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Abstract. Image zooming is one of the important issues of image pro-
cessing that maintains the quality and structure of image. Zooming an
image necessitates placing the extra pixels in the image data. More-
over, adding the data to the image must be consistent with the texture
in the image in order to prevent artificial blocks. In this study, the
required pixels are estimated using barycentric rational interpolation.
The proposed method is a non-linear one which can preserve the edges
and reduces the blur and block artifacts on the zoomed image. Nu-
merical results are presented using PSNR and SSIM fidelity measures
and they are compared to some other methods. The average PSNR of
the original image and image zooming was 33.08 which can prove that
image zooming is very similar to the original image. The experimental
results revealed that the proposed method had a better performance
compared to other methods and could provide good image quality.
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1 Introduction

The fundamental aim of image zooming is to increase the resolution of
the image in order to achieve an appropriate image quality. It plays
an important role in image processing and machine vision, and enjoys a
variety of applications in printing industry, electronic publishing, digital
cameras, medical imaging and sampling, images on web pages, license
plate recognition, as well as face recognition systems [1].

Recent studies have revealed that in many of these applications, the
main focal task regards the visual quality of images. Both resolution of
the edges and lack of blurred and additional artifacts are the two im-
portant factors involved in enhancing the quality of zoomed images.
The interpolation method is used in most algorithms of image zooming.
The aim is to find a set of unknown pixel values from a set of known
pixel values in the image.

In image zooming, several basic parameters affect image quality, includ-
ing:

1. Zooming should preserve the edges and borders of the image.

2. The magnification method should not produce undesirable piecewise
constant or artificial blocks.

3. Zooming method should not have high computational complexity [2].
Traditional technologies used linear interpolation methods in order to
create high resolution samples in zooming images. Pixel replication, bi-
linear interpolation, quadratic interpolation, bi-cubic interpolation, and
spline interpolation can be counted as some of the linear interpolation
methods [3-6]. These methods serve not only to smooth out image edges,
but, in some cases, also to produce stair edges. Moreover, the outputs
of these methods are blurred images.

In recent years, modification of the linear methods in terms of improving
image quality and solving the problem of image blur has been done using
non-linear interpolation technique. These methods perform differently
with sharp and soft edges. In fact, these methods are in contrast with
the linear methods that treat similar to all pixels [7-9].
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In such non-linear methods, after estimation of a subset of edge pixels
[8], resampling, parameter optimization, contextual interpolation, and
edge direct interpolation are conducted to enhance the image quality
and edges [10-13].

In [10], statistical methods were used to set the structure of the edges,
and correction technique of bi-linear interpolation, and interpolation er-
ror theorem [11] were used in an edge-adaptive method.

In [14], as a part of the edge-directed non-linear interpolation method,
the technique of filtering direction and data fusion was employed, and a
missed pixel was interpolated in different directions. Then, the results
of edge-directed interpolation were combined with linear least squares
estimations, and therefore the desired outcome could be reached.

In [15], LAZ method was introduced as a local adaptive zooming al-
gorithm with the purpose of finding the edges in different directions
through using the information from discontinuity or sharp brightness
variations. Two threshold values were also considered, and the missing
pixels were estimated regarding the direction of the edge.

More recently, some new methods based on partial differential equations
(PDEs) have also been proposed and could have shown better perfor-
mances than the previous methods. In [16-17], edge-directed interpola-
tion methods were discussed founded on diverse issues regarding PDEs.
[18] presented non-linear curvature interpolation method and PDEs for
image-zooming were. In another study [19], non-linear fourth-order
PDEs method was a new combination of the locally adaptive zooming
algorithm for image zooming. An image zooming algorithm was offered
using non-linear PDE, combined with edge-directed bi-cubic algorithm
in [20].

It is notable that most PDE-based methods can provide clear images
with sharp edges. The negative effects resulting from blurring and arti-
ficial blocks have been reduced to a minimum in these methods.

In another study [21], a non-linear image-zooming method was proposed
based on radial basis functions and contextual edge correction tech-
niques. Given that the radial basis functions have the shape parameter
¢, this method introduces an interval for ¢ by conducting numerical ex-
periments.

Similar studies offer other methods for zooming purposes, for example,
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in [22], artificial neural network methods have been used for zooming
operations on digital images; in [23], a non-linear image interpolation
algorithm based on moving least squares technique has been presented
and the ability for image zooming and preserving edge features is demon-
strated.

In [24], image zooming by least squares surfaces has been presented
in a way that extra pixels can be estimated using the surface of least
squares. In [25], the required pixels have been estimated for image zoom-
ing through using the radial basis functions and calculating the shape
parameter ¢ with genetic algorithm.

Taking this literature into account, the present study, aims at estimating
the required pixels in three steps in linear processes using barycentric
rational interpolation.

The structure of this paper is as what follows. In Section 2, barycentric
rational interpolation will be discussed. In Section 3, a discussion of im-
age zooming will be provided. Section 4 focuses on presentation of the
proposed method. The evaluation criteria and the results of the analy-
ses and comparisons with other methods will be discussed in Section 5.
In the final part, includes the concluding remarks and ideas for future
research in this field.

2 Barycentric rational interpolation

In this section, we present a brief overview of the interpolation meth-
ods and Lagrange interpolation. Then, barycentric interpolation and
barycentric rational interpolation will be described.

This study assumes that the values of the function at n distinct
points (xg, z1, 2, ..., Ty) € R are respectively equivalent to f(zo), f(x1),
f(x2), ..., f(x,). Estimating the value of f(z),x0 < x < xp,z # 24,1 =
0,1,...,n is defined as interpolation. The classical problem in this family
is that of finding a unique polynomial P € [],, of degree at most n such
that P(z;) = f(x;), i=1,2,...,n [26].

In numerical analysis, for a given set of distinct points x; and f; , i =
0,1,...,n, Lagrange polynomials are used for polynomial interpolation
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[27]. The interpolation formula of Lagrange can be written as (1):

n

Pa) =Y @) f, L= [ —= (1)
j=0

r; — T
k=045 1 Tk

In addition, the Lagrange polynomial [;(z) corresponding to the nodex;
has the property as (2):

1 j=i
L (x;) = ., 2
i@ ={, 3 @
But, as can be seen from the construction, each time a node x; varies, all

Lagrange basis polynomials have to be recalculated. However, a better
form of the Lagrange interpolation can be rewritten (1). It is defined as:

l(z) = (x —x0)(x — 21)...(T — ) (3)

1
wi= ] — . j=0,1,...n (4)

Thus, we can write [;(z) as

() — l(z)w; _ I(x) (5)

v—x;  U(z))(z— ;)

It is clear that w; = ﬁ . Therefore, the modified Lagrange formula

can be written as (6), which does not depend on the point where the
nodes are arranged.

P(z) =1U(x)Y —2—J; (6)

Since polynomial interpolation is unique, the constant function 1 is ob-
viously interpolated by P(x) = 1. Inserting the values into (6), we get:

1= Y li(e) = la) Y L (7)
=0 j

Jj=0 J



Esmaili Zaini,Barid Loghmani and Latif

Dividing equation (6) by this expiration and eliminating the common
factor [(x) , we obtain the barycentric interpolation formula [28] for P
as (8) where real values w; are defined by (4) .

) el
P(z) = —F—— (8)

As can be witnessed here, the barycentric formula is a Lagrange formula,
but one with a special and beautiful symmetry. The weights w; appear
in the denominator exactly as in the numerator, except without the data
fj- Various aspects of this kind of interpolation have been survived in
[29]. Thus, the weights in (4) prevent poles, but for interpolation points
in a general position, they do not yield a good approximation. On the
other hand, if z is equal to x;, formula (8) cannot be used, because that
would be a division of co by oo. For cases of nonzero weights that differ
from (4), formula (8) will still interpolate the data, but in general it
will be a rational function which is not a polynomial. These rational
barycentric interpolants can be very useful in some applications [30].
In [31] another option is discussed simply by taking w; = (—1)7,j =
0,1,...,n. Then:

P(a) =0 (9)

which is a truly rational function. Berrut shows that this interpolant
has no poles in R. The main purpose in this formula is that there is, in
fact, a whole family of barycentric rational interpolants with arbitrarily
high approximation orders which includes Berruts interpolant (9) as a
special case. The construction is very simple. Choose any integer dwith
0 < d < n, and for each j = 0,1,...,n — d, suppose ¢; denotes the
unique polynomial of degree at most d that interpolates f at d + 1
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points j, j41,...,Tj4q . Then let

n—d
> 2 (x)gs(2)
P(a) = =0 (10)
2. Aje)
7=0
where
Ajla) = —— (1)

(= 2))-(w — 2120)

Thus, P is a blend of the polynomial interpolants qq, q1, ..., ¢n—q, With
A0, A1, -, An_q acting as the blending functions. Note that these func-
tions A; only depend on the interpolation points z;, so that the rational
interpolant P depends linearly on the data f(x;). This construction
gives a whole family of rational interpolants, one for each d = 0,1, ..., n,
and it turns out that none of them have any poles in R.

In sum, the main properties of barycentric rational interpolation are as
follows:

1-Polynomial interpolants can be evaluated fast and stably by the barycen-
tric formula, even for thousands or more of interpolation points.

2-The barycentric formula has the form of a rational function, but re-
duces to a polynomial due to the use of specially-determined weights.
3-For all d,0 < d < n, the rational function P(z) in (10) has no poles in
R.

4-The rational form, for each evaluation of P(x) in point x, requires
O(n) operations for each of the weights w; , but the Lagrange form,
requires O(n?) additions and multiplications.

In the following sections, the main properties of the barycentric ratio-
nal interpolation method for estimation of the required pixels for image
zooming are elaborated.

3 Image zooming

In image zooming, a number of new pixels are placed among the original
pixels of the image. The main aim is to estimate the quantity of the
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unknown pixels. These pixels are determined on the basis of their neigh-
boring pixels. There are two kinds of neighborhoods in images, namely
4-cell and 8-cell neighborhoods [32]. These neighborhoods are shown in
Figure 1.

In most of the proposed methods, attempts are made to keep the zoom-
ing rate at a power of two, but it should be noted that this algorithm is
applicable for every zooming rate.

Assume that dimensions of the original image,n x n, spread regularly to
(2n — 1) x (2n — 1). More precisely, if S(i, j) represents the pixel of the
original image in the i** row, and the j** column, and Z (1, k) represent
the pixel of the zoomed image in the [** row and the k*column, then
the function f, defined by (12), places the values for the original image
pixels in the interlaced places of the new image.

f:S—>2z
f(5(i,9)) = Z2(2i - 1,2j — 1) (12)
i,j=1,2,...,n

The result can be seen in Figure 2. The original image pixels are shown
with e and the other pixels that must be estimated in several steps are
shown with o.

4-¢cell neighborhood 8-cell neighborhood

Figure 1: Types of neighborhoods

In this research, the first stage involved estimating the pixels with
odd rows and even columns, the results of which is shown in Figure 3
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Figure 2: Image zooming

with the symbol "Il”.

The second stage, was to estimate the pixels with even rows and odd
columns, the results of which is represented in Figure 4 with the symbol
b <>77 .

In the third stage, the pixel estimation was performed with even rows
and columns, the result of which is shown in Figure 5 and with the
symbol .

o o o o o o o o o
. | . 1L} . [ | . | .
o [} o o o o o o o)
. | . 0. . [ | . | .
o [} o o o o o o o

Figure 3: The first stage of pixels estimation.
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Figure 5: The third stage of pixels estimation.

4  The proposed method

In this method, the points are referred to as pixel coordinate of the im-
age, whose brightness and number of columns and rows are considered as
points in a 3D space. The required pixels were estimated using barycen-
tric rational interpolation. Estimation of the required pixels were based
on the 4-cell neighborhood or selection of the 4 original image pixels
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in a row or a column. The intended point was selected, and then the
intended pixels were estimated by selecting parameter d and calculating
coefficients of barycentric rational interpolation.

The barycentric rational interpolation is used for real functions in a 1D
space. Therefore, in order to be able to use this interpolation to es-
timate the value of pixels in an image, firstly we had to keep the row
number constant. The four pixel values were chosen for distribution of
the interpolation points, and then, after calculating their coefficients,
three embedded pixels between them were estimated. This process was
reiterated for subsequent pixels, with one overlapping pixel.

In case at the end, the number of pixels was less than four, the end
pixel or the first one was repeated as needed. Similarly, by keeping the
column number constant, the same process was repeated for the pixel
estimation in the second stage. In order to estimate pixels in the third
stage, we use average of 4-cell neighborhood. It should be noted that
in order to approximate the pixels of the last column and row, pixels of
the first and last of the average were used.

The steps in the procedure of the proposed method were as follows:
Step 1: Tuning the necessary parameters for the interpolation function,
including the number of data and the d parameter.

Step 2: Implementation of the interpolation algorithm to estimate the
number of unknown pixels in a line-by-line fashion.

Step 3: Implementation of the interpolation algorithm to estimate the
number of unknown pixels in a column-by-column fashion.

Step 4: Estimating the remaining pixels using a quad point averaging
method.

5 Experimental results

For the purpose of evaluation of the proposed method, a digital image
was first considered as an original image for image zooming by factor
of 2, and then it was reduced to half its size by removing its rows and
columns alternately. Next, it was enlarged to double its size using the
proposed method and the other existing methods. As expected, the
more similar the original and the zoomed images were, the better was
the performance of the algorithm.

11
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The next section elaborates on the evaluation of quality metrics.

5.1 Assessment criteria

The PSNR and SSIM criteria were used to compare the two images in
terms of their similarities. The greater the amount of PSNR and the
closer the amount of SSIM was to one, the more was the conformity of
the two images [33]. The measure PSNR was calculated based on (13)
and (14):

MAXI?
m—1n-1
1 . .
i=0 j=0

where I(i,7) and K (i, j) are the pixels of the original image and the es-
timated image, respectively, and is the maximum amount of the image
pixels.

The measure SSIM, which included the structural elements of the pic-
ture, measured the quality of the structural content and the similarity
between the two images. This measure is a number between zero and
oneand is computed by (15). The closer the measure is to one, the more
similar the two images are. However, the closer the measure is to zero,
the less similar the two images are.

(2pxpry+c1)(20,0y+c2) (Oxy+C3)
(H2+p2+cr)(o2+02+c2)(oxoy+c3)

SSIM(x,y) = (15)

where 11 , 02 and oxy are the mean, variance and co-variance of the
pixels, respectively, and ¢; , co and c3 are three constants to prevent the
fraction denominator from being zero.

5.2 Numerical experiments using the proposed method

The results of running the proposed algorithm in the MATLAB software
are depicted in Table 1. In this Table, the measures PSNR and SSIM
were used to zoom the image. Also 12 different standard images are
shown in Figure 6, whose sizes are 512 x 512 [34].
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Elaine

Balloons

Peppers Fruit

Figure 6: Different standard images for image zooming.

The results of the proposed method were analyzed and obtained us-
ing barycentric rational interpolation. In this method, the used values
for d = 0,1,2, and the number points were considered to 4. For other
proposed images, according to the PSNR value, the suitable value d will
be equal to 1.

The findings are presented in Table 1. As one can see in this table,
the average difference of PSNR between d = 1 and d = 2 is 0.13, and
between d = 0 and d = 1 is 0.58. Also, the average difference of SSIM
criterion for d = 1 and d = 2 is 0.0012, for d = 1 and 0.0014 for d = 0.
According to the obtained results, it can be concluded that a suitable
value for parameter d for image zooming can be equal to 1.

To evaluate the proposed algorithm, analyses were done using barycen-

13
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tric rational interpolation. Furthermore, this method was compared
with Gaussian radial basis function (GRBF) [25], least square ellipsoid
(LSE) methods [24], bi-linear interpolation (BIL) method, bi-cubic in-
terpolation (BIC) method, and curvature interpolation method (CIM)
[18].

The related results are illustrated in Table 2. As can be seen from the
table, the average difference of PSNR between the proposed method and
GRBF methods is 0.51, between proposed method and LSE is 0.80, and
between the proposed method and CIM is 1.72. Also, the average differ-
ence of PSNR between the proposed method and BIC methods is 2.37
and between the proposed method and BIL method is 2.25.

based on the results of the comparative analysis it can be concluded that
the proposed method has a better performance than the other methods
on the selected image.

Figure 6 shows the sample image peppers zoomed with the proposed
method and the other methods under study from a visual perspective.
In addition, the differences between image zooming and original images
are further shown in Figure 7. It can be observed that the images ob-
tained from the proposed method are clearer and blur less with a good
performance on the edges.

6 Conclusion

In this research, a new method of barycentric rational interpolation for
image zooming has been presented. This method could significantly
provide desirable results and preserve the image as well as the local
structures around the edges.

Future studies canfocus on developing the proposed method using mod-
ified edge correction techniques or non-linear methods, such as two-
variable interpolation method. It would also be worthy to further inves-
tigate the effects of using intelligent algorithms on minimizing parameter
d in future research projects.
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Table 1: Results of running Barycentric rational interpolation with different
d values using SSIM and PSNR, by factor of 2 in zooming.

Different d=0 d=1 d=2
Images SSIM PSNR SSIM PSNR SSIM PSNR
Lifting body 0.9737 36.03 0.9744 36.43 0.9724 35.96
Elaine 0.9526 34.14 0.9539 34.46 0.9514 34.12
Disk 0.9950 32.74 0.9954 32.94 0.9952 32.78
Peppers 0.9535 30.92 0.9549 31.62 0.9524 31.53
Fruits 0.9688 27.92 0.9715 28.56 0.9705 28.53
Dog 0.9802 33.49 0.9815 34.01 0.9806 33.97
Balloons 0.9876 31.87 0.9887 31.89 0.9883 31.53
Airplane 0.9808 31.62 0.9820 32.47 0.9803 32.15
Lena 0.9685 33.19 0.9699 33.51 0.9676 33.03
House 0.9850 33.43 0.9865 34.12 0.9861 34.19
Fire 0.9839 31.53 0.9855 32.51 0.9852 32.76
Swan 0.9818 32.44 0.9839 33.69 0.9836 34.08
Average 0.9759 32.44 0.9773 33.02 0.9761 32.89

Table 2: Comparison between Barycentric rational interpolation and the
other methods by PSNR criterion by factor of 2 in zooming.

Methods BIL BIC CIM LSE GRBF Proposed method
Lifting body 33.34 33.30 33.87 35.28 35.92 36.43
Elaine 31.26 31.08 31.49 34.37 34.58 34.46
Disk 30.94 30.82 31.56 32.14 33.00 32.94
Fire 31.66 31.71 31.82 30.99 32.09 32.76
Swan 31.19 30.74 31.44 32.19 33.09 34.08
Dog 31.83 31.37 32.05 33.24 33.78 34.01
Balloons 31.29 31.73 32.28 33.18 32.31 31.89
House 32.64 32.60 32.97 33.54 33.83 34.19
Airplane 29.70 29.59 30.12 31.02 29.65 32.47
Lena 30.20 30.11 31.68 32.60 32.99 33.51
Fruits 27.17 27.08 27.49 27.82 28.41 28.56
Peppers 28.68 28.44 29.53 31.03 31.24 31.62]
Average 30.83 30.71 31.36 32.28 32.57 33.08
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BIL Difference between original image and
BIL

LSE Difference between original image and
LSE

GRBF Difference between original image and
GRBF

Proposed method Difference between original image and
proposed method

Figure 7: Results of Peppers image zooming by factor of 2 and using
different methods.
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