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Abstract. The numerical range of a simple graph G, named F(G), is
the numerical range of its adjacency matrix A(G). The main purpose
of this paper is to approximate F(G). Then, using this approximation,
bounds for the largest and the smallest eigenvalues ofG are proposed. In
fact, lower bounds for the largest eigenvalues ofG are presented in terms
of disjoint induced subgraphs ofG and the numerical range of the square
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1. Introduction

All graphs considered here are simple and undirected. A graph can be
represented in various forms. Adjacency matrix is one of the various
representations of a graph. The adjacency matrix of a graph G with
vertex set V(G) = {v1, ..., vn}, written A(G), is the n-by-n matrix in
which entry aij is the number of edges in G with endpoints {vi, vj}. So
A(G) is Hermitian with entries 0 or 1 and 0s on the diagonal. The
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eigenvalues of a graph G are the eigenvalues of A(G). There have been
many papers published on the eigenvalues of graphs. A series of articles
in graph eigenvalues were collected by Stanic in [8].

The classic numerical range or simply numerical range F(.) is a set
of complex numbers naturally associated with a given n-by-n matrix
A. The numerical range of a Hermitian matrix is an interval dependent
on its largest and smallest eigenvalues. See [3, 4] for more properties
of the numerical range of matrices. Nakazato [7] tried to determine the
numerical range of adjacency matrix of some directed graphs. It is the
result obtained by Marcus and Pesce [6] that the numerical range of any
n-square matrix A is the union of the numerical ranges of all 2-square
real compressions of A.

In this paper, the researchers have changed their view on the eigenvalues
of graphs compared to what has been done so far. They have looked at
the largest and smallest eigenvalues of graphs in terms of the numerical
range of graphs. The researchers propound a subset for the numerical
range of graphs by Marcus and Pesce theorem. This subset gives a lower
bound for the largest eigenvalues and an upper bound for the smallest
eigenvalues of G solely based on structural properties of the graph. In
addition, by applying Marcus and Pesce theorem to the square of the
adjacency matrix of G, a new lower bound for the largest eigenvalues of
the graph is obtained.

2. Preliminaries

This section is divided into two parts. In the first part, familiarity with
the basic theory of graphs is assumed. The second part presents the
numerical range of a matrix and some of the related objects.

First, we recall a few basic notions of graphs which can be found in
[9]. Let G be a graph with vertex set V(G). When T ⊆ V(G), the
induced subgraph G[T] consists of T and all edges whose endpoints are
contained in T.

The following theorems determine the eigenvalues of bicliques, complete
graphs, cycles and paths thoroughly.
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Theorem 2.1. ([9]) The eigenvalues of complete graph Kn are λ1 =
n − 1 > λ2 = λ3 = · · · = λn = −1 and the eigenvalues of the biclique
Kr,s are λ1 =

√
rs > λ2 = λ3 = · · · = λn−1 = 0 > λn = −

√
rs.

Theorem 2.2. ([1]) For n  2, the eigenvalues of Cn are 2cos
2kπ
n

,

k = 1, ..., n. Also, for n  1, the eigenvalues of Pn are 2cos
kπ

n+ 1
,

k = 1, ..., n.

We follow three theorems about bounds of the largest eigenvalue of a
graph G and a theorem about its subgraph G−e. Let di is the degree of
vertex vi and ∆(G) =maxvi∈G di.

Theorem 2.3. ([9]) If G is a graph with n vertices, e edges and eigen-
values λ1  λ2  · · ·  λn, then (2e/n)  λ1  ∆(G).

Theorem 2.4. ([1]) If G is a graph with n vertices, e edges and eigen-
values λ1  λ2  · · ·  λn, then λ1 


2e(n− 1)/n.

Theorem 2.5. ([5]) If G is a graph with n  2 vertices, then

λ1 
1√
2
maxj<i


di + dj +


(di − dj)2 + 4cij2,

where cij is the number of common neighbors of vertices vi and vj.

Theorem 2.6. ([2]) If e is an edge of a connected graph G, then the
largest eigenvalue of G is strictly greater than the largest eigenvalue of
G− e.
Now, suppose thatMn is the algebra of all n×n complex matrices, then
the field of values or numerical range of A ∈Mn is

F(A) := {x∗Ax : x ∈ Cn,x∗x = 1}.

If A is Hermitian, then F(A) is an interval whose endpoints are the
largest and the smallest eigenvalues of A. If A1, ...,An ∈ Mn, then
F(
n

k=1Ak) ⊆
n

k=1F(Ak). For all A ∈ Mn1 and B ∈ Mn2 , F(A ⊕
B) = Co(F(A) ∪F(B)). For more details of matrix theory and the nu-
merical range of matrices, one may refer [3, 4]. As a final result, consider
the interlacing eigenvalues theorem for bordered matrices.
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Theorem 2.7. ([3]) Let A ∈ Mn be a given Hermitian matrix with
eigenvalues λ1  λ2  · · ·  λn, and let y ∈ Rn be a given vector. Let
Â ∈Mn+1 be the Hermition matrix as follows:

Â ≡




A | y

−−− | − −−
yT | 0



 .

Let eigenvalues of Â be λ̂1  λ̂2  · · ·  λ̂n+1. Then

λ̂1  λ1  λ̂2  λ2  · · ·  λn  λ̂n+1.

3. Numerical Range of Graphs

In this section, we present the numerical range of a graph G and some
of its properties.

Definition 3.1. If G is a graph, F(G) is the numerical range of the
adjacency matrix of G i.e. F(G) = F(A(G)).

Theorem 3.2. Two isomorphic graphs have the same numerical range.

Proof. Suppose G is isomorphic to H, i.e. G ∼= H, so there exists a
permutation matrix P such that A(G) = P−1A(H)P. Therefore G and
H have both the same eigenvalues and the same numerical range. 
The next corollary is an immediate result of Definition 3.1 since A(G)
is Hermitian.

Corollary 3.3. If G is a graph with n vertices and eigenvalues λ1 
λ2  · · ·  λn, then F(G) = [λn, λ1] .

The following example follows from Corollary 3.3, Theorem 2.1 and 2.2.

Example 3.4. F(Kn) = [−1, n− 1] and F(Kr,s) = [−
√
rs,
√
rs].

F(Pn) =

−2cos( π

n+ 1
), 2cos(

π

n+ 1
)

and F(Cn) =


2cos(n

2
2π
n
), 2

,

where the floor x of x is the largest integer at most x.
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Corollary 3.5. LetG be a graph with n vertices and eigenvalues λ1(G) 
λ2(G)  · · ·  λn(G) and let H be an induced subgraph of G with p ver-
tices and eigenvalues λ1(H)  λ2(H)  · · ·  λp(H). Then λ1(G) 
λ1(H) and λn(G)  λp(H) and so F(H) ⊆ F(G).

Proof. A(H) is a principle submatrix of A(G) and so λ1(G)  λ1(H)
and λn(G)  λp(H). 

Note that if H is a subgraph of G that is not an induced subgraph,
then Corollary 3.5 is not always true, although Theorem 2.6 and 2.7
say λ1(H)  λ1(G). For example, P3 is a subgraph of C3 but F(P3) =
−
√
2,
√
2

and F(C3) = [−1, 2] .

Next corollary provides two bounds for the numerical range of a graph
depending only on n, e and ∆.

Corollary 3.6. Let G be a graph with n vertices, e  1 edges and
eigenvalues λ1  λ2  · · ·  λn. Also suppose that

γ = min{∆(G),

2e(n− 1)/n}

and
σ = max{(2e/n),


∆(G)}

then
[−1, 1] ⊆ [−1, σ] ⊆ F(G) ⊆ [−γ, γ] .

Proof. Let H be an induced subgraph of G which contains exactly two
incident vertices. So H is a path with two vertices and by Theorem 2.2,
F(H) = [−1, 1]. Now, by Corollary 3.5, [−1, 1] = F(H) ⊆ F(G). Clearly
∆(G)  1 andK1,∆(G) is a subgraph ofG and λ1(K1,∆(G)) =


∆(G) 

λ1(G) by Theorem 2.1. Therefore, by Theorem 2.3, λ1(G)  σ and
[−1, 1] ⊆ [−1, σ] ⊆ F(G). The third inclusion follows from Theorem 2.3
and 2.4. 

Remark 3.7. If G has m components, H1,H2, · · · ,Hm, then each
component is an induced subgraph of G and the adjacency matrix of
G can be written as A(G) = A(H1) ⊕ A(H2) ⊕ · · · ⊕ A(Hm), so
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F(G) = Co(F(H1) ∪ F(H2) ∪ · · · ∪ F(Hm)). By Corollary 3.6 for all
j ∈ {1, ...,m}, F(Hj) is an interval which contains 0, so

Co(F(H1) ∪ F(H2) ∪ · · · ∪ F(Hm)) = F(H1) ∪ F(H2) ∪ · · · ∪ F(Hm).

Therefore, for each j ∈ {1, ...,m}, if Ij is an interval such that Ij ⊆
F(Hj), then


Ij ⊆ F(G).

Beineke and Wilson [2] proved that if G is neither complete nor null,
then λn(G)  −

√
2. In the next theorem, we aim to extend this result

as far as possible and obtain a better upper bound for λn.

Theorem 3.8. If G is an n vertices graph with the star K1,m as an
induced subgraph, then λn  −

√
m. In particular, [−

√
m,
√
m ] ⊆ F(G).

Proof. It follows from Theorem 2.1 that −
√
m and

√
m are the smallest

and the largest eigenvalues of K1,m. Now, by Corollary 3.5, the result is
clear. 

Theorem 3.9. If G is a graph with n vertices and eigenvalues λ1 
λ2  · · ·  λn, then there exists a positive integer m  n such that


2cos(m

2
2π
m
), 2

⊆ F(G),

or 
−2cos( π

m+ 1
), 2cos(

π

m+ 1
)

⊆ F(G).

Proof. If G has no cycle, then consider Pm as a path in G that is not
contained in a longer path; called a maximal path. SinceG has no cycles,
Pm is an induced subgraph of G and by Corollary 3.5, F(Pm) ⊆ F(G).
Now, by Theorem 2.2,

2cos(

mπ

m+ 1
), 2cos(

π

m+ 1
)

=

−2cos( π

m+ 1
), 2cos(

π

m+ 1
)

⊆ F(G).

Otherwise, G contains a cycle Cm which is an induced subgraph of G
and m  p for all the cycles Cp that are induced subgraphs of G. By
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Corollary 3.5, F(Cm) ⊆ F(G). Similar to the previous case, by Theorem
2.2 

2cos(m
2
2π
m
), 2

⊆ F(G). 

Applying the decompositions of graphs, we obtain an upper bound for
F(G) in continuation of this section.

Theorem 3.10. Let H = {G1,G2, ...,Gk} be a decomposition of an
n-vertices graph G such that Gi is n-vertices subgraph of G and λi1 
λi2  · · ·  λin are the eigenvalues of Gi, for each i=1,...,k. Then
F(G) ⊆ [αH, βH], where αH =

k
i=1 λin and βH =

k
i=1 λi1.

Proof. By the hypothesis that Gi is an n-vertices subgraph of G for
each i=1,...,k, A(G) = A(G1) +A(G2) + ...+A(Gk). So

F(G) ⊆ F(G1) + F(G2) + ...+ F(Gk)

= [λ1n , λ11 ] + [λ2n , λ21 ] + ...+ [λkn , λk1 ]

=


k

i=1

λin ,
k

i=1

λi1


= [αH, βH] . 

Now, we have the following obvious corollary.

Corollary 3.11. Let H1,H2, ...,Hm be m decompositions of G in the
same condition of Theorem 3.10. Then for every j=1,2,...,m, F(G) ⊆
αHj , βHj


, and so

F(G) ⊆
m

j=1


αHj , βHj


.

Remark 3.12. IfG is a graph with e edges and H = {G1,G2, ...,Ge} is
a decomposition of G such that E(Gi)∩E(G) has exactly one member,
for each i ∈ {1, 2, ...e}, then F(Gi) = [−1, 1] for all i ∈ {1, 2, ..., e}
and by Theorem 3.10, F(G) ⊆ [−e, e] . Now, without loss of generality,
suppose that G1,G2 are two members of H such that their edges are
disjoint, i.e. their edges have distinct endpoints. So we can make a new
decomposition H = {G

1,G3, ...,Ge} such that G
1 is a subgraph of G

and E(G
1) = E(G1) ∪E(G2). F(G

1) = [−1, 1] and by Theorem 3.10,

F(G) ⊆ F(G
1) + F(G3) + ...+ F(Ge) = [−(e− 1), e− 1] ,
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In Theorem 4.10, we aim to present a lower bound for λ1 by replacing
A2 instead of A in Theorem 4.3. Naturally, we can use Theorem 4.3 for
Ak where k  1, but, as mentioned in Remark 4.6, our aim is to find
a lower bound for λ1 and an upper bound for λn based on structural
properties of graph G and the results for Ak where k  3, are not clear
in comparison to A2.
Again, to get the main result, we need two lemmas. Let A2 = [cij ], then
cii is the degree of vertex vi, called di, and cij is the number of common
neighbors of vertices vi and vj when i = j. Clearly A2 is symmetric.

Lemma 4.9. Let x, y, ξ and η are defined in the same way as Lemma
4.2, then

xTA2x =
1
k
(


i∈ξ

di + 2


i,j∈ξ

cij),

and
xTA2y =

1√
km



i∈ξ
j∈η

cij .

Proof. Like the proof of Lemma 4.1, without loss of generality, suppose
that x = [1/

√
k, ..., 1/

√
k, 0, ..., 0]T with exactly k nonzero coordinates.

Then xTA2 simply is 1/
√
k times a vector whose j th coordinate, for

1  j  k, is dj +
k

i=1
i=j

cij and its j th coordinate, for k + 1  j  n, is
k

i=1 cij . The result will be followed similar to the proof of Lemma 4.1
and 4.2. 

Theorem 4.10. For each pair T, S ⊆ V(G) such that S ∩ T = ∅ and
n(T ) = k and n(S) = m, define

βT =
1
k
(


vi∈T

di + 2


vi,vj∈T

cij), βS =
1
k
(


vi∈S

di + 2


vi,vj∈S

cij),

and
αT,S =

1√
km



vi∈T
vj∈S

cij .
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and the union runs over all pairs of disjoint subsets T and S of V(G).
Also λ1  bT,S and λn  aT,S for each disjoint pair of T and S.

Proof. For 1  i  n, let

xi =






wi
vi∈T w2i

vi ∈ T

0 vi /∈ T

and

yi =






wi
vi∈S w

2
i

vi ∈ S

0 vi /∈ S.

Also x = [x1, x2, ..., xn]T and y = [y1, y2, ..., yn]T . Corresponding to the
proof of Theorem 4.3, βT = xTAx, βS = yTAy and αT,S = xTAy and
the result is clear. 

Remark 4.12. In Theorem 4.11, if G is a regular graph, Theorem 4.3
and 4.11 are identical and if wi = 1 for each 1  i  n, then the results
of Theorem 4.3 will be obtained. We can replace by di, ti =


j∼i dj(

called 2-degree of vertex vi), Ni =


j∼i tj or Mi =


j∼iNj where j ∼ i

means vj is adjacent to vi. If G and H are the graphs Mentioned in
Example 4.5 and T is the set of all vertices whose degrees are ∆(G) and
S = V(G)− T , then we have the followig results:
i) Taking wi = di, we have λ1(G)  2.16935 and λ1(H)  2.24536.
ii) Taking wi = ti, we have λ1(G)  2.16842 and λ1(H)  2.24600.
iii) Taking wi = Ni, we have λ1(G)  2.16935 and λ1(H)  2.24693.
iv) Taking wi =Mi, we have λ1(G)  2.16977 and λ1(H)  2.24696.

Remark 4.13. Note that Theorem 4.11 is more general than what was
mentioned in Remark 4.12. In fact, for a fixed pair of disjoint subsets of
V(G), the list of weights provides a list of bounds for λ1 and λn.
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