearly S is an E-unitary semigroup with F(S) = {p"¢" : n =
0,1,2,...}. Let zoy if and only if ex = ey for some e € E(S). Then o
is the least group congruence on S and S/o = Z [6]. It is shown that
I1(S) is not weakly amenable [7]. It is also not approximately amenable
[9]. But I1(S) is weakly amenable modulo I, (by Theorem 3.3).

(7i1) Let S = FI(X) be the free inverse semigroup on X where X is
a singleton. Then [*(Gg) ~ 11[(75)’ and [1(9) is weakly amenable modulo

o
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I, where o is the least group congruence on S. We note that I1(S) is
not weakly amenable [5].

(iv) Let S = G xT where G is a group and T' = (N, +). Then G is the
maximum group homomorphism image of S under the homomorphism
¢ : (g,t) — g. Let o be the congruence on S such that g ~ (. Then
I1(S) is weakly amenable modulo I, indeed I*(S)/I, is isomorphic to
I'(G), which is weakly amenable. However, since the semigroup algebra
IY(T) is not weakly amenable, I1(S) could not be weakly amenable [5,
Theorem 1.7].
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