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1. Introduction

We first give the following important inequality:

Theorem 1.1. [Hermite-Hadamard inequality|Let f : I C R — R be a
convez function on the interval I of real numbers and a,b € I with a <
b. If f is a convex function then the following double inequality, which is
well known in the literature as the Hermite—Hadamard inequality, holds

Z
a b a
() <55 [ e < LOEIB

In [2], authors gave the following lemma:
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Lemma 1.2. Let f: I° C R — R be twice differentiable function on I°,
a,b € I° with a <b. If f" € Li[a,b], then

1 —a b
3 | @-a0-or @i =52+ f0) - [ s @

Also,they obtained following inequality:

Theorem 1.3. With the above assumptions, given that k < f"(x) < K
on [a,b], we have the inequality

(b—a)* _ f(a)+ f(b) 0 —a)’
Mg S 2 —a/f '

2. Preliminaries

Recall the set R® of real line numbers and use the Gao-Yang-Kang’s
idea to describe the definition of the local fractional derivative and local
fractional integral, see [11, 12] and so on.

Recently, the theory of Yang’s fractional sets [11] was introduced as
follows.

For 0 < a < 1, we have the following a-type set of element sets:

Z% : The a-type set of integer is defined as the set

{09, £1%, £2, . +no, .},

Q% : The a- type set of the rational numbers is defined as the set {m® =
(g) :p,q € Z, q # 0}.

J : The a-type set of the irrational numbers is defined as the set {m® #

(%) :p,q € Z, q # 0}.

R% : The a-type set of the real line numbers is defined as the set R* =
QYU Jx

If a®, b and ¢® belongs the set R of real line numbers, then
(1) a® 4+ b* and a®b™ belongs the set RY;

(2) a®*+b*=b*+a"=(a+b)*=(b+a)

(3) a®+ (b* + ¢*) = (a + b)*

(4) a®b® = b*a™ = (ab)” = (ba)*;

(5) a® (b°c%) = (a2°) =

(6) a® (b* + ) = a“b™ + a®c?;

(7) a* 4+ 0% = 0% 4 a®* = a® and a*1* = 1% = a”.
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The definition of the local fractional derivative and local fractional in-
tegral can be given as follows.

Definition 2.1. [11] A non-differentiable function f : R — R*, = —
f(z) is called to be local fractional continuous at xg, if for any e > 0,
there exists § > 0, such that

|f(@) = flzo)| <&,
holds for |x — xo| < d, where £,0 € R. If f(x) is local continuous on the
interval (a,b), we denote f(x) € Cy(a,b).
Definition 2.2. [11] The local fractional derivative of f(x) of order «
at x = xq s defined by

A% (f(z) = f(x0))

f(Oé) (1'0) = dxe _— = xh_)HxlO (QZ — xo)oz )
where & (7(z) = {(a0)) =D(a+ 1) (/) ~ fa0).

——
If there exists fF+1)(z) = D2..DSf(x) for any x € I C R, then we
denoted f € D(j41)a(I), where k =0,1,2, ...
Definition 2.3. [3] Let f(x) € Cy[a,b]. Then the local fractional inte-
gral is defined by,

ol f () Mo +1 /f )(dt)® a+1 AI%IEOthJ (At))",

with Atj = tj+1—tj and At = max{Atl, Atz, ceny AtN_l} , where [tj, tj-i-l] y
7=0,..N—1anda=1t) <ty <..<ty_1 <ty = b is partition of
interval [a,b] .

Here, it follows that I f(x) = 0 if a = b and I f(x) = — I3 f(x) if
a < b. If for any x € [a,b], there exists oIS f(x), then we denoted by

fx) € I3 [a,b].

Definition 2.4. [Generalized convex function| [11] Let f : I C R — R“.

For any x1,29 € I and X\ € [0,1], if the following inequality

Az 4+ (1= Nz2) <A f(21) + (1 = A)* f(x2),
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holds, then f is called a generalized convex function on I.
Here are two basic examples of generalized convex functions:
(1) f(z) =2P, 2 >0, p > 1;
o0

(2) f(x) = Eo(z*), € R where E,(z%) = Z is the Mittag-

1+ka

Leffer function.

Theorem 2.5. Let f € D,(I), then the following conditions are equiv-
alent

a) f is a generalized convex function on I

b) 1@ s an increasing function on I

c) for any x1,x9 € 1,

f(a) (1)

f(z2) — f(x1) 2 T(+a)

($2 — :El)a .

Corollary 2.6. Let f € Doy (a,b). Then f is a generalized convez func-
tion
( or a generalized concave function) if and only if

@) > 0 (or F2 () <0).

for all x € (a,b).
Lemma 2.7. [11] (1) (Local fractional integration is anti-differentiation)

Suppose that f(z) = g(®)(x) € Cy [a,b], then we have
oy f(x) = g(b) — g(a).

(2) (Local fractional integration by parts) Suppose that f(x),g(x) €
Dy [a,b] and f)(z), ¢\ (x) € Cy [a,b], then we have

oli' (@) (x) = f(2)g()]y —a I 1 ()g(2).
Lemma 2.8. [11]

dahk Tl +ka) LD,
dre  T(1+(k—1)a) ’
1 b I'(l1+ ka)
afdr)® = plk+Da _ 4(k+1)a) L )
Tasn! ™ = ra e ( atrhe) ke R
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Lemma 2.9. [Generalized Holder’s inequality] [11] Let f,g € Cy [a,b],
p,qg>1 wz‘th%%—é: 1, then

b
1 (0%
Tla+1) / |f(x)g(2)| (da)

a

b P b
1 » o 1 q o
o P @ | | s [ et @

In [3], Mo et al. proved the following generalized Hermite-Hadamard

1
q

inequality for generalized convex function:

Theorem 2.10. [Generalized Hermite-Hadamard’s inequality] Let f(z) €
I% [a,b] be generalized convex function on |a,b] with a < b. Then

a+b rl+a) fla)+ f(b)
(57 < ot < MO0

In [9], Sarikaya et al. gave the the following generalized Bullen inequality

for generalized convex function.

Theorem 2.11. [Generalized Bullen inequality] Let f(x) € JES [a, b] be
a generalized convez function on [a,b] with a < b. Then we have the
inequality
I'l+a) 1 a+b f(a)+ f(b)
oI < — . 4
<b_a)a bf(x) 90 |:f< 9 )+ 2a ()

For more information and recent developments on local fractional the-
ory, please refer to [1], [3], [4], [6]- [15].

The aim of the paper is to establish some new generalized Hermite-
Hadamard inequalities for generalized convex functions and we give some
applications for some generalized special means.

3. Main Results

In this section, we establish some new inequalities for generalized convex
functions.

Theorem 3.1. Let I C R be an interval, f : I"CR— R” (IO is the
interior of 1) such that f € Dao(I°) and f3® € Cyy [a,b] for a,b € I°
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with a < b Then, we have the identity:

10 T g 8

b
= 1 T —a)® —$a(2a)$ )%
e e @) e

a

Proof. Using the local fractional integration by parts twice (Lemma
2.7), we obtain

b

/ (2 — a)*(b— 2) £ (z) (da)° (6)

a

1
'l+a)

= (@—a) (-2 D)

a

b
1 o ple o
_M/r(ura) (=22 + a+b)* £ (z) (dx)

a

= T(l+a)(—2v+a-+ b)“f(x)li

b
1 « o
e / [0 (14 a)]? (—2)° /() (do)

a

= —T(1+a)(a—b)f(b)+T (1+a)b—a)f(a)

b
20T (1+ )] o
T [ (@@

= T(L+a)(b—a)[f(a)+ fO)] —2°[[ (1 +a) oJf f(2).

If we divide the resulting equality (6) by 2% (b — a)**T' (1 + «), then we
obtain the desired result. U
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Theorem 3.2. With the above assumptions, given that k% < fC® (x) <
K¢ for all x € [a,b], k, K € R, we have the following inequality

. (b—a)* [F(1+1a) F(1—|—2a)] )

22T (1+a) [T(1+2a) T(1+3a)
fla)+f(b) TI'(l+a)

< 20 - (b _ a)a aIéXf(fL')

. (b—a)* [r(1+1a) I‘(1+2a)]'

< . —
h 22T (14+a) [T'(1+2a) T(1+3w)

Proof. From assumptions, we have
E(x—a)*(b—2)* < (z—a)*(b—2)* f*)(2) < K*(z—a)*(b—2)* (8)

for all x € [a,b]. Dividing (8) by 2% (b— a)®[[' (1 + )]?, then integrat-
ing the resulting inequality with respect to = over [a, b], we get

ka
29 (b—a)* ' (1+ )]

b
; / (& — a)*(b — ) (dz)°

b
1 z —a)*(b— 2)* P9 (z) (dz)®
< 2a(b—a)o‘[1“(1+a)]2a/( ) (b — ) 7 (z) (da)

b
K AUh— VK )%
< 2a(b_a)a[r(l+a)]2a/<x—a> (b— 2)*K* () (dv)”

From Theorem 3.1, we have

b
1 T —a)® _ma(2a)$ 2)% .
2a(ba)a[I‘(1+a)]2a/( )% (b —z)* 7 (2) (dx)

fl@+fb) Tlta)
20 - (b_a)a aIb f(x)
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and a simple calculating shows that

b

/ (z—a)*(b—2)° (dz)° = (b — a)**

a

1
I'l+a)

L(1+1a) T (1+20)
L(1+20) T(1+30)]

This completes the proof. O

Corollary 3.3. With the assumptions of Theorem 3.2, given that
Hf(QO‘)HOO = sup ‘f@a)(xﬂ , then we have the following inequality .

z€la,

fla+fb) Tl+ea) .,
‘ 92a - (b_a)a aIb f(l‘)'

o0

(b—a)* [P (1+1a) T'(14 204” Hf(m)

2T (1+a) [T(1+2a) T(1+3a

Theorem 3.4. The assumptions of Theorem 3.1 are satisfied. If we
assume that the new mapping ¢ : I° C R — R®, ¢(z) = (x — a)*(b —
) fC) () is generalized convex on [a,b), then we have the inequality

(b—a)*  on (ath
8a[r(1+a)]2f < 5 ) (9)

fla+f0b) T+e) .,
90 - (b_a)a aIb f(x)

(b—a)*  (oa) (atb
16a[r(1+a)]2f ( 2 )

X

Proof. Because of the generalized convexity of ¢, applying the first in-
equality of generalized Hermite-Hadamard (Theorem 2.10) we can state:

v _1a)a /b o(a) (da;)a><ﬂ<a; ”) _ <b—43>2a £(20) (a—;b)_ )

a
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Similarliy, applying the generalized generalized Bullen inequality (The-
orem 2.11) for ¢, we get

b

1 a/go(x)(dw)a < 1[w<a+b>+<p(a)+so(b)} (11)

(b—a) 20

a

Combining (10) and (11), we have

Goo o (;b> = /b ole) (dz)”

(b—a)® oa) (a+D
< TfQ (2) (12)

If we divide the inequalities (12) by 2% [I (1 + )], we obtain desired
result, which completes the proof. [

Theorem 3.5. The assumptions of Theorem 3.1 are satisfied. Then we
have the inequality
fla)+ ) T(O+a)

I ) i) (13)

(b— a)(”%)“ .

[Bp+1,p+1)]» || fC

)
q

1,1 _
where,q>1,5+a—1,

f(2a)Hq is defined by

]|, = r(11+ )

b
7o) )
and B (x,y) is defined by
1
1

(z—1) (- a
F(1+a)/t (1= )= (g
0

B(l’,y) =
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Proof. Taking modulus in (5) and using the generalized Holder’s in-
equality, we have

fla)+ 1) T(1+a)
0 ) i)

b
1

20 (b — a)* [0 (1 + a) / (@ —a)*(b— )"

a

b @

S ga (b—a)if(l+a) (F(lia)o/f(m)(x)‘q(dx)a)
b ’
( T +a) /x—apo‘ )po‘(da:)) .

T 2(b—a)T(1+a) F(1+a)/($_a) (b — )" (d)

a

N

()| (dr)°

Using the changing variable z = (1 — t) a + tb, we have

b
lm /(CU —a)P(b— x)P (dz)* = (b — a)*PTVB(p+1,p + 1),

a

which completes the proof. [J

Theorem 3.6 The assumptions of Theorem ?7 are satisfied. If ’ f (26‘)‘

is generalized convex, then we have the inequality

fla) + F5) _T(1+a)
| e (1)

_ (o)™ (F(1+2a) ~ F(1+3a)> | £ ()] + | £ (b)|
S T(1+a)\I'(1+3a) T (1+4a) 20
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Proof. Taking modulus in (5) we get

fla)+f) T(+a)
20 - (b_a)a aIbf( )‘

<

x—a)*(b—z)*

b
1 (204)3: )¢
za(b—a)a[r(1+a)]2a/( (@) (@

Since generalized convexity of ‘ f (20‘)‘ , we have
(20) (T =@y b—=z
/ ( b—a * b—a”

< () el

Then, it follows that
’ﬂ@+f() IFl+a)

’f(2a) (3;)‘ =

—2) )

(b—a)a aIb f( )‘ (15)
1 T P
S 20w T+a) {(ba)“r(ua) /(x‘a)z (b —z)* (dx)

N |f(2a) (a)‘ /b($ . a)a(b . 3;')2a (dﬂj‘)a]
b—a)’T(1+a) '

Using the changing variable x = (1 — t) a + tb, we have

b
/x—a (b—x)* (dx)” (16)
b

= /tzo‘l—t

a

B oy I(14+2a) T (1+30)
N [ (1+3a) T (1+4a)
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and similarly

b

1 . e W (T(1+2a) T(1+3q)
T(1+a) /(x_“) (b—o)** (d2)" = (b~ a)* <r(1+3a)_r(1+4a))'

(17)
Putting (16) and (17) in (15), we obtain required result. [J

4. Applications to Some Special Means

We consider some generalized means as in [7]:

o bOZ
Aa,b) =~ ;; ;

1
T (1 + na) [b(nJrl)a _ a(n+1)a]] n

Lnla,b) = T(1+ (n+a) (b—a)®

where n € Z\ {—1,0}, a,b € R, a #b.

Proposition 4.1. Let a,b € R, 0 < a < b, 0 ¢ [a,b] and n € Z,
|n (n —1)| > 3. Then, we have the inequality

[A(a",0") =T (1+ @) [Ln(a, b)]"|

(b— a)<1+q+%)a
20{
I'(1+na)

XLx1+m—2m)

[B(p+1,p+1)]»

X

Q=

[LZ@%Q) (a, b)} .

Proof. Let us reconsider the inequality (13):

F@+ i) Tta)
\ R afbﬂx)‘

(b—a)(115)e 20
20 1

1
< [Blp+1,p+1)»

q
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Consider the mapping f : (0,00) — R%, f(z) = 2%, n € Z\{-1,0}.
Then, 0 < a < b, we have

IO~ ) 5D — o,
o B F(1+na) n—2)a
‘f(Q )(33)‘ = ‘I‘(l—i—(n—?)a) o
and
’f(Qa)Hq
T(1+na) |4 E

b
1 wq(nf et )¢
(F(1+a)/ V7 (dx) )

T'(1+(n—2)a)

1
q

I'(1+na)
T(1+ (n—2)a)

PA+qn—2)0) (1 gm-241a _ ,am-2+1)a
X<I‘(1+(q(n—2)+l)a) (b o o ))

1
q

I'(1+ na) 7
I'(l+(n-2)a)
Then, we obtain

[A(a”,0") =T (1 + @) [Ln(a, b)]"|

-2

(b - a)qa [Lq(n—Z)(av b)]n

_ (b— a)(lJr%)a

~X 20(

[Bp+1,p+1)]7

Qe

I' (14 na)

qe n—2
’F (1+(n—2)a) (b—a)" [Ly(n-2)(a, )]

(b _ a)(l—i-q—‘r%)a

1
- o B+ Lp+ 1)

x’ I'(1+ na)
T(1+(n—2)a)

1
"L )],
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This completes the proof. [

Proposition 4.2. Let a,b € R, 0 < a < b, 0 ¢ [a,b] and n € Z,
|n(n —1)| = 3. Then, we have the inequality

|A(a™, ") =T (1 + «) [Ln(a,b)]"|

(b—a)**| T (1+na)
T(1+a)|T(1+(n-2)a)

'1+42a) TI'(143a) N2 172
(F(1+3a)_F(1+4a)>A(a ).

Proof. The proof is obvious from Theorem 3. applied f(z) = z"¢
ne Z\{-1,0}. O

)
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