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1 Introduction and Preliminaries

Continuous linear functionals from a Banach space to C, the set of com-
plex numbers, are a power tool in functional analysis and in the modern
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theory of partial differential equations. This gives rise to the notion of
the topological dual space. Dual spaces are studied by many mathemati-
cians in a long period of time not only in many branches of mathematics
that use linear spaces but also in mathematical physics with wide range
of applications to many interesting problems in various directions. So,
the studying of such spaces gains importance both in theoretical studies
and in application areas.

Dual spaces are used to describe measures, distributions, Hilbert
spaces, multipliers, composition operators, weak topologies, seminorms
and compact operators.

On the other hand, in many models of physical systems such as
quantum mechanic, statistical mechanics, quantum field theory, and so
forth, the possible states of the system in question can be associated
with linear functionals on appropriate Banach spaces.

In this regard, the two main purposes of researchers about topological
duals are to determine the dual spaces of particular Banach spaces and
to prove general theorems that give relationship between Banach spaces
and their topological duals.

Duals of function spaces have been studied for years and have been
used to find their multipliers. For example, one of the studies is [29]
in which the multipliers of weighted Lebesgue spaces. In addition, se-
quence spaces play a key role in various fields of mathematics. The
most popular sequence spaces are the spaces [, which consist of abso-
lutely p—summable complex sequences and they have a lot of useful
applications. After then, in the light of all, the necessity of knowing the
duals of these spaces in order to work on multipliers of sequence spaces
has started similar studies in sequence spaces. For some of these works
we refer the reader to [15, 34, 4, 3].

On the other hand, since sequence spaces have rich topological and
geometric properties, researchers are motivated to use them and to ob-
tain a new view and applications in different sequence spaces. In the
literature, there are many results [10, 16, 9, 17, 35, 22, 12, 14], where
discussed the topological properties of various sequence spaces.

In search for development of special algebras, Corrado Segre [30]
introduced the concept of bicomplex numbers in 1892. In 1991, Price
[24] 1aid the foundations for properties of bicomplex numbers, bicomplex
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function theory and bicomplex holomorphic functions. After that time,
Alpay et al. [I] gave an extensive survey of functional analysis with
bicomplex scalars and also discussed many new ideas. Besides, the ref-
erences [5], [20], [18] and [19] contain bicomplex versions of some known
function spaces, operators and related theorems. For other significant
studies on bicomplex analysis, see [25, 21]. Our first work on bicom-
plex analysis is [26] in which we studied bicomplex sequence spaces with
Euclidean norm in the set of bicomplex numbers.

So far, there have been great many attempts by topologists to extend
topological spaces. For several related works, see [2, 33, 8, 23, 6, 31, 32].

Grossman and Katz [13] introduced non-Newtonian calculus as an
alternative to classical calculus. A generator is a one-to-one function
whose domain is R, the set of all real numbers, and whose range is a
subset of R. The range of generator « is denoted by R (NN) and is called
non-Newtonian real line. If we take the identity function I instead of
the generator a , then non-Newtonian real numbers turn into the real
numbers. Therefore, the results obtained with respect to non-Newtonian
calculus are stronger than those of classical calculus. So, numerous
researchers have made some generalizations and extensions in various
aspects on non-Newtonian calculus. As one of main articles on this
topic, Duyar et al. [11] carried some well-known notions and topological
results for real line to non-Newtonian real line.

In order to obtain more general results, Sager and Sagir [27] de-
fined the quasi-Banach algebra BC (N) by defining non-Newtonian bi-
complex numbers as a generalization of both bicomplex numbers and
non-Newtonian complex numbers and also, examined the validity of
the non-Newtonian bicomplex version of the well-known Hoélder’s and
Minkowski’s inequalities for sums. Hereupon, Sager and Sagir [28] con-
structed vector spaces [, (BC(N)) of absolutely p—summable
x—bicomplex sequences over the field C (V) and showed that these vec-

tor spaces are Banach spaces with the *—norm H . ||2 1, (BC(N)) by using

Minkowski’s inequality in BC (V') with respect to || . ||, obtained in [27].

As the foundation of this paper, Degirmen and Sagir [7] established
bicomplex BC—modules lﬂg (BC) and examined some geometric proper-
ties in bicomplex setting with respect to the hyperbolic valued norm
[-/lp,- We hope that the reference [7] will become a starting point for
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deeper developments of it and many applications.

This paper is organized as follows: First, we summarize a number
of known results on the algebra of bicomplex numbers, which will be
needed in other sections. In the next section, we give some inclusion
relations related to bicomplex BC—modules lﬂg (BC) . Then, we define
the concept of D—topological dual of a BC—module X with a hyperbolic
valued norm |.[[p y and investigate D—topological duals of bicomplex
BC—modules I (BC) for 1 < p < oc. Finally, we show that bicomplex
BC—modules lg; (BC) have some properties such as being D—solid space,
ID—monotone space, D—normed BK —space, D—symmetric space which
are also defined in this work. Comparing with works with respect to
some real valued norms in the literature, we believe that our results in
the paper creates a new and different field of study in functional analysis
with bicomplex scalars.

Let i and j be independent imaginary units such that i = j2 = —1,
ij = ji and C (i) be the set of complex numbers with the imaginary unit
. The set of bicomplex numbers BC is defined by

BC={z=z+jz:21,22€ C(i)}.

The set BC forms a Banach algebra and a BC—module with respect
to the addition, scalar multiplication, multiplication and Euclidean norm
defined as

z+tw = (21+j22) + (w1 + jwa) = (21 +wi) +j (22 + w2),
Az = A(z1+jz2) = Az1 + JAze,
zxw = zw=(21+jz2) (w1 + jws) = (z1w1 — 20w2) + j (21w2 + z2w1),

.| @ BC—R,z—|z] =1/ ]21|2 + |22\2

for all z = z1 + jzo,w = wy + jws € BC, XA € R.

The set of hyperbolic numbers D is defined by
D={z+ky:z,y e Rk=1j}.

Let z = z1 + j2z2 be any bicomplex number in BC. There are three
types of conjugates in BC as follows:

Zh :71+]727 ZTZ =zl —jZQ, ZT?’ =z _]727
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where Z7, Z3 are the complex conjugates of z1, 29 € C (7). Also, we know
three types moduli as follows:

o = =l =zt+dec),
2 = 22t = (] — |2l) +5 (2R (212)) € CG),
o = 2P = (laf +[22) + k(-8 (21:7)) € D.

We say that z is invertible if |z|, # 0, that is, 27 + 23 # 0 and its

. . . _ T2
inverse is given by 271 = |Zz|2.
i

The numbers e; = 12” and ey = 1_2” form idempotent basis of
bicomplex numbers and hence any bicomplex number z = z; + jzo is
uniquely written as z = e + exf2 where 1 = 21 — iz,

P2 = z1 + iz € C(i). This formula is called the idempotent repre-
sentation of z.
Let z,, = zipe1+zanea € BC for all n € N. Then, (z,) converges if and

only if (z1n) and (z2n) converge and also,
lim z, = ( lim z1n> e1 + ( lim z2n> €.
n—oo n—oo n—oo

oo
Let z, = zipe1 + zonez € BC for all n € N. Then, ) z, converges if

n=1

and only if >z, and Z zon ~ converge and  also,

Zzn—(221n>61+<222n> [ ]

Let a = x+ky be any hyperbolic number. Then, we have the equal-
ity @« = ejap + esag,where a1 = z+y,aa = x—y € R. If a7 >0
and as > 0, then « is called a positive hyperbolic number. There-
fore, the set of positive hyperbolic numbers is denoted by DT, that is,
Dt = {a =eja; + e2as : a1 > 0,a9 > 0} . For two hyperbolic numbers
a and B; if their difference 8 —a € DT (or B —a € DT — {0}), then
we write a 3 B8 (or a 3 ). For a = eja; + ez, f = Bre1+ fres €D
with real numbers «aq, ao, 51 and By, we have that

a = pFifand only if aq < f1 and as < o,

% pBifand only if a # 3, a1 < 1 and ag < B,
< Bif and only if a1 < B1 and as < fBs.
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This relation = is reflexive, anti - symmetric, transitive and so defines a
partial order on D.

The following statements are true for any «, 8,v,6 € D, z,w € BC :

(i) |+ wly 3 [2ly + [wly, |20l = |2l [wl, and |Z], = (2 where w
is invertible.

(ii) If & € DY, then |of, = a and |az|, = a|z|;

(iii) ‘Z|k = |B1] e1 + |B2| e2 for z = Bre1+ Baes.

(iv) If « 2 B and v 3 0, then a +~v = B+ 0.

(v) If @« 2 B and 0 X v, then ay 3 5.

(vi) If & 2 B and B X 7y, then a < 7.

Let X be a BC—module. A map |.||p : X — DT is said to be a
hyperbolic valued norm or D—norm on X if it satisfies the following
properties:

(i) ||lz|lp = 0 if and only if z = 0.

(i) lluallp = |1l - zllp for all @ € X, 1 € BE.

(if) [lz + yllp 3 el + Iyl for all ¢,y € X,

A sequence (x,) in X converges to g € X with respect to the
hyperbolic valued norm .||, if for every 0 3 € there exists ng € N such
that ||z, — zo|lp 3 € for all n > ng.

A sequence (x,,) in X is Cauchy sequence with respect to the hyper-
bolic valued norm |||, if for every 0 3 € there exists ng € N such that
|l — Zmllp 3 € for any n,m > ny.

If every Cauchy sequence in X with respect to the hyperbolic valued
norm .||, converges to g € X with respect to the hyperbolic valued
norm ||.||p , then we say that X is complete with respect to the hyperbolic
valued norm .||y .

|| : BC — D is the hyperbolic valued norm on the BC—module BC
and also, BC is complete with respect to the hyperbolic valued norm |. | .

Let A C D. If A has a D—upper or a D—lower bound «, then this
means that for any a € A there holds that a is comparable with «
and ¢ S aor a 2 a. If Ais a set D—bounded from above, we
define the notion of its D—supremum, denoted by supp A, to be the
least D—upper bound for A, and its D—infimum infp A to be the great-
est D—lower bound for A. The least D—upper bound here means that
supp A 3 « for any D—upper bound « even if not all of the D—upper
bounds are comparable. The least D—lower bound here means that
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a 3 infp A for any D—lower bound « even if not all of the D—lower
bounds are comparable. Consider the sets Ay = {a1 : a1e1 + ages € A}
and

Ay = {az:aie; +ages € A}. If A is D—bounded from above, then
supp A = sup Aje; + sup Azes. If A is D—bounded from below, then
infp A = inf Ajeq + inf Ases. Also, the followings hold:

(i) If A and B are D—bounded from below, then so is A + B and
infp (A + B) = infp A + infp B.

(ii) If A and B are D—bounded from above, then so is A + B and
supp (A + B) = supp A + supp B.

(iii) If A, B C D' and A and B are D—bounded from below, then so
is A.B and infp (A.B) = infp A. infp B.

(iv) If A, B C D" and A and B are D—bounded from above, then so
is A.B and supp (A.B) = supp A. supp B [20].

A bicomplex algebra A is a module over BC with a multiplication
defined on it which satisfy the following properties:

(i) @ (y + 2) = oy + w2

(ii) (x+y)z =2z +yz

(ili)  (yz) = (wy)

(iv) Azy) = (A\r)y = x(\y) for all z,y,z € A and all scalars
A € BC. Also, a bicomplex algebra A with a D—valued norm ||.|| rela-
tive to which A is a Banach module and such that ||zy|lp 2 ||lzlp [lylp
for every x,y in A is called a D—normed bicomplex Banach algebra [19].
For example, BC is a D—normed bicomplex Banach algebra with respect
to the hyperbolic valued norm |.| .

Let X and Y be two BC—modules. A map T : X — Y is said
to be a linear operator if for any z,y € X and for any A € BC it is
TMNe+y)=AT(z)+ T (y).

Let T : X — Y be a BC—linear operator. Assume that X and Y have
D—norms |l.|px and |.|py respectively. The operator
T : X — Y is called D—bounded if there exists A € DT such that
for any z € X one has || Tz||py 3 Alzllp x - The D—infimum of these A
is called the norm of the operator T. It is clear that the set of D—bounded
BC—linear operators is a BC—module. The map

T — infp {A | for any z € X, | Tz|py S A H:z:||D’X} : |T||p defines a
hyperbolic valued norm on the BC—module of all bounded operators.
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[Tw|lp, y’

Also, | Tl = sup o { 2| fuwllp x|, # 0} [1]

We will denote the set of all D— bounded BC—linear operators from
X toY by Bpc(X,Y).

The following definitions and results are given in [7].

Let z = z1e1 + z9e9, 0 = a1e1 + ages € BC and z # 0. Then, we have
2% = z{"e1 + 25%es.

Let p and ¢ be real numbers with 1 < p < oo such that % + % =1
and Sy, t,, € BC for m € {1,2,...,n}. Then, we have

n n 5[ i
7 Ismtmly 3 (Z |sm|§> (Z |tm|ﬁi>
m=1 m=1 m=1

Let A be a bicomplex algebra and M be a module over BC. M is said
to be a left (right) bicomplex A-module if a mapping
Ax M — M,(a,m) - am (M x A — M, (m,a) — ma) is specified
which satisfies the following axioms:

(i) For each fixed a € A, the mapping m — am (m — ma) is linear
on M;

(ii) For each fixed m € M, the mapping a — am (a — ma) is linear
on A;

(iii) a1 (agm) = (a1a2) m ((mai)az = m(ajaz)) for all a1,ay € A
and m € M.

M is said to be a bicomplex A—module if it is both a left bicomplex
A—module and a right bicomplex A—module. The specified mapping
(a,m) — am is called bicomplex module multiplication. Let A be a
D—normed bicomplex algebra and M be a hyperbolic valued normed
space with respect to hyperbolic valued norm H||D a on M. Then, M
is said to be a D—normed left (right) bicomplex A—module if M is
a left (right) bicomplex A—module and there exists a nonzero posi-
tive hyperbolic constant K such that [lamllp , 3 K lallp 4 [Imllp

~

(||ma||D,M 3K |mlp ||a||D7A) for all a € A,m € M. If M is both
D—normed left bicomplex A—module and D—normed right bicomplex
A—module, then M is called a D—normed bicomplex A—module. A
D—normed left (right) bicomplex A—module is called a D—normed Ba-
nach left (right) bicomplex A—module if it is complete as a D—normed
linear space. If M is both D—normed Banach left bicomplex A—module
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and D—normed Banach right bicomplex A—module, then M is called a
D—normed Banach bicomplex A—module.

Let X be a BC—module. A map |||.|[|p : X — DT is said to be a
hyperbolic valued p—norm or pp—norm for 0 < p < 1 if it satisfies the
following properties:

(i) llz|||p = 0 if and only if z = 0.

(i) [llplllp = leli lllzlllp for all z € X, pu € BC.

(i) [l + ylllp 2 M=lllp + Mylllp for all z,y € X.

Then, X is said to be a hyperbolic valued p—normed space or
pp—normed space.

A sequence (zy) in X converges to g € X with respect to the
pp—norm |||.|[|p if for every 0 3 e there exists ng € N such that
l|zn — xol|lp 3 € for all n > ng.

A sequence (z,) in X is Cauchy sequence with respect to the pp—norm
I[.][lp if for every O X e there exists ng € N such that |||z, — zn||p 3 €
for any n, m > ny.

If every Cauchy sequence in X with respect to the pp—norm |||.|||p
converges to xg € X with respect to the pp—norm |||.|||, then we say
that X is complete with respect to the pp—norm |||.|||p or pp—normed

Banach space.

Let A be a D—normed bicomplex algebra and M be a pp—normed
space with respect to pp—norm |||.|||p 5, on M. Then, M is said to be
a pp—normed left (right) bicomplex A—module if M is a left (right)
bicomplex A—module and there exists a nonzero positive hyperbolic
constant K such that [lamlln, 3 K alf [mllp

~

(|Hma|||D7M 3K |llmllpar H(IH%’A> for all @ € A,m € M. If M is both

pp—normed left bicomplex A—module and pp—normed right bicomplex
A—module, then M is called a pp—normed bicomplex A—module. A
pp—normed left (right) bicomplex A—module is called a pp—normed Ba-
nach left (right) bicomplex A—module if it is complete as a pp—normed
space. If M is both pp—normed Banach left bicomplex A—module and
pp—normed Banach right bicomplex A—module, then M is called a
pp—normed Banach bicomplex A—module.

The sets l]]]j (BC) for 0 < p < oo and X, (BC) are defined by using
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hyperbolic valued norm |.|; as follows:

 (BC) : = {C = (¢n) € w(BC) : sup{|Gul, :mn €N} is ﬁnite} ,
D
lﬂ; (BC) : = {C = ((n) € w(BC) : Z Call converges} for 0 < p < o0
n=1

which are new sequence spaces as bicomplex sequence space with
respect to the hyperbolic valued mnorm |.|,. Note that
¢ = (&) = (Guer+Cue2) € 15 (BC) means that
sup{|Cn1| :n €N} < oo and sup{|(u2]:n€eN} < oo. Also,

¢ = (¢n) = (Cure1 + Cn2e2) € I (BC) means that the series Y [Gna”

n=1
o0
and Y [Cn2|P converge.
n=1
I% (BC) is a D—normed Banach bicomplex BC—module with respect
to the hyperbolic ~valued mnorm |[|.px ey ~defined by

[sllp,i_ ey = supp {[snly : n € N} for all s = (sn) € 1% (BC).
ForO0<p<1, l“; (BC) is a pp—normed Banach bicomplex BC—module

o
with respect to the pp—norm ||'H1D,15(B<C) defined by ||3||D,lﬂ;(]B<c) = Zl ||V
n=

for all s = (s,) € I (BC) .
For1 < p < oo, l;]E (BC) is a D—normed Banach bicomplex BC—module
with respect to the hyperbolic valued norm H'”D,lﬂ; ey defined by

1

o0 »
HSHDJH;(IBC) = <n21 ‘Sn|£) for all s = (s,) € L (BC).

2 Inclusion Reations For Bicomplex BC-—
Modules lgj (BC)

In this part, we deal with some inclusion relations related to bicomplex
BC—modules l]l; (BC).

Theorem 2.1. For 0 < p < ¢ < o0, we have the inclusion
lﬂ;, (BC) cC lﬂ; (BC). Also, this inclusion strictly holds, where
1<p<qg<oo.
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Proof. Assume that ( = ((,) € lﬂlﬁ (BC). Then, the series Z [

converges. Therefore, we conclude that there exists ng () € N such
that |Gl 3 1 for all n > ng and so |G|} 7 £ 1 for all n > ng since
0<q—p.

Let M = supp {]Cﬂi_p N IO [N 1}. Thus, since

o o o, ¢]
STl =S 1GIE Il 2 MY (CalE
n=1 n=1 n=1

we obtain that If (BC) C I (BC).
We now want to show that the inclusion is strict for 1< p < g < oo.
Consider the sequence ( = ((,) defined by (, = 1 el + 1 es for all

n € N. Then, we get

0 q

o .
q 1 1
§ Gl = E —Te1+ —te2
n=1 n=1'MNP ne k
> q
= E < e+ 62)
n=1 np nP

> 1 > 1
n:lnp n:lnp

Also, since q > 1, the series Z —7 converges which implies that Z [

n=1n? =
converges and hence, ¢ = () € I (BC) .
On the other hand, observe that

Zm—Z f(z >+<g )

n=1
[ee] 1 [e.e]
Hence, since ) + doesn’t converge, > [(|f doesn’t converge. This
n=1

shows that ¢ = (C,) ¢ IX(BC). Then, X (BC) C IX(BC) is a strict
inclusion for 1 < p < ¢ < co. This completes the proof. O

6’1 + 762
np ne

11
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Theorem 2.2. For 0 < p < o0, we have the inclusion

l]l; (BC) c 1% (BC). Also, this inclusion strictly holds, where 1 < p < oo.

Proof. Assume that ( = ((,) € lﬂ; (BC). Then, the series Z Call
=1

converges. Therefore, we conclude that there exists ng(¢) € N such
that |Cul, 2 1 for all n > ng.

Let M = Supp {|Cl|]k ) |<2‘]k ) ey ‘Cnohk ) 1} : ThUS, since

S%p{|<n|k in e N} :j S%p{thk ) |<2‘[k IRREY) ‘Cnohk ) 1} =M

we obtain that If (BC) C I (BC).
Now, our goal is to show that there exists a sequence such that it is

in %, (BC) but not in I} (BC) for 1 < p < oo For this purpose, consider
the sequence ¢ = ((,) defined by ¢, = 1 el + 1 eg for all n € N. Then,

we get
:nEN}
k

i J
—T€1 + —T€2

S%p{‘cn‘k ineN}p = sup{

D np np
i
= sup{161+62:n6N}
D nr np
1 1
= sup{l ert+ —ex: neN}
D np ne
1 1
= sups —:nE€Npep+supy —:neENper
npe npe

Also, we know that sup{ 4 :n € N} < 0. So, ¢ = (¢,) € 1% (BC).
nbP

() (E)-

k n=1 n=1

On the other hand, we have

Z|an—z - 1+%€2

nlnp ne

and this implies that ( = (¢,) ¢ lﬂ; (BC) . The proof is completed.

O
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3 Some Topological Properties of Bicomplex
BC—Modules [ (BC)

In this part, our aim is to evince that bicomplex BC—modules l}“,f (BC)

have some topological properties which are defined in this section.
Let’s give bicomplex versions of solid space, monotone space,

BK —space, symmetric space by using the hyperbolic valued norm |.| .

Definition 3.1. Let X be a bicomplex sequence space with respect to
the hyperbolic valued norm |.|, and

Y. (sn) € w (BC) : there exists (t,) € X
" | such that [s,|, 2 |tn|, for alln € N

~

If ;( C X, then X is called a D—solid space or D—normal space.

Definition 3.2. Let X be a bicomplex sequence space with
respect to the hyperbolic valued norm k>
A = {(sp) € w(BC) : sy, € {0,1} for all n € N} and My = sp{A}. If
MyX C X, then X is called a D—monotone space.

Definition 3.3. Let X be a bicomplex sequence space with respect
to the hyperbolic valued norm |.|, and a D—normed Banach bicom-
plex BC—module with respect to the hyperbolic valued norm ||.||p y - If

Cl(n) — (3 as n — oo for all [ € N with respect to the hyperbolic valued
norm |.|, whenever ¢ (") 5 ¢ as n — oo with respect to the hyperbolic
valued norm ||.||p x , then X is called a D—normed BK —space.

Definition 3.4. Let X be a bicomplex sequence space with
respect to the hyperbolic valued norm ||k and
m = {f:N — Nis one to one and onto}. If s, = (sg(n)) € X when-
ever (s,) € X and o € 7, then X is called a D—symmetric space.

The next result is the property of being D—solid space of bicomplex
BC—module /X, (BC).

Theorem 3.5. IX (BC) is a D—solid space.

13
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~

Proof. Let (s,) € I% (BC) be arbitrary. Then, there exists
(tn) € 1% (BC) such that |s,|, = [tuly for all n € N. Therefore,
supp {|tn|, : n € N} is finite, and so, supp {|s,| : » € N} is finite. This
shows that (s,) € X (BC). Then, we have the inclusion

1% (BC) C IX, (BC) which means that IX, (BC) is a D—solid space. [
The following theorem gives the property of being D—monotone
space of bicomplex BC—module X, (BC) .

Theorem 3.6. [X (BC) is a D—monotone space.

Proof. Let (¢,) € Myl (BC) be arbitrary. Then, there exist (s,,) € My
and (t,) € % (BC) such that (¢,) = (sntn). Therefore,
supp {|tn| : » € N} is finite and since {s, : n € N} is finite, we have
supp {|snly : » € N} is finite. Then, since

sup {|sntnly :n € N} = sup{|snly [tn], : n € N}
D D

= s;;pﬂsn\k ‘n € N}s%pﬂtn\k :n € N},

we say that supp{|sptn|, :n € N} is finite.  This implies that
(Ca) € I% (BC). Then, we have the inclusion MylX (BC) c I (BC)
which means that 1%, (BC) is a D—monotone space. O

The next theorem shows that bicomplex BC—module /% (BC) is a
D—normed BK —space.

Theorem 3.7. IX (BC) is a D—normed BK —space.

Proof. Let (C(")) e IX (BC) such that ¢(™ — ¢ as n — oo with respect
to the hyperbolic valued norm ||.|[ s gy - Then, for every 0 3 € there

exists ng € N such that H<<"> — ;ﬁ ¢ for all n > ng. Thus,

¢l aey
we have that supp {’Cl(n) - Q‘k e N} = € for every 0 3 € and for all

Seforevery 0 3 e

n > ng. So, for any fixed [ € N we write ’(l(n) - -

and for all n > ng which means that <Cl(n)> converges to the bicomplex

number (; with respect to the hyperbolic valued norm |.|, . Thus, the
coordinates are continuous on X (BC) and we get the required result.
O



D—-TOPOLOGICAL DUALS OF...

The following result states the property of being D—symmetric space
of bicomplex BC—module IX, (BC).

Theorem 3.8. [% (BC) is a D—symmetric space.
Proof. Let (s,) € I¥ (BC) and o € m. Then, since 0 : N — N is

a injective and surjective function, we have
{‘sg(n)‘k in € N} = {lIsnly :meN}. Thus, the equality
supp {‘sa(n)‘k in € N} = supp{|snly : » € N} holds. Since

(n)’k nec N} is
finite. This means that (sy(,)) € 1% (BC), as required. [
The following theorems in the rest of this section of the paper are

the analogues of the above Theorem 3.5, Theorem 3.6, Theorem 3.7 and
Theorem 3.8 in bicomplex BC—modules lﬂ;, (BC).

Theorem 3.9. Iff (BC) for 0 < p < 0o is a D—solid space.

supp {|sn| : » € N} is finite, we have that supp, {‘SU

Proof. Let (s,) € lg,f (BC) be arbitrary. Then, there exists (t,) € lgj (BC)
such that |sp|, 3 [tn]y for all n € N. So, we write |s,|] 3 |tn]} for all

o0
n € N. Therefore, the series Y |t, |} is convergent, the comparison test
n=1

o0
implies that Y |¢,|} converges. This shows that (sy) € l]]]; (BC). Then,
n=1

we have the inclusion If (BC) C [ (BC) which means that [ (BC) is a
D—solid space. O

Theorem 3.10. l;]if (BC) for 0 < p < oo is a D—monotone space.
Proof. Let (¢,) € Molf (BC) be arbitrary. Then, there exist (s,) € Moy

and (t,) € lg,f (BC) such that ((,) = (snty) . Therefore, the series Y |ty [}

n=1
converges and since {s, : n € N} is finite, we have supp {|sn|, : n € N}
is finite, and so supy, {]sn\ﬁ in € N} is finite. Then, since

oo oo
Z |sntnly = Z |suli [tnlf
n=1 n=1

o0
s%p{]sn\ﬁ in € N}Z\tni,
n=1

1N

15
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oo
we say that Y [sytplf converges. This implies that ((,) € 15 (BC).

n=1
Then, we have the inclusion MOZH; (BC) C lﬂg (BC) which means that
lﬂ; (BC) is a D—monotone space. [

Theorem 3.11. lgj (BC) for 1 <p < o0 is a D—normed BK—space.

Proof. Let (C(”)) € lﬂg (BC) such that ¢(™ — ¢ as n — oo with respect
to the hyperbolic valued norm ||.|[p sz gc) - Then, for every 0 3 e there
*p

exists ng € N such that HC(") = ¢ for all n > ng. Thus, we

) o CHD,I“;,(IB(C)
have that (Z )Cl(") — Q‘i) ! = ¢ for every 0 3 € and for all n > ng. So,
=1

for any fixed [ € N we write ‘Cl(n) . Q‘i = €P and hence ‘Cl(n) — Q’k €

for every 0 3 € and for all n > ng which means that (Cl(")> converges

to the bicomplex number {; with respect to the hyperbolic valued norm
|- - Thus, the coordinates are continuous on L (BC) for 1 < p < oo and
we get the required result. O

Theorem 3.12. llf (BC) for 0 < p < oo is a D—symmetric space.

Proof. Let (s,) € lﬂg (BC) and o € 7. Then, since 0 : N — N is a

injective and surjective function, we have
the equalities {‘sg(n)‘k in € N} = {Isnly : n € N}
and {‘%(n)‘i 'n € N} = {]sn\i 'n € N} . So, we can write

oo o0 oo
> ’sa(n)|£ = > |snlf. Thus, since Y |splk converges, we obtain that
n=1 n=1 n=1

= =
> ‘sg(n)ﬁ converges. This means that (sa(n)) € lﬂzﬁ (BC), as required.
n=1

O

4 D-—Topological Duals of D—Normed
Bicomplex BC—Modules [ (BC) for 1 < p < oo

We start this part with the following definitions.
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Definition 4.1. A sequence (z,) in a D—normed Banach bicomplex
BC—module X is a called a D—Schauder basis of X if for every x € X
oo

there exists a unique sequence ((,) C BC such that z = > (,xy, , that
n=1
=0.
D,X
Definition 4.2. Let X be a BC—module. Assume that X has D—norm
|.llp.x - Then, the BC—module Bpc (X, BC) is called D—topological dual
of X and is denoted by XD,

N
xr— ZCnxn

n=1

is, such that lim
N—oo

We are ready to investigate D—topological duals of D—normed bi-
complex BC—modules l]l; (BC) that are bicomplex versions of topological
duals of sequence spaces [, from the literature using hyperbolic valued
norm ||.||p, -

Theorem 4.3. The set BC™ forms a BC—module and a hyperbolic val-
ued normed space with respect to the addition, bicomplex scalar multi-
plication and hyperbolic valued norm defined as
ZHpw = (21 + Wi,y zn +wy),
Anz = (Az1,., A2n),

n 3
2
llpger : BC" = D¥, 2= [|z]lppgen = <Z ‘Zl’]k>
=1
for all z = (21,22, ..., 2n) ,w = (w1, Wy, ...,wy) € BC", A € BC.

Proof. If we apply the definitions of BC—module and hyperbolic valued

normed space to the set BC", we get the required results. 0
Theorem 4.4. D—Topological dual of BC"™ is BC", that is,
[BC"|*™™ = BC".

Proof. Let e1 = (1,0,0,..,0), es = (0,1,0,..,0),...,

en =(0,0,...,0,1). Then, {e1,ea, ...,e,} is a D—Schauder basis of BC".

Define T : [BC"]"™ — BC", f = Tf = (f(e1), f(e2),...,f(en)). It
is easy to show that [|f|l, = |Tf|lppcn for every f € [BC"™ . Also,
T is a surjective BC—linear operator. Thus, T is a surjective isometric
BC—module isomorphism with respect to the hyperbolic valued norm
|.llp- Consequently, we get [BC""> =BC". O

17
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Theorem 4.5. D—Topological dual of I¥ (BC) is IX, (BC), that is,
[k (BC)]™ = I%, (BC).

Proof. Let e = (1,0,0,0,...), e2 = (0,1,0,0,...),...
en = (0,0,...,0,1,0,0,...) , ... Then, (e,) is a D—Schauder basis of /§ (BC)
and so every ¢ = ((1,(2, .., Cny o) € I§ (BC) can be written uniquely as

(= f (nen. Define

n=1

T:[l¥BC)|™ - 1% BC), f > Tf=(f(e1),f(ea),.e, f(€n),...)-
Let f € [k (IBSC)]*D be arbitrary. Since e, € If(BC) and
HGTLHD,Z]‘f(BC) =1 for all n € N, we get

|f (en)lk S M fllp ||€nH1D>,zﬂ§(B<C) =[flp,

and so,

17 (en)llo e, mey = sup{If (en)ly : m € N} Z Il -

This means that (f (e,)) € IX, (BC).
On the other hand, for f € [i¥(BC)]™, we obtain that

f)= i‘é (nf (en) and so by D—boundedness of f
n=1

1f (Ol

> Gnf (en)
n=1

Sp {1 (en)ly i1 € N} Gl
n=1
= |If (en)|

N Z |Gnlie [ f (en)lx
n=1

k

A

o 8¢) [I¢llpx ey -

If the D—supremum is taken over all elements ¢ € If(BC) with
||C||D7lui{(ﬁc) =1, we deduce that ||f|lp 2 ||f (en)HD,lﬂgo(BC) . Consequently,
1fllp = [If (en)llpsx_(mc) and so T' is isometry.

Now, let v = (v1,v2,...,Un,...) € I (BC) be arbitrary. Define

g : I¥BC) = BC, p = (pn) — g(p) = . puvn. It is clear that
n=1
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g(p+ao)=g(p)+ag (o) forall p=(p,),0 = (0,) € I§ (BC),a € BC.
Moreover, we have

o0

gl = 3> ol valy
n=1

0
g PnVn
n=1

o
S sup vl e N} ol

n=1

k

= Wlpu, @o) ol i@

that implies that g € [lﬂf (IB%(C)] > Hence, T is surjective.
Besides, for all f, g € [lﬂf (IB%(C)] e BC we get

T(f+ag) = ((f+ag)(e),(f +ag)(e),...(f +ag)(en),...)
= (f(e1),...,f(en),...) +a(g(er),....,g(en),...)
= Tf+aly,

which shows that T" is a BC—linear operator. Thus, T is a surjective iso-
metric BC—module isomorphism with respect to the hyperbolic valued
norm ||.||p and so, [I¥ (BC)]™ =i (BC). O

Theorem 4.6. Let p and q be real numbers with 1 < p < oo such that
1 1 _ : k o7k :
> t 4 = 1. D—Topological dual of Uj(BC) is l;(BC), that is,
[k (BC)]™ = % (BC).

Proof. Let e¢ = (1,0,0,0,...), e2 = (0,1,0,0,...),...,
en =(0,0,...,0,1,0,0,...),.... Then, (e,) is a D—Schauder basis of lﬂ; (BC)
and so every ¢ = ((1,(2y .-, Cny--v) € lg,f (BC) can be written uniquely as
¢ = > (nen. Define

n=1

T:[l5BC)]™ = & (BC), f = Tf=(f(er),f(e2), s f(en),...) .
Let f € (5 (BC)] " be arbitrary. Define

e q
(™ _ "}((él))'k, I<nand |f(e)]; #0
! 0, I>nand |f(e)]; =0

19
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Then, we get

() o) — |/ (e} o) —
f(Cn)—;Cl e =2 SFey @

Thus, by D—boundedness of f we obtain

pIECHH Z\f e |k = 1£ (Ga)lie 3 1l 1Gnllp e ey
=1

o\
= 1141l (Z ¢ i) =Hme>< \'f )
=1

= Il (Z |f<ez>|ﬂ§‘f”p> TR (Z f <ez>|ﬂz> "
=1 =1

Then, by the following the fact that

(Z\f(ez)lﬁ) S
=1

S If (et
=1

n)

we have

£ (en)llp s cacy = (Z f(ez)\ﬁi) 2 1fl

=1
I5 (BC).

as n — oo. Therefore, we conclude that (f (¢;)) €
X (BC ] , we obtain that

On the other hand, for f € [p
f©Q)= Z_:lCnf (en) and so

(Ol = £ (en) 5Z|<nf )l
n=1 n=1

< (Zmi)p(Z (en |k)q
=1

= ”CHDzk(BC 1f (e )H JI&(BC)
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If the D—supremum is taken over all elements ( € l“; (BC) with
¢l sgacy = 1, we deduce that £y = £ (€n)llp s scy - Consequently,

171l = 17 (en) s scy andl so T is isometry
Now, let v = (vi,v2,..,Vp,...) € lﬂ; (BC) be arbitrary. Define

g : lﬂz‘;‘ (BC) — BC, p = (pn) — g(p) = > pntn. It is clear that
n=1

9(p+ao) =g(p)+ag (o) forall p=(p,),0 = (o) € Iy (BC) , € BC.

Moreover, we have

gl =

o (o)
an’/n 3 Z ’Pn’/nhk
n=1 k n=1

N
s (ZIMi) (Zwi)
n=1 n=1

= ||PH1D>,1§§(IB<C) ||V||D,l§;(IB(C) )

that implies that g € [lgj (IB%(C)] > Hence, T is surjective.
Besides, for all f, g € [lg,f (IBB(C)]*D ,a € BC it is simple to show that
T(f +ag) =Tf + aTg which proves that T is a BC—linear operator.

Thus, T is a surjective isometric BC—module isomorphism with respect
to the hyperbolic valued norm ||. |, and so, [IX(BC)]™ =¥ (BC). O

5 Conclusion and Future Works

This article introduces some notions such as D—topological dual, D—solid
space, D—monotone space, D—normed BK —space, D—symmetric space
in bicomplex setting. Since they are crucial topics related to the topo-
logical properties of sequence spaces, our results will be hammering away
at studying on other topological aspects of such spaces.
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