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Abstract. The main purpose of this paper is to study the non-existence
of weak global solutions to the following semi-linear equation with ex-
ponential decay memory term, namely

2
2

t
upe + (—A)2up +u — / e tu(r,x)dr = ul’, xeR™ t>0,
0

U(O,CE) = U()(ZU), r € R™,

where v € (0,2], p > 1, and (—A)% is the fractional Laplacian
operator of order 7. We extend our result to the case of 2 x 2-system
of the same type. Our technique of proof is the so-called method of test
function.
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1 Introduction

The main motivation behind this paper is to study the non-existence of
weak global solutions to the following semi-linear equation with expo-
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nential decay memory term:

t
Uy + (—A)Zuy +u — / e"tu(r, z)dr = |ulP,t > 0,
0 (1)

u(0,z) = up(z), ze€ IR,
where p > 1,n > 1, v € (0,2], and (—A)% is the fractional Laplacian

operator of order 2. Then we extend our analysis to the case of a 2 x 2
system of the same type, namely

R

t
U + (—A)2up +u — / e tu(r, x)dr = [v]P, € IR™,
0

t
vy + (—A)2vp + v — /0 e t(r,x)dr = |ul?, 2z € IR™, (2)

u(0,z) = up(z), ze€lIR",

L v(0,2) =vo(x), =x€IR",
We mention below some motivations for studying the considered prob-

lems.
Recently, in [3], the following Cauchy problem

yu — Ay + (—A)y, = [2]P, z€IR", t>0,
2t — Az + (—A)2z = |y|9, xze€R", t>0,

y(07x> - yo(a:), yt(O,IIJ) - yl(x)7

L 2(0,2) = 20(z), 2(0,2) =2 (x) zeIR",

is considered. It was shown that
If 01,00 € [O, %] .o =y1 = 0 and y1, z; € ILY(IR™) such that

/ yi(x)dx > €1, / y1(x)dx > €9,
n IR”VL
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and .
L+q=g + (pg — Deo
g < e if 01> o,
(¢—1)5=2 +(pa—1)
1+p1=2 + (pg — 1)02
% < - = ( ) if 022 01
(p— )5+ + (pg— 1)

Then, there is no global (in time) Sobolev solution

(y,2) € C([0,00) x IL2(IR™)) x C ([0, 00) x IL*(IR™)) to (3). Very re-
cently, the following Cauchy problem for the semi linear o-evolution
models with memory term:

yu + (=A)°y+y—gxy=yl’, xcIR", >0,
(4)
y(O,a:) = yO(x)v yt(oax) = yl(x) S IRna

has been studied by Wenhui Chen and Tuan Anh Dao [!]. It was shown
in [1] that if

l<p<lq2me ylele(IR”),/ yi(z)dz > 0 (m = 1);

n

i (z) > |x|*%(1og(1 n |$\))71 m € (1,2),

then, there is no global (in time) weak solution to (4). As far as we
know that one of the most typically important methods to verify the
non-existence of global weak solutions is the well-known test function
method. Concretely, this method is used to prove the nonexistence
of global solutions by a contradiction argument. However, standard
test function method seems difficult to directly apply to (1) contain-
ing pseudo-differential operators (—A)2 for any a € (0,2], well-known
non-local operators. To overcome the difficulty caused by the nonlocal
property of the fractional Laplacian operator, D’ Abbicco and Reissig [2]
investigated the structurally damped wave equation with the power non-
linearity |u|P. The critical exponent has been studied and they proposed
to distinguish between (parabolic models) in the case o € (0, 1], the
so-called effective damping, and (hyperbolic models) in the remaining
case o € (1,2], the so-called noneffective damping according to expected
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decay estimates. In the former case, they proved the existence of global
(in time) solutions when

2

p>pe=14
(n—o)+

for the small initial data and low space dimensions 2 < n < 4 by using
the energy estimates. Over the last years, the evolution equations with
memory terms has been studied by several authors (see, for example, [0],
[7], [8], [9] ). Furthermore, we want to underline that, the Cauchy prob-
lem for the evolution equations with memory terms have caught a lot of
attention from many mathematicians due to their wide applications in
physics, mechanics and so on but to our knowledge, the equation has not
been widely investigated in the case of presence of non-local operators.
For other contributions related to the evolution equations with memory
terms, see ([9],[10]), for example and the references therein. Motivated
by the above contributions, in particular by [!], our goal in this paper
is to investigate problems (1) and (2).

Before stating our main results, we introduce some important fun-
damental definitions that will be needed for obtaining our results in the
next sections.

Definition 1.1. ([5],[11]) Let s € (0,1). Let X be a suitable set of
functions defined on IR"™. Then, the fractional Laplacian (—A)® in IR"is
a non-local operator given by

f(z) = fy)

(—A)?: feX = (-A)°f(x) =Cphs PV o [z — g

dy,

where P.V stands for the Cauchy’s principal value, and

o :4Sr(g+s)
" rED(—s)

is the normalization constant and I' denotes the Gamma function.

We are now in a position, to state the main results of this manuscript.
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Theorem 1.2. Let v € (0,2] and 4 = min{l,v}. We suppose that
uy € ILY(IR™) such that:

/ i ui(x)dx > 0. (5)

If
l<p<i+l n>1, (6)
n

then, there is no global (in time) weak solution u € C ([0, +oo[, IL*(IR"™))
to problem (1).

Theorem 1.3. Let v, € (0,2], ¥ = min{l,~}, and 3 = min{1,3}.

We assume that u; € ILY(IR™) and vy € IL'(IR™) satisfying the following
conditions:

/ § up(x)dz >0 and / § vi(z)dz > 0. (7)

If

1 - ~
nSpq_lmaX{BJripﬂJrﬁq}, n>1, (8)

then, there is no global (in time) weak solution
(u,v) € C ([0, +00[, IL*(IR™)) x C ([0, +oc[, IL*(IR™)) to (2). Therefore,
the blow-up time T; is estimated by

ol

4B
T. < Ce vt " for all small positive constants ¢. (9)

Our main theorems will be proved in the next section.

2 Proofs

In this section, we give the proofs of Theorems 1.2 and 1.3. We shall use
the nonlinear capacity method combined with the following pointwise
estimate (see Dao and Reissig [1]).
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1
Lemma 2.1. ([/]) Let (z) = (1 + |z|?)2. Let s € (0,1) and
X : IR™ = IR be the function defined by
(@)= if x| > 1,
x(x) = (10)
1 if x| < 1.
Then x € C2(IR™), and the following estimate holds
[(=A)*x(2)| < Cx(2),z € R, (11)
where C' is a constant independent of x.

Lemma 2.2. ([//) Let s € (0,1). Let ¢ be a smooth function satisfying
02¢ € IL°(IR™). For any R > 0, let (g be a function defined by

Cr(z) =¢ (%) , forall zeIR"™

Then, (—A)Cr satisfies the following scaling properties:
(~A)(CR)(@) = B2(-A)¢(F) forall zeR™

Remark 2.3. Throughout, C' denotes a positive constant, whose value
may change from line to line.

Proof. [Theorem 1.2] Let u be a global weak solution to (1). First, we
introduce the function x = x(x) as defined in (10) with s = 3 and the
function £ = £(t) having the following properties:

1 if 0<t<3,

1. £€CP([0,00)) and &(t) =4 N\, if 3<t<1,

0 it t>1.

2.7 (1) (IEOF + 1€ + ") < C for any ¢ € [3,1].
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Let R be a large parameter in [0,00). We introduce the following test
function:

Yr(w,t) = Er(t)0R(T),

where £g(t) = E(R77t)) and Or(z) = O(R~'x). Moreover, we check
easily that supp(¢) C [0, RY]. We define the functionals as follows

+oo
- / / (e, )Pt 2)dedt,
.

+o0o
I = / / (i, £)|POrbr (t, x)ddt.
0 J'Il
Observing from the exponential memory kernel having the property

t t
8/ e”tu(r, x)dr = u(t,x) — / e™ (T, x)dr. (12)
ot 0 0

By performing once integration by parts, we obtain

L—I= /+Oo/n<uttt z) 4 (=A)Zuy(t, x) + u(t, z)

/ e (T, a:)d7‘> Yr(x, t)dedt
/W/n(um t,x) + (—A)Zug(t, ) + ug(t, )
—u(t,z) + /O et (T,m)dr)dJR(a:,t)dxdt
- / ) <utt(t,x) + (=A)Zuy(t, @) + ul(t, z)
- [ tutraar ontenn|

/0+<>0/ n<Uttt (t,x) + up(t,z) + (—A)

+ (_A)%Ut(t7 x) + u(t, x))sz(x, t)dxdt.

t=-+o00

dx

1\3\4

tt(t; Iﬁ)
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Applying several times integration by parts in the above identity, one
has

L —I,= / § ui(z)0r(z)dx
/ u(t,z) (0} ¢r(2,t) — Ofbr(z,t) + Oppr(z,t)) dudt
/ " (13)

V2ult, @) (07 (1) — dior(x, 1)) dudt

_ / [ (@)0R(x)dz + Jy + .

Applying Holder’s inequality with % + % = 1, we can proceed the
estimate for J; as follows:

R"/
AIC [ [ 1001 () + 401+ 1640)) onteiaa

< ( /m [ (wte 0o x>>)p>; «
( / : | kol + i <>|+|sﬁ<t>|>eR<x>w;;<t,x>)pl>

1 Ry 2 , ,
<o ( Jio frme” @ (ERQF + IOV + k) ot >dxdt)

Using change of variables £ = RVt and # = R~ 'z, we get

1
v

1 ~, nt+7 1 . nty
\hl < crp R (/ <5c>"”>p <CpRTTV . ()

Q\

1
I

Now let us turn to estimate Js.
+o00
/ / . A)zu(t, ) (90 (,t) — Orpr(x, t)) dudt =
400 N ,
/0 / nu(t,l‘) (_A)iaf’d)}g(l‘,t) — (_A)Eatql}R(l',t)) drdt
+o00 N
= /0 / ., U(t,x)(_A)feR(x) (f}%(t) — f}g(t)) dxdt.

=
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Applying Holder’s inequality again as we estimated .J; leads to

RY

2

< ( " /| &0 ) (IEHOF + R0

=

|<—A>3eR<x>|P’)<eR(x>)—‘Zdzdt> v (15)

1 ~ | n+y
<CIPRT < / <gz>—"—7>

Combining the estimates from (13) to (15) we may arrive at

S

L sintd
<CI/R V.

L -1 —|—/ uy (2)fp(x)de < CIPR T+, (16)
Moreover, it is clear by applying Young’s inequality, that

1 I

Sh-h+ / i (@)0p(e)dz < CRTV, (17)

Due to the setting that the test function £(¢) is a non-increasing function,
one has £'(t) < 0. In other words, it holds that Iy > 0. Which follows
from (17) that
I < CR™WHHY, (18)
and
/ uy (2)0p(z)de < CR™WHHT, (19)

It is clear that the assumption (6) is equivalent to —yp' +n+4 < 0. For
this reason, we will split our consideration into two cases.

Case 1: In the subcritical case —4p’ +n + 7 < 0, letting R — oo in
(19) we easily deduce

/ ui(z)dr <0,

which contradicts the assumption (5).
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Case 2: For the critical case —3p' +n+5 = 0, from (18) we can see
that I; < C. By using again (16) we may conclude

0</nu1(x)93(33)d:c

RY
b dzd
= </RJ /{weIR"; ey O ORt ) t) (20)

RY
- / / u(z, 8)[Pon(t, 2)dwdt.
0 J{zeR"; £<[z|<R}

Letting R — 400 in (20), we get again a contradiction to the assumption
(5). Summarizing, the proof of the Theorem 1.2 is completed. O
Proof.[Theorem 1.3] First, we introduce the same test function as in
Theorem 1.1. Let us assume that (u,v) is the global solution to (2). We
define the functionals

=

—+o00
h=/ /|Wme@@@%
0 R™

+o0
b= [ [ lu.00wn(t o,
O n
+o0
Ji :/ / |v(z, t)[PYR(t, z)dzdt,
0 n

+o0
Jy = / / |v(x,t)|POR(t, x)dzdt.
0 R™

Repeating the steps of the proof from (14) to (20) we may conclude
the following estimates:

n4+4

SR
L -1 +/ v1(x)0g(x)dr < CleR_H_ v (21)

In the analogous way, one obtains

n+8

l ~
Ji—Jo —i—/ ui(x)fr(x)de < CIY R, (22)
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From (21) and (22) we obtain

pg—1 2, n B ~ , nt+y

nro< RUPH) i _ gy, (23)
pg—1 5 4T Gy ntB

55 < RUAVP) A g (24)

It is clear that the assumption (8) is equivalent to max{A1, A2} < 0. For
this reason, we will split our consideration into two cases.

Case 1: In the subcritical case max{A1, A2} < 0, letting R — oo in
(23)and (24) we easily deduce

/ vi(x)dx <0 and / ui(x)dx <0,
which contradicts the assumption (7).

Case 2: For the critical case max{A1, \2} = 0, from (24) we can see
that J; < C. Using Beppo Levi’s theorem on monotone convergence,
one obtains

o) RY
/ / (@, £)Pdzdt = Tim / (s ) Piom (s, £ dadt
0 i 0 i

R—o0

= lim J1 SC

R—o00

25)

We deduce easily that

RY
/_ / |v(x,t)|PYg(x,t)dxdt — 0 as R — 4oo.
2 J{zemr; E<|z|<R}

Repeating the steps of the proof from (16) to (20) we may conclude
the following estimates:

J1— Jo —I—/ : ui(x)0p(z)dr

RY
= / / lu(z, t)| %Rt z)dedt | RPT 0,
2 Jigemr; £<al<R)

11
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and

L —Ig+/ v1(2)0R(z)dxdx

RY P _~+L+“7
<C / / |v(x, t)|PYR(t, x)dedt | R 7.
2 JweRrr; S<|a|<R}

Considering all the above estimates, and since max{\1, A2} = 0 we
easily conclude that

Ji—Jo —i—/ uy(x)0p(z)d
mn

RY pa
gcl/_/ (@, 8) [Pt 2)dadt
2 J{zeR™; S<|a|<R}

Taking the limit as R — oo in (26), one obtains

(26)

/0+°°/ i |v(x,t)|%dxdt + /mn u1(x)0g(x)dr =0,

which is a contradiction to (7). Let us now consider the case of sub-
critical exponent to prove the estimate for lifespan T of solutions to
(2). We assume that (u,v) = (u(x,t),v(z,t), is a local solution to
(2). In order to prove the lifespan estimate, we replace the initial data
(0,u1,u2), (0,v1,v2) by (0,ef1,ef2),(0,e91,€92) with a small constant
e > 0, where (f1, f2), (g1,92) € H'(IR") x IL?(IR"™) satisfy the assump-
tion (7). Repeating the steps in the above proofs we arrive at the fol-

lowing estimate:
n+4

1 -
L —Lh+es<JIR 0, (27)

and

n+,('_3
7

l ~
Ji—Jy+ce<I'R7TS (28)

If we plug (27) in (28), we find

J1+Ce < CJ{’%R<_B+%/§>+(—'}+"T‘*;‘/>%‘ (29)
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We easily obtains that

)Ly,

1
ce < e Rl

which leads to

F+B8q 7n]

e < CRf[P‘I*l

1
Let R =T7, then with a standard calculation, one has

__ y(pe=1)
T. <eg F+Ba—n(pa-1)

This completes the proof of Theorem 1.3. O
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